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The phenomenon of “Big Data” has become a central focus in a wide range of fields, including the
physical sciences, the social sciences, the biological sciences and the inferential and computational
sciences. The goal of the Simons Institute program on Big Data was to carve out a theoretical
perspective on the topic. In what ways do the core ideas of complexity theory and the theory of
algorithms need to be augmented or changed so as to address the inferential problems inherent in
discussions of Big Data? How can computational ideas be integrated into the inferential theories of
frequentist and Bayesian statistics? What role do theoretical ideas from mathematical disciplines
such as optimization, combinatorics, signal processing, information theory and numerical linear
algebra have to play?

A distinctive aspect of the program was the inclusion of leading researchers from each of these
disciplines in the context of an overall focus on theoretical computer science. Indeed, while there
have been many workshops bridging pairs of fields, the Simons program was perhaps the first in
which major contingents of theoretical computer scientists, mathematical statisticians and opti-
mization theorists have been brought together into a single program.

The Simons program was able to build on a decade or more of research in which ideas such as
sampling, sketching, streaming and sparsity have been used to develop data analysis methodology
that is increasingly scalable and robust. This backdrop provided many natural paths along which
to proceed. For example, in what ways are sampling, sketching, streaming and sparsity complemen-
tary, so that their combination can be particularly useful for problems at large scale? How do we
take into account emerging architectural constraints, particularly those associated with large-scale
distributed computing? What kind of criteria does one use to assess efficiency in the setting of
large-scale data analysis? In particular, how can we combine notions of time and space efficiency
with statistical notions of risk and sample complexity?

In the next three sections of this report, we review some of the main themes that the program
addressed, from the perspectives of the three major constituencies present in the program: theo-
retical computer science, statistics and optimization. We then turn to a review of selected concrete
research outcomes to emerge from the program, focusing on collaborative efforts that arose during
the program itself.

Theoretical Computer Science

Here are some of the key observations coming out of the program that are interesting from the
perspective of theoretical computer science.

It is very important to study communication as a first-class resource (like space and time). Here
are two settings where communications issues come up in quite different ways. In CPU-intensive
linear algebraic computations that form the bedrock of scientific computing, minimizing communi-
cation between processing units serves two purposes: it allows computation to scale more gracefully
with the number of processors, and it directly affects the energy output of the computation. While
this latter aspect has not been explored traditionally, it is becoming more and more important as
we hit millions of processing elements on a super computer and energy demands skyrocket.

The second setting is in data analysis. Here, the communication bottleneck arises from the



increase in data size (rather than the number of computing elements). If we have data distributed
across multiple locations and wish to learn some model over the data, it is not practical to ship
all the data to a single location. But most learning algorithms require that data be local for easy
access. The theory of how to learn with distributed data in a communication-efficient manner is
an important new development.

Statistical estimation introduces another resource to optimize. Traditional quality guarantees
in algorithm design are in the form of approximations to an optimum for a given cost function. But
for many statistical problems, the actual cost function is a proxy designed to help estimate a set
of parameters for a model. But being close to the (proxy) cost function does not necessarily mean
that we are close to the underlying model (where “close” is now measured statistically in terms of
estimation error). If we now introduce statistical estimation error as a resource, there are results
that suggest that obtaining a weaker approximation guarantee yields a better estimation error. We
are still in the early days of understanding this phenomenon, but it is a new twist on traditional
resource-constrained algorithm analysis.

Continuing the connection between optimization, learning and statistics, there are a number
of first-order (and second-order) methods for getting local minima to optimizations associated
with learning problems. Many of these methods involve solving linear systems, inverting matrices,
estimating eigenstructures and so on. In the algorithms community, an impressive toolkit has
been developed for getting approximation solutions to large linear algebra problems via sketching,
sampling and approximations. We are now seeing some of these ideas percolate into numerical
optimizations, with exact computations being replaced by provably approximate ones that maintain
(approximate) guarantees on convergence while speeding up algorithms tremendously.

