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1

Background

Traditionally, theoretical computer science has been divided into “algorithm design” and “computational
complexity”. Algorithm designers concentrated on developing resource-efficient methods to solve specific
problems, whereas complexity theorists considered characteristics of groups of problems that determine
their likely difficulty. Over the last approximately twenty years, some inter-related research themes have
emerged within theoretical computer science that challenge this dichotomy.
A first trend was a movement within complexity to consider more exact notions of complexity, bringing
up issues closer to those in algorithm design. While traditionally, complexity classes qualitatively distinguish
between “hard” computational problems and “easy” problems, several new lines of inquiry have considered
quantitative distinctions between problems, trying to identify the likely exact time complexities of problems.
These apply both to problems complete for large classes such as N P and problems within P . One such line
of work began with the 3-SUM and related conjectures from computational geometry, showing the difficulty
of a variety of problems within P assuming that 3-SUM cannot be solved in sub-quadratic time. A parallel
line of work at the exponential-time level (for N P -hard problems) centered around the Exponential Time
Hypothesis (ETH) and Strong Exponential Time Hypothesis (SETH). Bridging polynomial and exponential
time was part of the goal of parameterized complexity, which makes algorithm design and complexity multidimensional by identifying parameters of the instance that determine the instance’s computational difficulty.
While these areas were differently motivated, over the years, more and more connections were found between
them, with hypotheses such as ETH having strong ramifications for both parameterized complexity and the
complexity of problems within P .
A second emerging theme was a duality between circuit lower bounds (proving there are no efficient
algorithms of a certain type for solving problems) and designing improved algorithms for other problems.
One of the first such connections was in the area of derandomization, where a problem that is hard for circuits
can be used to construct a pseudo-random generator, and thus a deterministic simulation of any probabilistic
algorithm. More surprisingly, connections in the other direction were also shown, first for derandomization,
and then for circuit satisfiability, where an improved algorithm yields a circuit lower bound as a consequence.
This was used by Williams to prove the first lower bound against ACC 0 circuits, an open problem for over
twenty years. Circuit lower bound techniques have also been used to design more efficient algorithms, perhaps
starting with the classical learning algorithm of Linial, Mansoor and Nisan, but really hitting its stride more
recently.
When these ideas are combined, they yield even more surprising results. Potentially, a small improvement
in the running time of algorithms for a polynomial time problem could give an improved SAT algorithm, and
hence a new lower bound. Or, alternatively, a circuit lower bound could be used to design new algorithms.
The past 2-3 years have seen a flurry of activity towards realizing this potential, and this momentum was
greatly increased by the Simons Institute program.

2

Goals

More specifically, the goals of the program were:
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1. To bring together researchers from traditional complexity theory, traditional algorithm design, and
parameterized algorithms and complexity to work together on exploiting the connections between
complexity and algorithm design.
2. To strengthen the connections between lower bounds and algorithm design, between algorithms for
hard problems and those for polynomial time problems, and between parameterized and traditional
complexity and algorithm design.
3. To utilize these connections to develop new algorithms and prove new lower bounds.
As we will now describe, progress on all of these fronts during the program exceeded our already high
expectations.

3

Fostering inter-area collaborations

One of our primary goals in the program was to foster collaboration between algorithms and complexity
researchers. Here are three illustrations of successful collaborations between different areas.

