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ZX-calculus [Coecke, Duncan]

Tool for QIP: Prove protocols, develop 
quantum error correcting codes, 
intermediate language… 

Foundations of quantum mechanics.

quantomatic.github.io
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ZX-Calculus Generators and Semantics
[Coecke,Duncan’08]

The standard interpretation J.K :
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ZX-Calculus Compositions
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Only Connectivity Matters
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ZX-Calculus Axioms [Jeandel,Perdrix,Vilmart,Wang’17]
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Universality, Soundness, Completeness

• ZX-Diagrams are universal:

8M 2 M2n⇥2m(C) 9D 2 ZX , JDK = M

• ZX-Calculus is sound:

(ZX ` D1 = D2) ) (JD1K = JD2K)

• Is ZX-Calculus complete? i.e.

(JD1K = JD2K) ) (ZX ` D1 = D2)

⇡-fragment. [Duncan,Perdrix’13]
⇡
2 -fragment. [Backens’13]
single-qubit ⇡

4 -fragment. [Backens’14]

?

⇡
4 -fragment (⌘ Cli↵ord+T): open question.

No in general (with angles in R). [de Witt,Zamdzhiev’14]

⇡
p
-fragment: the restric-

tion to angles multiple of
⇡
p

no
t u

ni-

ver
sal

approx.!
univ.
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⇡/4-fragment

Theorem (Approx. Universality)

8M 2 M2n⇥2m(C), 8✏ > 0, 9D 2 ZX⇡/4 s.t. || JDK �M||2 < ✏.

For any D 2 ZX⇡/4,

Theorem

ZX⇡/4 is universal for matrices over D[e i⇡/4].
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8M 2 M2n⇥2m(C), 8✏ > 0, 9D 2 ZX⇡/4 s.t. || JDK �M||2 < ✏.

For any D 2 ZX⇡/4,

JDK 2 M(Q[e i⇡/4])

Q[e i⇡/4] = {a+ be i⇡/4 + c(e i⇡/4)2 + d(e i⇡/4)3, a, b, c , d 2 Q}.

Theorem

ZX⇡/4 is universal for matrices over D[e i⇡/4].
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ZW-calculus [Coecke&Kissinger, Hadzihasanovic]

. . .

. . .
,

. . .

. . .
, , , , , ,

Motivation: diagrammatic classification of multipartite entanglement.

|000i+ |111i |001i+ |010i+ |100i
(GHZ-state) (W-state)
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JD1 ⌦ D2K := JD1K ⌦ JD2K JD2 � D1K := JD2K � JD1K

r z
:=

0

BB@

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

1

CCA
r z

:=

0

BB@

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 �1

1

CCA

r z
:=
�
1
� r z

:=

✓
1 0
0 1

◆
J K :=

�
1 0 0 1

�

q y
:=
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1
0
0
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1

CCA

t |
:=

✓
0 1
1 0

◆ t |
:=

✓
0 1 1 0
1 0 0 0

◆

t |
:=

✓
1 0
0 �1

◆ t |
:=

✓
1 0 0 0
0 0 0 �1

◆

Theorem [Hadzihasanovic’15]

ZW-Calculus is universal for integer matrices.
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JD1 ⌦ D2K := JD1K ⌦ JD2K JD2 � D1K := JD2K � JD1K

r z
:=

0

BB@

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

1

CCA
r z

:=

0

BB@

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 �1

1

CCA

r z
:=
�
1
� r z

:=

✓
1 0
0 1

◆
J K :=

�
1 0 0 1

�

q y
:=

0

BB@

1
0
0
1

1

CCA

t |
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✓
0 1
1 0

◆ t |
:=

✓
0 1 1 0
1 0 0 0

◆

t |
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✓
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0 �1

◆ t |
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✓
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0 0 0 �1

◆
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= = =

== =

0a 0b 0b0

0d 00c 0d

= =

= =

1a 1b

1c 1d

= =
2a 2b

= =
3a 3b =

4

= =

=
=

5a 5b

5c
5d

= = =
6b6a 6c

= =
7b7a

=
X

Theorem [Hadzihasanovic’15]

ZW-Calculus is complete for integer matrices.
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Patching it for D = Z[1/2]

Extended as “ZW1/2-Calculus”:

• Additional node: such that J K = 1/2

• M(D) = 1
2NM(Z)

• ZW1/2-Calculus represents matrices over D = Z[1/2]
• Additional rule: =

iv
(which represents 2⇥ 1

2 = 1)

• Completeness naturally induced from ZW

Lemma

ZW1/2 is complete for matrices over D.
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8D1,D2 2 ZX⇡/4, JD1K = JD2K )? ZX⇡/4 ` D1 = D2

+ * 3

 JD1K =  JD2K ZX⇡/4 ` JJD1KXW KWX = JJD2KXW KWX

m 1 * 2

JJD1KXW K = JJD2KXW K ) ZW1/2 ` JD1KXW = JD2KXW

M(D[e i⇡/4]) M(D)

ZX⇡/4 ZW1/2

J.K J.K

J.KXW

J.KWX

 

1 JJ.KXW K =  (J.K)
2 ZW1/2 ` D1 = D2 ) ZX⇡/4 ` JD1KWX = JD2KWX

3 ZX⇡/4 ` JJD1KXW KWX = JJD2KXW KWX ) ZX⇡/4 ` D1 = D2
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Encoding D[e i ⇡4 ] in D

D[e i
⇡
4 ] ! D4

a+ be i
⇡
4 + c(e i

⇡
4 )2 + d(e i

⇡
4 )3 7!