Statistics

The preceding two decades have seen much work in the statistical literature on high-dimensional
statistics, where the number of observed variables is large relative to the number of data points.
Ideas such as sparsity, convexity and concentration of measure have been exploited to develop
statistical procedures that can perform well in high dimensions. The Big Data setting brings a
number of new challenges to the fore—there is the computational challenge of achieving control on
runtime and/or achieving reasonable approximation accuracy under subsampling, and there are a
variety of issues associated with the heterogeneity and lack of control on the sampling of the data
that is likely in Big Data settings. Furthermore, the problems of achieving control on error rates
associated with large numbers of hypotheses are likely to be exacerbated in the Big Data setting,
as the large amount of data is likely to lead researchers to wanting to be ambitious in terms of
discovering new phenomena.

One productive approach to combine statistical perspectives with computational and architec-
tural perspectives is to augment standard analyses of minimax risk with constraints. For example,
one can ask what rate of convergence of minimax risk is achieved (both in terms of lower bounds
and upper bounds that are achieved by specific procedures) in the distributed setting under commu-
nication constraints. One can also treat privacy as a constraint and compute minimax risks when
the channel between the observed data and the statistician is constrained to respect differential
privacy at level .

The analysis of networks (e.g., social networks) continues to inspire much statistical research.
Goals include obtaining models that are realistic (for example, capturing the emergence of large
cliques at scale, and capturing power laws), that permit efficient statistical estimation and are
tractable computationally. Much of the work conducted during the program revolved around ideas
emerging from graph limits, exchangeability theorems and subsampling-based bootstrap.



Optimization

Ideas from optimization theory played a central, linking role in the program. Many statistical infer-
ence problems are naturally posed as optimization problems, and perspectives from combinatorial
and constrained optimization have long driven research in theoretical computer science. Moreover,
in aiming for optimality results in the form of lower bounds, the notions of oracle complexity from
optimization theory have proved very useful. Here the space of procedures is much simplified rel-
ative to classical complexity theory and useful lower bounds (with matching upper bounds) are
often within reach.

Much of the optimization-based work in the program focused on first-order methods, with
stochastic gradient descent and stochastic coordinate descent notable areas of focus. Here “stochas-
tic” refers to the notion that optimization functionals of interest in data analysis typically involve
sums over data points, and it is natural to approximate such sums (and their gradients) with sam-
ples. In the “Big Data” setting such sums involve huge numbers of summands and the advantages
of stochastic approaches are manifest.

The class of methods known as “conditional gradient,” or “Frank-Wolfe,” algorithms were
promoted as instances of this overall focus on first-order methods; these methods make it possible
to treat constrained optimization problems efficiently in the case of optimization problems involving
sums of large number of data points.

Interactions between optimization and sparsity were also explored in the program. In particular,
Big Data problems often involve vectors in which many components are equal to zero (e.g., in
representations of linguistic data). In this setting it is natural to consider methods that have a
second-order (while still stochastic) character, such that step sizes are tuned to focus on informative
coordinates.

Lastly, much of the work in the optimization area was focused on taking account of the fact that
statistical errors tend to scale as 1/4/n, where n is the number of data points, such that optimization
accuracy beyond this range is of little value for inference (and indeed may be counter-productive).
Focusing on methods that quickly arrive at 1/4/n yields a different perspective from the (classical)
focus on obtaining arbitrary accuracy.

Some Research Highlights

In this section we overview five major concrete results that arose out of the Big Data program. All
of these results tackle aspects of the fundamental theoretical problem posed by Big Data, namely
that of managing computational resources such as time, space, communication and privacy while
maintaining control over statistical risk, and doing so in the context of large, high-dimensional data
sets. All of these results have since appeared in leading peer-reviewed publications and are showing
indications of significant impact. They were all based on collaborations that either formed ab initio
during the program or were decisively catalyzed by the program.

Verifiable Stream Computation and Arthur-Merlin Communication

The data streaming paradigm considers settings in which one wants to compute a property of
a massive input, but lacks the resources to store even a small fraction of the input. Streaming
algorithms must therefore process the input in a single pass, using very limited memory (i.e., using
space that is at most sublinear, and ideally polylogarithmic, in the size of the input). The model
was formalized in seminal work of Alon, Matias and Szegedy in 1996, and since then it has received
intense study. A collaboration between Simons program participants Amit Chakrabarti, Graham



Cormode, Andrew McGregor, Justin Thaler and Suresh Venkatasubramanian has yielded significant
progress in this area.