3.1

Proofs of work

The first story is a collaboration that crossed over several Simons Institute programs, starting with the
summer 2015 Cryptography program, continuing into our program in Fall 2015, and continuing into the
Pseudorandomness program in Spring 2017.
To maintain consistency in their transaction records in a totally distributed environment, crypto-currencies
such as BitCoin rely on the concept of “proofs of work”, a way to certify that computational effort has been
expended. While this idea was introduced in the early 90’s in the theoretical computer science community
in work by Dwork and Naor, the proofs of work currently used involve ad hoc, untested assumptions about
cryptographic hash functions. Furthermore, since the problems used in proofs of work are artificial constructs, the immense computational resources (energy, time, and physical devices devoted to bitcoin mining)
expended on constructing proofs of work is wasted without any benefits to society.
In a series of recent papers, Ball, Rosen, Sabin, and Vasudevan bring a rigorous foundation to proofs
of work. Their starting point is “complexity within P”, the effort to identify problems within polynomial
time where the known algorithms are conjectured to be optimal. This effort was one of the focal points
in our program. They give average-case hard versions of these problems, and then show that solutions to
these problems can be probabilistically verified in strictly less time than it takes to compute them (under
the standard conjectures). This gives the first proofs of work with security provable from well-known computational assumptions. Moreover, because these proofs start from problems of actual algorithmic interest,
and are in fact capable of coding a variety of other problems, in sequel work, the authors show that these
proofs of work can be made “for a purpose”, replacing the computational waste of current crypto-currencies
with socially useful computation. (There have been prior attempts to make a proof of work for a purpose,
but these have again been ad hoc, and the algorithmic utility limited, e.g., for finding Cunningham chains
of prime numbers in Primecoin.)
The collaboration between these researchers started in the Cryptography program at Simons. However,
things really got started when Manuel Sabin, a graduate student at Berkeley, participated in the FineGrained Complexity program. He became aware not only of “complexity within P”, but of techniques such
as embedding functions in algebraic extensions to make average-case hard versions. He was also aware of a
recent result of Williams discovered during the program, giving a way to probabilistically verify proofs of
unsatisfiability faster than exhaustive search. This was adapted into the probabilistic procedure to verify
proofs of work. Thus, both the general tools of fine-grained complexity and the specific program at the
Simons Institute were essential to this project. While still in its early stages, this project has immense
potential for impact on crypto-currencies, which themselves have immense potential for economic, social,
and technological impact. This work appeared in STOC 2017 [13] and Crypto 2017 [14].
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3.2

New algorithms for RNA folding and related problems

The discovery of the first sub-cubic algorithms for RNA folding, Language Edit Distance, and Min-Plus
Products (with bounded differences) constitutes the first major algorithmic improvement on these textbook
dynamic programming problems, as well as an example of how fine-grained lower bounds can inform algorithm
design.
While very different in details and applications, these problems all had similar known algorithms, that
combined dynamic programming with divide-and-conquer to get an O(n3 ) algorithm. The O(n3 ) algorithms
for these problems are exercises that one can give an undergraduate algorithms class, and the improvements
over this methodical algorithm in the literature were small. For example, RNA Folding is the following
problem: given a string s of length n over the alphabet A, U, C, G where A can match U and C can match G
but no other matches are possible (or, more generally, for a larger alphabet with pairs of matching letters),
find a maximum set of disjoint matches {(s[i1 ], s[j1 ]), . . . , (s[ik ], s[jk ]} where it < jt for all t and there are
no two matches (s[it ], s[jt ]), (s[ir ], s[jr ]) with it < ir < jt < jr . One can think of the problem as finding a
maximum set of balanced parentheses where there are several types of parentheses. There is an easy O(n3 )
time dynamic programming algorithm for RNA-folding. The fastest previous algorithm for the problem,
due to Venkatachalam et al., ran in O(n3 / log2 n) time. The Language Edit Distance (LED) Problem is a
natural extension to the Context Free Grammar (CFG) Recognition problem: given a length-n string x and
a (constant size) CFG encoding a context free language L, determine whether x is in L. In the LED problem
one is also given a string x and a CFG defining L and one is to determine the minimum edit distance between
x and any y ∈ L. The LED problem also has an O(n3 ) algorithm but nothing much better.
Looking at the best conditional lower bounds for these problems revealed a significant gap. An earlier
paper by Amir Abboud, Arturs Backurs and Virginia Vassilevska-Williams on the RNA Folding and LED
problems showed that unless k-clique can be solved faster, both problems on an input string of length n
require nω time where ω < 2.38 is the exponent of square matrix multiplication. Even though the two
problems only had essentially cubic time algorithms, no higher lower bound than nω seemed possible. This
left open the possibility that one might obtain truly subcubic algorithms; and if this could be done without
matrix multiplication, it would lead to an improvement in “combinatorial” matrix multiplication. Thus, the
lower bounds indicate that matrix multiplication should be key to any improvements.
One approach seemed particularly promising. In the 1970s, Valiant had developed an O(nω ) time algorithm for CFG recognition. This algorithm can be viewed as a clever reduction to Boolean matrix multiplication. Valiant’s approach, with a bit of modification, also works for LED and RNA-folding, except
that instead of Boolean matrix multiplication, the reduction is to (min, +) matrix product. Unfortunately,
the best known algorithms for (min, +) matrix product on n × n matrices run in essentially cubic time and
obtaining a truly faster algorithm is an important open problem.
Fortunately, however, the matrices arising from Valiant’s approach, when applied to RNA-folding and
LED, are highly structured. In particular, any two consecutive entries in these matrices (row-wise or columnwise) differ only by 1 in absolute value. Thus one only needs to find a truly subcubic algorithm for (min, +)product of such bounded differences (BD) matrices. Recent work of Chan and Lewenstein had produced a
truly subquadratic algorithm for the related bounded monotone (min, +)-convolution problem, and it seemed
plausible that similar ideas might apply to the BD (min, +)-product problem.
Co-organizer Virginia Vassilevska-Williams was part of the team proving the conditional lower bound.
Simons Fellow Barna Saha had previously generalized Valiant’s technique. While at the Simons Institute,
Virginia proposed to Uri Zwick and Fabrizio Grandoni to work on developing a faster algorithm for RNA
Folding. Independently, Barna Saha proposed the same research problem to Karl Bringmann and Fabrizio.
Because of the shared interest and because everyone was at the Simons Institute, Barna, Karl, Fabrizio, Uri1
and Virginia started meeting to brainstorm ideas, sometimes all five, sometimes in smaller groups. Many
ideas were discussed: breaking up the matrices into blocks and only using block representatives, subtracting
carefully chosen row and column vectors to scale the matrices, using fast (min, +)-product algorithms for
other types of structured matrices, etc. After a month or so, all the puzzle pieces fitted together and a truly
subcubic algorithm was developed. The entire research project was completed at the Simons Institute.
After getting this breakthrough result, the collaboration continued. The algorithm turns out to be
1 Although Uri Zwick eventually decided to leave the project, he had many instrumental ideas that the rest of the collaborators
are grateful for.
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even more general than the original goal for it, and has numerous other applications that are still being
investigated. This work appeared in FOCS 2016 [31].