0

BB@

a b c d
�d a b c
�c �d a b
�b �c �d a

1

CCA

Extension to matrices:

 : M2n⇥2m(D[e i
⇡
4 ]) ! M2n+2⇥2m+2(D)
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The Interpretation J.KXW

7!
· · ·

7!

⇡
4 7!

D1 � D2 7! JD1KXW � JD2KXW

D1 ⌦ D2 7!

· · · JD2KXW

JD1KXW

· · ·

· · · · · ·

· · ·

k ⇡
4

· · ·

· · ·

n

m

7!
 

· · ·m

!
�
 t

⇡
4

|

XW

!k

�
 

· · ·n
!

k ⇡
4

· · ·

· · ·

n

m

7!
t !⌦m|

XW

�

u
wv k ⇡

4

· · ·

· · ·

n

m

}
�~

XW

�
t !⌦n|

XW

Prop: JJ.KXW K =  (J.K)
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M(D[e i⇡/4]) M(D)

ZX⇡/4 ZW1/2

J.K J.K
J.KXW

J.KWX

 

1 JJ.KXW K =  (J.K)

2 ZW1/2 ` D1 = D2 ) ZX⇡/4 ` JD1KWX = JD2KWX

3 ZX⇡/4 ` JJD1KXW KWX = JJD2KXW KWX ) ZX⇡/4 ` D1 = D2
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From ZW1/2- to ZX⇡/4-Calculus

J.KWX :

7!

7!

7!

7!

7!

7!

7!

⇡

· · ·

· · · · · ·

· · ·
7!

⇡7!

7!

⇡

⇡
2

⇡
4

⇡
4

�⇡
4

�⇡
4

Lemma

For any D 2 ZW1/2, JJDKWX K = JDK.
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With a complete set of rules ZX⇡/4, for any axiom D1 = D2 of ZW ,

ZX⇡/4 ` JD1KWX = JD2KWX

e.g.

7!

�⇡
4

⇡
4

⇡
4

�⇡
4

⇡
2

⇡
⇡
4

�⇡
4

�⇡
4

⇡
4
⇡
2

⇡

⇡

⇡

=ZW

=? ZX⇡/4

7!
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With a complete set of rules ZX⇡/4, for any axiom D1 = D2 of ZW ,

ZX⇡/4 ` JD1KWX = JD2KWX
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7!

�⇡
4

⇡
4

⇡
4

�⇡
4

⇡
2

⇡
⇡
4

�⇡
4

�⇡
4
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4
⇡
2

⇡
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Set of Rules ZX⇡/4 [Jeandel,Perdrix,Vilmart’17]
· ·
·

= ↵+�
�

· · ·
· · ·· · ·

· · ·
↵

· · ·
· · ·

(S1) = (S2)
=

(S3)

�⇡
4

⇡
4

= (E) = (B1) = (B2)

⇡
2

⇡
2

�⇡
2

= (EU) ↵

· · ·

= ↵

· · ·

· · ·

· · ·

(H)
�↵ ⇡

��

-�

↵
=

↵

↵⇡

� -�

�

�
(C)

=
⇡

↵

-↵

⇡↵

⇡
(K)

↵ ↵+⇡

=

2↵+⇡

(SUP)

⇡
4

⇡
4

⇡
4

�⇡
2

⇡
4

⇡
4

⇡
4

=
⇡
4⇡

⇡
2

⇡
4

⇡
4

⇡

⇡
4

(BW)

Theorem (Completeness)

8D1,D2 2 ZX⇡/4, JD1K = JD2K ) ZX⇡/4 ` D1 = D2
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Conclusion

• First completeness result for an approx. universal fragment of the
ZX-Calculus

• This fragment represents exactly the matrices over D[e i ⇡4 ]
• Lead to a completion in general (for angles in R, and matrices over C)

[Kang Feng Ng,Wang’17 – Jeandel,Perdrix,Vilmart’17]

Further questions:

• Normal form for the ZX-Calculus (can we do better than the
interpretation of the normal form of the ZW-Calculus?)

• Proof of the necessity of the additional axioms
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✓2✓1

↵-↵ � -�

=

�-�

✓3

p
2e i✓3 cos(�) = e i✓1 cos(↵) + e i✓2 cos(�)

⇡
2

⇡
4

⇡
4

⇡
⇡
4
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