Because the data streaming paradigm is so restrictive, it is impossible for streaming algorithms
to obtain exactly correct answers for all but the simplest problems (without storing essentially
the entire data stream). Given this reality, the goal becomes to develop small-space streaming
algorithms that are guaranteed to return approzimately correct answers with high probability.
There are many important problems for which this is possible, such as computing the number of
distinct elements, frequency moments, or frequent items in a data stream. However, there are many
other problems that cannot even be approximated by streaming algorithms using sublinear space.

Streaming interactive proofs (SIPs) are a recent rethinking of the data streaming paradigm
in light of the increasingly ubiquitous practice of outsourcing the processing of massive inputs
to commercial data centers. In an SIP, a computationally limited client wants to perform some
analysis of a massive input, but cannot do so because it is forced to operate within the restrictive
data streaming paradigm. The client therefore accesses a powerful but untrusted service provider
(e.g., a commercial cloud computing service) that can store and process the input. However, the
client is unwilling to blindly trust answers returned by this service. Thus, the service cannot simply
supply the desired answer; it must also convince the client of its correctness via a short interaction
after the stream has been seen.

Several recent papers have introduced and studied SIPs and their variants. These papers have
begun to reveal a rich theory, leveraging algebraic techniques developed in the classical theory of
interactive proofs to obtain efficient verification protocols for a variety of problems that require
linear space in the standard streaming model.

In work performed during the Big Data program, Chakrabarti et al. [36] studied “barely interac-
tive” SIPs. Specifically, they showed that two or three rounds of interaction suffice to ezactly solve
several basic problems—including Median, Nearest Neighbor Search, Pattern Matching and Range
Counting—with polylogarithmic space and communication costs. Such efficiency with a constant
number of rounds of interaction was thought to be impossible based on previous work of Klauck
and Prakash (ITCS, 2013); Chakrabarti et al. circumvent this lower bound claim by identifying
and exploiting an implicit assumption in the earlier proof.

As a particular example of this SIP framework, here is an informal version of one of their results
for Nearest Neighbor Search:

Result 1: For data sets consisting of points from [n]¢ under a reasonable metric, such as the
Manhattan distance ¢ or the Euclidean distance ¢4, there is a three-round SIP with space and
communication costs bounded by poly(d, logn) allowing exact nearest neighbor queries to the data
set. The client’s runtime per stream update is also poly(d,logn).

An important feature of this result is that the costs of the SIP for the client depend only
polynomially on the dimension d of the dataset. In contrast, all known (even non-streaming)
algorithms that exactly solve nearest neighbor search suffer from a “curse of dimensionality”: they
either require a data structure of superpolynomial size, or they force a query time that is either
linear in the number of input data points, or exponential in the dimension d.

Their work also initiated a formal study of the limitations of contest-round SIPs, showing that
our algorithms already approach the limits of existing algorithmic techniques. This study reveals
several important phenomena exhibited by streaming interactive proofs that are not exhibited by
their classical (non-streaming) counterparts.



Preserving Validity in Adaptive Data Analysis

There is a growing recognition throughout the scientific community that claims of statistical sig-
nificance in published research are frequently invalid. There has been a great deal of effort to
understand and propose mitigations for this problem, largely focusing on statistical approaches to
controlling the false discovery rate in multiple hypothesis testing. However, the statistical inference
theory surrounding this body of work assumes a fixed procedure to be performed, selected indepen-
dently of the data. In contrast, the practice of data analysis in scientific research is by its nature
an adaptive process, in which new analyses emerge on the basis of data exploration and previous
analyses of the same data.