3.3

The polynomial method and algorithm design

Ryan Williams, a co-organizer of the program, has developed a line of work showing how the polynomial
method from circuit complexity can be applied to the design of new algorithms for long-studied problems. In
circuit complexity, the polynomial method is a general approach to proving low-depth circuit lower bounds.
One (a) models low-complexity functions approximately with low-degree polynomials, then (b) proves that
certain simple functions do not have low-degree polynomial approximations. A generation of papers from
the late 80s and early 90s proved many circuit complexity lower bounds in this way.
Collaborative work between Josh Alman, Ryan Williams (both in residence at the Simons Institute)
and Timothy Chan of U. Waterloo (short-term visitor at Simons, and prominent algorithms and geometry
researcher) has led to new algorithmic applications of the polynomial method. At the heart of the new
results is the discovery of new polynomial representations for the OR of MAJORITY function. For example,
one can compute the OR of s MAJORITY functions on n variables with a so-called probabilistic polynomial
threshold function (probabilistic PTF), a distribution
√ of polynomials, each polynomial having degree at
most Õ(n1/3 ). (This is in contrast with the known n-degree lower bounds for probabilistic polynomials
computing MAJORITY, due to Razborov and Smolensky.) These polynomial constructions have led to
new algorithms for computing approximate Closest Pair in Euclidean distance, new circuit satisfiability
algorithms, and stronger circuit lower bounds against N EXP . This collaboration, which again appeared in
FOCS 2016 [9], nicely illustrates how algorithms researchers can learn new tricks from complexity theorists,
in this case by studying polynomials.

4

Further research highlights

The program has produced too many and too diverse a set of excellent results to do them all justice in this
brief report. In this section, we outline a few of our favorites.

