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Neural Networks (a.k.a. Deep Learning)
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X = Wdod(...02(W201(W1x))...) J

Running example: o; is ReLU (z — max{z,0})
o Network depth (number of W; matrices): d
o Network width (max dimension of W; matrices): n

Inputs with O(1) norm; O(1) Lipschitz losses (over scalars or
vectors)
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What Makes Deep Neural Networks Generalize?

o # of parameters? No, much larger than data size

@ Architecture? No, standard architectures can fit random labels

@ Dynamics of the training algorithm? Maybe, but doesn't
answer the question (dynamics lead to what kind of network?)

Study how parameter norms affect generalization error
Which norms can lead to learnability, even if # of parameters is
large?

Norms depend on training dynamics, and their choice can have
algorithmic implications
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Goal: Understand whether norms can control statistical complexity
not whether resulting bound is < X for network Y on dataset Z

o If just want a numerically tight estimate, use a validation set

@ Don't need numerical tightness to understand/motivate
algorithms

e Example: SVM generalization bounds
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A Neural Network That We Understand Well

Linear Predictors:

X’—>WTX

Generalize if the Euclidean norm of w is small (independent of #
of parameters!)

sup Err(w)—EFr(w)‘ < O( B—2>

w:||w||<B m

o Explicit regularization

o Implicit regularization: Training with gradient descent
encourages small-norm solution

What is the analogous norm for neural networks?
Can we get such norm-based (and size-independent) bounds?
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Existing Results

All have strong dependence on network size (width/depth)
Generalization error given m examples, ignoring logs:

) ) Scale-sensitive bounds
VC bounds Lipschitz bounds (e.g. [NS15])
d
[ I Wil
m ml/n

d 2
o [TTE W

m
d 2 d vl
0 (I IW1G,) S e
. [NS17]
m
2/3\ 3
d 2 a (Il
(I w3, (zjzl (s
il op
m

[BFT17]



Is Depth Dependence Inevitable?



Is Depth Dependence Inevitable?

Consider norm-bounded linear predictors composed with RelLU:
{XI—>0’(WTX) L lw] < 3} .

Uniform convergence bound: /B?/m



Is Depth Dependence Inevitable?

Consider norm-bounded linear predictors composed with RelLU:
{XI—>0’(WTX) L lw] < 3} .

Uniform convergence bound: /B?/m

Observation

Class equivalent to class of “thin” neural networks of form

d
x = o(wgo(wg—1 - o(wao(wix))---)) : [lwa| - []Iwl < B
j=2

Same /B?/m bound, independent of depth/width!



Is Depth Dependence Inevitable?

Consider norm-bounded linear predictors composed with RelLU:
{XI—>0’(WTX) L lw] < B} .

Uniform convergence bound: /B?/m

Observation

Class equivalent to class of “thin” neural networks of form

d
x = o(wgo(wg—1 - o(wao(wix))---)) : [lwa| - []Iwl < B
j=2

Same /B?/m bound, independent of depth/width!

o But: Existing analyses lead to size dependence.
A “satisfying” analysis should do better
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General Networks

@ Scalars w; are now parameter matrices W;

o Plausible approach: Since error was controlled by ]_[J‘-jzl A

for the “thin” networks, try to control H}j:]_ | W;|| for some
matrix norm ||-||. But which norm?

o First attempt: Spectral norm

Theorem

Generalization error over neural networks s.t. HJ‘-III [Will,, < B

can be at least Q (x/BZn/m> .

11
More generally, (\/anmax{o’2 P}/m) with any p-Schatten

norm (p-norm of singular values)

Proof idea (spectral norm): {x — diag(w)x : [w| < B}



General Networks

What about p = 2 (Frobenius norm)?



General Networks

What about p = 2 (Frobenius norm)?