At the Big Data workshop on “Differential Privacy,” program participants Cynthia Dwork,
Vitaly Feldman, Moritz Hardt, Toniann Pitassi, Omer Reingold and Aaron Roth, inspired in large
part by an influential tutorial on ”Selective Inference and False Discovery Rate” presented at
the workshop by Yoav Benjamini of Tel Aviv University, initiated a collaboration on understanding
connections between the problems of preventing false discovery and preserving privacy in statistical
data analysis. Recently, in the ACM STOC Conference [48] and in the journal Science [49],
they have published some of their findings demonstrating that the challenges of adaptivity can,
in fact, be addressed using insights from differential privacy—a notion of privacy preservation
in data analysis introduced in computer science about ten years ago by Dwork et al.. Roughly
speaking, differential privacy ensures that the probability of observing any outcome from an analysis
is “essentially unchanged” by modifying any single data point. Such a condition is often called a
“stability” guarantee. An important line of work establishes connections between the stability of a
learning algorithm and its ability to generalize from the sample to the underlying distribution. It is
known that certain stability notions are necessary and sufficient for generalization. Unfortunately,
the stability notions considered in these prior works do not compose in the sense that running
multiple stable algorithms sequentially and adaptively may result in a procedure that is not stable.
Differential privacy is stronger than these previously studied notions of stability, and in particular
enjoys strong adaptive composition guarantees.

As an application of this general connection, Dwork et al. propose a reusable holdout method
that allows an analyst to safely reuse a holdout dataset many times to validate the results of
adaptively chosen analyses. The analyst is given unfettered access to a training dataset, but can
only access the holdout set via an algorithm that allows the analyst to validate statistics on the
holdout set. Armed with such a tool, the analyst is free to explore the (training) data ad libitum,
generating and computing statistics, validating them on the holdout, and repeating this procedure,
as well as sharing outcomes with other analysts who may also use the same holdout set.

Simply put, the reusable holdout method is as follows: access the holdout set only via a differ-
entially private algorithm. The intuition is that if we can learn about the data set in aggregate,
while provably learning very little about any individual data element, then we can control the
information leaked, and thus prevent overfitting.

Other researchers have already followed up on these ideas, including, for example, computational
lower bounds obtained by Hardt and Ullman [68].

Hypothesis Testing for Large Networks

Extracting information from large graphs has become an important data-analysis problem, as
network data is now common in various fields, including the social sciences, cellular biology and
neuroscience. Network analysis has been pursued within both computer science and statistics but
there is little work that bridges these disciplines.



From a statistical perspective the most basic type of questions are formalized through the notion
of hypothesis testing. That is, given two competing generative models for a random network, one
wants to decide which model is the most likely for the network at hand. In the last decade there
has been an explosion of work on frameworks for realistic network models. Most of this work has
focused on simply studying properties of networks rather than solving inferential problems such as
hypothesis testing (a notable counter-example is the problem of community detection).

In a sequence of papers, Simons Institute visitors Sébastien Bubeck, Nati Linial, Elchanan
Mossel and Miklés Racz! introduced hypothesis-testing approaches for studying a range of problems
in dimension reduction and growth. In particular, given a large graph, one wants to assess whether
the observed connections result from a latent geometrical structure in the vertices, or are purely
random. The paper [28] considered the most basic version of this problem in which the null
hypothesis is that the observed graph on n vertices has been generated by the standard Erdos-
Rényi random graph model G(n,p), and where the alternative is a geometric model where each
vertex is labeled with a point in some metric space, and an edge is present between two vertices if
the distance between the corresponding labels is smaller than some prespecified threshold. They
focus on the case where the underlying metric space is the Euclidean sphere, and the latent labels
are i.i.d. uniform random vectors. This model is denoted by G(n,p,d), where p is the probability
of an edge between two vertices (p determines the threshold distance for connection). From a
mathematical point of view the task is to understand the total variation distance between G(n,p)
and G(n,p,d). This is a surprisingly rich question, which has led them to define a new basic
statistic for networks—signed triangles—and which remains mysterious in the sparse regime where
p = ¢/n. A particularly intriguing open question that emerged from this work is to understand
the topological properties of the latent feature space that remain visible in the network data. For
instance, can one detect if the sphere is replaced by a torus?