4.1

Edit distance can simulate sub-linear space Turing machines

A line of celebrated recent research had established that, if the Strong Exponential Time Hypothesis holds,
then the quadratic-time algorithms for many basic problems comparing strings and sequences cannot be
improved to an exponent less than 2. The problems shown hard are basic for areas from computational
biology to document analysis to computational geometry, and have been subject to intense algorithmic
interest, with relatively little progress over the first algorithms to be discovered. This connection shows
that a major breakthrough on algorithm design for these problems would give both improved CNF SAT
algorithms and new circuit lower bounds for weak circuit classes.
However, during the program, the breakthrough result of Abboud, Hansen, Vassilevska-Williams and
Williams [4] pushed this connection into hyperdrive. They give major quantitative and qualitative improvements over the reductions between SAT and these string and sequence comparison problems. They can
reduce satisfiability not just of CNF’s but of any circuit model that uses sub-polynomial parallel time or
sub-polynomial space to these string problems, in such a way that only polylogarithmic improvements to
the quadratic time algorithms are needed to get improved circuit SAT algorithms, and hence lower bounds,
for these classes of circuits. This yields two equally fascinating possibilities: either there is almost no improvement possible for the currently known algorithms for these basic problems; or by finding such a minor
improvement, we can leap-frog the classes for which we have circuit lower bounds to classes just short of
arbitrary circuits. Much exciting work during the program generalized or built on this breakthrough, which
strengthened the lower-bound/algorithm connection beyond our most audacious hopes.

4.2

Circuit lower bounds and learning algorithms

Work by Carmosino, Impagliazzo, Kabanets and Kolokolova [35] both strengthened connections between
circuit lower bounds and learning algorithms and used lower bounds to design new learning algorithms. The
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starting point for this work is the classic result of Linial, Mansour and Nisan, which used the proof of the
lower bound for constant depth unbounded fan-in circuits (AC 0 ) to design a quasi-polynomial time learning
algorithm for such circuits over the uniform distribution (utilizing Fourier analysis). While this makes an
intuitive connection between lower bounds and learning algorithms, there was no known general technique
for deriving a learning algorithm from lower bounds. Indeed, no such learning algorithms were known for
several circuit classes for which we did have lower bounds, such as extending constant depth Boolean circuits
with prime modular counting gates (ACCp0 ). The new work made such a general connection, showing
that any natural proof (in the Razborov-Rudich sense) of a circuit lower bound yields a corresponding
learning algorithm for the same class of circuits. Moreover, it applied this general connection to the case
of ACCp0 , yielding the first quasi-polynomial learning algorithm for such circuits. This is a great example
of both strengthening the lower-bound/algorithm connection and of using computational complexity as an
algorithm design tool. The algorithm itself consists of several repurposed computational complexity tools,
combining a natural property of Razborov and Rudich with the correctness proof for the Nisan-Wigderson
derandomization technique. This work was done while all collaborators were participating in the program,
and won the Best Paper Award at the 2016 Computational Complexity Conference.

4.3

Subgraph Isomorphism on planar graphs

Another major breakthrough, and another example where conditional lower bounds complimented algorithmic progress, is in the fine-grained parameterized complexity of Subgraph Isomorphism on planar graphs.
This can be considered an advance in the optimality program for parameterized algorithms, which aims to
obtain a fine-grained understanding of the complexity of parameterized problems. The ultimate goal of this
program is to determine the best possible function f (k) that can appear in the running time f (k) · nO(1)
of a parameterized algorithm for a given problem. By now, tight or almost tight upper and conditional
lower bounds are known for a wide range of natural parameterized problems. An area where the optimality
program has been particularly successful is understanding how algorithmic graph problems become easier
when restricted to planar or H-minor-free graphs. A so-called “square root phenomenon” has been observed:
for most natural parameterized problems on planar graphs, the best possible dependence on k is exponential
in the square root of k. However, the complexity of Subgraph Isomorphism, which is arguably one of the
most basic graph-theoretical problems, was poorly understood on planar graphs: parameterized algorithms
that have subexponential dependence on the size of the pattern to be found were known only in very special
patterns, such as paths. Fomin, Lokshtanov, Marx, Pilipczuk, Pilipczuk, and Saurabh [44] √
obtained a breakthrough in the important special case of connected bounded-degree patterns by giving a 2 kpolylogk · nO(1)
time algorithm for Subgraph Isomorphism on planar graphs. The algorithmic technique developed for this
problem is sufficiently robust to allow several extensions, such as generalizations to directed, colored, or
weighted versions. As a surprisingly timely coincidence, recent work of Bodlaender and van der Zanden
(ICALP 16) shows that the restriction to the special case of connected bounded-degree graphs is unavoidable: if we drop the connectivity requirement or drop the bounded-degree requirement, then (assuming
ETH) no 2o(k/ log k) · nO(1) time algorithm exists for the problem. Thus, the algorithmic breakthrough has a
corresponding breakthrough on conditional lower bounds, showing the exact boundary where progress was
possible. The crucial parts of the work were done while three of the authors were participating in the Simons
Institute program, and when all authors were present for the program workshop “Satisfiability Lower Bounds
and Tight Results for Parameterized and Exponential-Time Algorithms.” The paper was presented at IEEE
FOCS 2016.