If Hj‘j:1 |Wjllr < B, generalization error is

~ i B dB?2
(@) (mm {_m1/4 , 7}) .

o < B/m1/4: Independent of network depth or width
o < /dB2/m (compared to 291/B2/m in [NS15])



Technical Contributions

@ An algebraic trick to avoid exponential depth dependencies

o Generic technique to eliminate depth dependencies, if
product-of-p-Schatten-norms is controlled (for any p < o0)

@ New lower bound

Applications

e Improving/removing depth dependencies in previous bounds in
the literature

o First explicit, fully size-independent generalization error
bounds for standard neural networks, using Schatten norms




Rademacher Complexity

Given a function class H (e.g. neural networks with certain norm
constraints) and inputs Xi,...,Xm

R 1 &
Rm(H) =E¢ | sup — eih(x; , e~U{-1,+1}7"
(H) hegmg ( )] ({ )

Convertible to uniform generalization error bound of H w.r.t.
training set of size m

m

sup [= 3 £(h(x1), 77) — By [(h(x), )]

m
he | M
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Let
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A Log-sum-exp Trick

Introducing a parameter A > 0,

sup » _ £ih(x; ]

heHy i

=3 Iogexp ()\ Ee sup Ze h(x; >

heHy ;

1
< —log | Ee sup exp | A €;h(x;
g SEI G0

Using a contraction lemma variant and peeling as before:

1
X log <2dIE6 exp ()\ H G, - f(x1,... ,xm)>>
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Tuning A and simplifying: vd (T]; Cw,) vVm .



Applications

If HJ‘.jzl I VVJ||,__ < B, generalization error is
| dB2
m

If Hj’zl I WJ-||17Oo < B, generalization error is

0 <\/(d+ o). 82>

| \

Theorem
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Depth Independence

o Consider a network I s.t. Hle Wl < B,
where [|-[| , is a p-Schatten norm

@ Suppose N is nontrivial: exists x in domain
s.t. [9U(x)| > T for some ' = Q(1)

For any r, one of the first r parameter matrices is close to rank 1:

o lw, (B)”’
min @ ——— < | — :
Jje{1,...,r} ||W||op r

Proof:

d r r
B _ =Wl | 11 Will, (o Il )
C I W, — s Wil — \jetteart [Willg,
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Implication

Can approximate network by replacing one of first r matrices by its
rank-1 SVD approximation:

X — WdO'(Wd_l... Wka(...a(Wlx)...)...)

Q

x> Wao(Wy_1...5u vio(...c(Wix)..))...)

TV TV
Univariate Lipschitz func. Depth < r network

o Networks with bounded product-of-Schatten-norms =
Networks of depth < r composed with univariate Lipschitz
functions

o Original depth no longer appears explicitly!

@ r is tunable: Trades-off approximation and statistical
complexity
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Given a Rademacher complexity bound for depth-d network,
Can get a depth-independent bound by combining

@ Corresponding bound for depth r (< d) networks...

@ composed with univariate Lipschitz functions...

If H is a class with Rademacher complexity case R’m(’H) and Fi is
class of univariate L-Lipschitz functions,

Rn(FLoH) < O(T—Hog?’/z( ) /%,,,(’H)) L

Proof via covering numbers
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Given a Rademacher complexity bound for depth-d network,
Can get a depth-independent bound by combining

@ Corresponding bound for depth r (< d) networks...
@ composed with univariate Lipschitz functions...
© + error in replacing layer r by rank-1 approximation,

and tuning r
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Applications

If Hj‘.izl |Wjllr < B, generalization error is

~ . | log(B/T d
(’)(B-mm{—gn(]l/ﬁ ), E})

Theorem (Depth-Independent Version of BFT17)

Hj:l [Willop < 'szl [Wijllp < Bp and max; w ="

generalization error is

1
I
6 ( BL min § (oBBD)Z7

d3
m?2+3p m

9
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Summary and Further Open Questions

o First explicit size-independent generalization bounds for
standard neural networks

@ Techniques can be used to get depth-improved versions of
existing bounds; applicable to any “deep” function class

@ Results use Schatten norms (spectral norm is not enough)

o Size-independence comes at cost of rates worse than 1//m.
Can be avoided?

o Is dependence on Hle || Wj|| inevitable?

o In worst-case, yes
o Still, seems too conservative

Algorithmic implications?
o Standard gradient descent does not seem aligned with
product-of-norms inductive bias