Most real-life networks are formed through a growth process. One dynamic growth model has
become very popular in the recent years, namely the Preferential Attachment model PA(n). The
basic version of the PA model can be defined by induction as follows. First PA(2) is the unique
tree on two vertices. Then, given PA(n), PA(n+ 1) is formed from PA(n) by adding a new vertex
u and a new edge uv where v is selected at random among vertices in PA(n) with probability
proportional to their degrees. Note that we view PA(n) as an unlabelled graph. One of the reason
for the success of this model is that it captures the essence of the process behind the evolution of
the Internet. However there is one potentially important aspect which is overlooked: in the early
days of the Internet the PA model was probably very far from being a good approximation to
the evolution of the network. It is perhaps reasonable to assume that after 1995 the network was
evolving according to PA, but certainly from 1970 to 1995 the evolution followed fundamentally
different rules. This observation suggests to study the PA model with a seed, that is we are now
interested in PA(n,T), where T is a finite seed tree (formally PA(|T|,T) =T and PA(n+1,T) is
formed from PA(n,T) as before). The basic hypothesis testing problem in this context is whether
one can identify if the seed was S or T'. It is not at all obvious that such a test is possible as the
network becomes larger (the influence of the seed may vanish), but it turns out that the seed always
has an influence in the following strong sense (the following result was conjectured and partially
proved in [32]; the full proof is from Curien et al. slightly later): for any S # T with at least three
vertices,

lim TV (PA(n,S),PA(n,T)) > 0.

n—oo

!Bubeck was a participant in the Big Data program, but the other three were primarily associated with the partner
program on “Real Analysis in Computer Science”; thus this is a notable instance of cross-fertilization between the
two programs.



Finally, the paper by Bubeck and Linial [31] investigated the extent to which large graphs can
be characterized by their “k-profiles”, i.e., the sets of small subgraphs that occur locally within
them. This is an important and largely unexplored question that is very relevant to the compression
of large graphical data sets: if small profiles provide a good characterization, then a large graph
can be represented succinctly by its profile. Bubeck and Linial considered the interesting special
case where the graphs are trees, and showed that this case is very different from that of general
graphs: in particular, surprisingly, the limit set of k-profiles of trees is convex. Their work opens
up a number of intriguing conjectures and questions that are sure to occupy mathematicians and
computer scientists in the coming years.

Non-Oblivious Dimension Reduction

Big Data are often high-dimensional in nature and an important pre-processing tool in classical data
analysis involves mapping a high-dimensional dataset to a lower-dimensional one. This makes it
possible to apply more sophisticated algorithms to the data, while controlling the overall processing
time. Dimension reduction methods are ubiquitous in the theory and practice of data analysis.

But it is also important to emphasize that there is a notable gap between the theory and the
practice of dimension reduction methods. In theory, the dimension reduction methods, such as the
classic Johnson-Lindenstrauss Lemma from 1984, are oblivious. These methods use a function that
maps any high-dimensional vector into a lower dimensional one. Most importantly, it reduces the
dimension without knowledge of the entire dataset, while providing strong guarantees of correctness
and performance. Such methods have been used heavily for solving problems, such as Nearest
Neighbor Search (NNS), with provable guarantees.

In contrast, in practice, there are many useful dimension reduction methods that are non-
oblivious. These methods aim to optimize the dimension-reducing map by using knowledge of the
entire dataset. One example of such a method is Principal Component Analysis (PCA), which
extracts the maximal variance direction(s) of the dataset. Non-oblivious methods tend to outper-
form oblivious ones empirically. On the other hand, non-oblivious methods usually come with no
guarantees, for either correctness or performance.

Program participants Alex Andoni and Ravi Kannan investigated the theoretical aspects of non-
oblivious dimension reduction methods for the nearest neighbor search (NNS) problem. In the NNS
problem, we are to preprocess a dataset of objects (such as images) so that, for a given new query
object, we can quickly report similar objects in the dataset. Such objects are usually represented
by high-dimensional vectors: e.g., a 20x20 image can be represented as a 400-dimensional vector,
one coordinate per pixel. Andoni and Kannan, with collaborators Amirali Abdullah and Robert
Krauthgamer [3], introduce a natural data model for such settings and show that, while PCA does
not lead to a correct algorithm, it is possible to design more careful spectral algorithms that are
correct and perform well. In particular they demonstrate algorithms that are based on iterative
PCA and on a PCA-tree algorithm.

This work is the first to provide theoretical guarantees for NNS algorithms based on spectral
non-oblivious dimension reduction methods that are popular in practice.