5

Mentoring

We feel the program was particularly successful at involving younger researchers. Each Simons Fellow was
assigned a senior mentor whom they met with on a regular basis; many of these relationships became research
collaborations. In addition, many graduate students were very active in the program, both the advisees of
participants and Berkeley graduate students. A large number of the exciting results proven during the
program had one or more student authors.
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6

Collaborations with other Simons Institute activities

There was some interesting overlap with the concurrent program, Economics and Computation. For example,
Christos Papadimitriou organized a very successful seminar on classes within TFNP, in particular, classes
relevant to Nash Equilibria and other problems connected with economics. This was very well attended and
had a high level of participation from the complexity theorists in our program. Other events of joint interest
included the field trip and reverse field trip to highlight joint interests with Silicon Valley researchers. Finally,
many program participants found the workshop on Neuroscience, co-sponsored by the Simons Institute, MSRI
and the Redwood Center and held during the same semester, very interesting.
One major inter-program success was Aviad Rubinstein’s work on approximation of Nash equilibria.
Rubinstein is a Ph.D. student at Berkeley working with Papadimitriou, and was a participant in both
our program and the concurrent Economics program. His paper “Settling the complexity of computing
approximate two-player Nash equilibria” formulates an equivalent of the Strong Exponential Time Hypothesis
for the class PPAD (widely used in algorithmic game theory) and proves that, under this hypothesis, there
is no polynomial time algorithm for finding approximate Nash equilibria. This paper [86] uses techniques
from probabilistically checkable proofs as well as fine-grained complexity and game theory. It won both the
Machety Award for Best Student Paper and the overall Best Paper Award at IEEE FOCS 2016, a unique
achievement.

7

Impact and subsequent developments

The level of interest in “fine-grained complexity” within the broader TCS community is accelerating, and the
program contributed decisively to this trend. For example, three of six plenary lectures at the Highlights of
Algorithms conference in Paris in summer 2016 were related to fine-grained complexity and given by program
participants. Many theory blogs have listed this as one of their favorite new directions within TCS. We feel
the training of young researchers in this area, and the establishment of new collaborations, may be the most
lasting consequence of the program.
For example, Pasin Manurangsi, a graduate student at UC, Berkeley, was not an official participant in
the program, but attended many of the events and was a student in Impagliazzo’s UC Berkeley course which
introduced the themes of the program, with participation by many of the other researchers in the program.
He applied these ideas to understand the complexity of approximation algorithms for the well-known densest
subgraph problem, where the goal is to find a set of vertices of a given size that has as many edges as
possible. (Variants of this problem are used to identify communities in social networks and related graphs.)
He was able to show, assuming ET H, an almost polynomial hardness of approximation, almost matching
known algorithms. This work won the Best Student Paper Award at STOC 2017 [76].
Another example where our program helped shape the career of young reseachers is the case of Marvin
Künnemann and Stefan Schneider. Both participated as graduate students in the program, and began
collaborating with each other and with Schneider’s advisor, Mohan Paturi, during the program. The next
year, Künnemann joined UCSD as a post-doc to continue this collaboration. There, they investigated a
broad class of problems solved by dynamic programming algorithms, including standard problems such as
change-making, and longest chain of nested boxes. They showed that, for many such problems, improving
over the dynamic programming was equivalent to improving a static version (e.g,, vector domination is
equivalent to chain of nested boxes). This is counter-intuitive, since the dynamic programming algorithm
seems inherently sequential, whereas the static versions are embarrassingly parallel. This work [72] will be
presented at ICALP 2017, and will also form the major part of Schneider’s PhD thesis.
It remains to be seen what heights this sub-area will attain in its full maturity, but it seems well on its way
to becoming a recognized major research direction within TCS. In particular, we feel this program has made
both the algorithmic and computational complexity communities appreciate each other’s contributions to a
much greater extent, and be more open to collaboration. As we have seen in many of the examples above,
this collaboration can lead to major advances in our understanding of fundamental computational questions.
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