Communication Efficient Distributed Optimization for Machine Learning

The size and scale of machine learning applications has grown rapidly in recent years, giving rise to
a major research focus on the parallelization of machine learning algorithms. Much of this work has
focused on the shared-memory paradigm, but in real-world applications it is common to see fully-
distributed platforms encompassing many thousands or ten of thousands of computers and many



terabytes of data. In such settings, communication costs can dominate data processing costs. Thus
there is a major need for new theoretical work that can guide the design of communication-efficient
machine learning.

During the Big Data program, participants Martin Jaggi, Michael Jordan and Virginia Smith
initiated a new line of research aimed at fully-distributed optimization-based machine learning [75,
91]. Within a primal-dual setting, their framework uses local computation on dual variables to
dramatically reduce the amount of communication necessary for a variety of standard machine
learning algorithms. Local slaves are able to operate only on their own data in a block-parallel
framework, with local results combined by a master via a simple averaging or adding operation.
The primal-dual structure of the framework can be exploited to obtain theoretical convergence
rates, even if the subproblems are only solved approximately. Moreover, the structure makes
possible a form of meta-analysis in which local convergence rates can be combined to obtain a
global convergence rate under generic assumptions about the local solvers.

A practical advantage of this framework is that it provides reusability of existing and well-
established single machine solvers. Moreover, the framework is adaptive with respect to communi-
cation bandwidth.

Jaggi et al. have implemented these ideas in an open-source library, referred to as CoCoA
(COmmunication efficient dual COordinate Ascent), which runs on the Apache Spark platform.
They have shown empirically that CoCoA surpasses the state of the art on a a variety of distributed
machine learning benchmarks.

Research Monograph

Finally we mention an additional project that has emerged from the program and will, it is hoped,
serve to extend its impact. In an attempt to bridge the differences in viewpoint between the main
constituencies of this diverse field, three program participants—Han Liu (Princeton; Statistics),
Peter Richtarik (Univ of Edinburgh; Optimization) and Suresh Venkatasubramanian (Univ of Utah;
CS Theory)—are in the final stages of writing a monograph on open problems in the theory of Big
Data. This project was initiated towards the end of the semester-long program, and has continued
largely through remote interaction since then; the three authors were invited back to the Institute
during June 2015 to assist with the completion of the writing. We expect that the monograph will
be published in the Foundations & Trends series of NOW Publishers, as well as being posted on
the Institute’s website.

Programmatic Considerations

The formal program of the Theoretical Foundations of Big Data semester was based around a
sequence of four week-long workshops. There was also a one-week “Boot Camp” at the outset of
the program. In this section we briefly consider the “lessons learned” regarding this programmatic
organization.

The Boot Camp was viewed as a major success. The heterogeneity of the participants ne-
cessitated some form of introduction to the major theoretical perspectives involved in Big Data
analysis (theoretical computer science, statistics and optimization). Indeed, few researchers have
worked across all of these areas, and fewer still have kept up with recent developments in these
rapidly developing fields. Nonetheless, there are enough commonalities at a technical level across
the fields (with ideas from allied fields such as probability theory, optimization theory, geometry
and information theory providing points of contact), such that Boot Camp lecturers were able to
convey technical ideas succinctly and rapidly. Basic technical topics such as dimension reduction,



streaming, sampling, linear optimization, random matrices and concentration theory were reviewed,
and emerging perspectives and challenges presented by scale were emphasized. Many participants
referred to the Boot Camp as a major stimulus for their subsequent research.

The four workshops were all also viewed as quite successful. Their format was similar, involving
mid-length talks (e.g., 45 minutes) that allowed technical concepts to be developed, and involving
a mix of disciplines. That said, while the first two workshops were heavy on talks and light on
discussion time, it became clear (from comments and attendance drop-off) that enhanced focus on
discussion time and free time for research was preferred by many participants. The fourth workshop
(on differential privacy) involved a mix of talk lengths (some 30 minutes and some one hour) and
interactive events such as rump sessions, and participants appeared to be particularly satisfied by
the format. This is not to suggest that this is generically a preferred model. Indeed, early in the
semester the more talk-heavy format may be necessary to engender dialog. However, if we were to
re-run the program I suspect that we would focus on formats involving fewer talks.
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