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ZX-calculus [Coecke, Duncan]

Foundations of quantum mechanics.

Tool for QIP: Prove protocols, develop
quantum error correcting codes,
intermediate language...

File Edit Derive Window

aaaaaaaaaaaaa
eeeeeeeeeeeeeeeeeeeeee

eeeeeeeeeeeeeeeee

Core status: OK

quantomatic.github.io




Outline

® 7ZX-Calculus
ZX-Calculus
Diagram Transformations
Universality, Soundness, Completeness



/ZX-Calculus Generators and Semantics
[Coecke,Duncan’08]

with nyme Nand o € R



/ZX-Calculus Generators and Semantics
[Coecke,Duncan’08]

The standard interpretation [.] :

10---0 0
00---0 0
= s
00---0 @
00-.-0e®
1 1
1
*>2<1 _1) = (1)
10
| H<0 1) ~ (100 1)
1000 1
0010 0
)
= ~lo1 oo o
0001 1

with nym& Nand o € R



/ZX-Calculus Compositions



/ZX-Calculus Compositions



/ZX-Calculus Compositions



/ZX-Calculus Compositions




/ZX-Calculus Compositions




Only Connectivity Matters

G- Q-] ®-n -l
L D RO N

+ colour-swapped versions
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Universality, Soundness, Completeness

o /X-Diagrams are universal:

VM € Manyom(C) 3D € ZX, [D] =M

e ZX-Calculus is sound:

(ZX+ D1 =D,) = ([D1] =[D2])

e Is ZX-Calculus complete? i.e.

n-fragment. [Duncan,Perdrix'13]
OGP v~ Z-fragment. [Backens'13]

! single-qubit 7-fragment. [Backens'14]
Z-fragment (= Clifford+T): open question.
X No in general (with angles in R). [de Witt,Zamdzhiev'14]
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7 /4-fragment

Theorem (Approx. Universality)
VM € Manyom(C), Ve >0, 3D € ZX; /4 s.t. ||[D] — M||2 < e.

For any D € ZX; 4,
[D] € M(D[e™])

D[e’.”/4] _ {;T% + 2PTlleI'7T/4 + %(eiwﬂ)z + 213733(ei7r/4)3, pj,n; € 7}.

Theorem

ZXy /4 is universal for matrices over D[e™/4].
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® Completion for the First Approximately Universal Fragment
The ZW-Calculus
ZX-rules from the ZW-Calculus

Completeness of the 7-fragment



ZW-calculus [Coecke&Kissinger, Hadzihasanovic]
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ZW-calculus [Coecke&Kissinger, Hadzihasanovic]

A NP Tr. S

x ’ % 7
Motivation: diagrammatic classification of multipartite entanglement.
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[[Dl &® D2]] = [[Dl]] &® Dz]] [[DQ o Dlﬂ = [[D2]] o [[Dl]]
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[[Dl &® D2]] = [[Dl]] &® [[Dz]] [[D2 o Dl]] = [[DQ]] o [[Dl]]

0 1 00 O
8) [] = (8 8)
1 0 -1

o = O
O O
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Theorem [Hadzihasanovic'15]

ZW-Calculus is universal for integer matrices.
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Theorem [Hadzihasanovic'15]

ZW-Calculus is complete for integer matrices.
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Patching it for D = Z[1/2]

Extended as “ZWjy ,-Calculus™:

e Additional node: # such that [a] = 1/2
M(D) = 5z M(Z)
ZW1 >-Calculus represents matrices over D = Z[1/2]

Additional rule: Oa = 1 1 (which represents 2 x % =1)
v ---

Completeness naturally induced from ZW

Lemma

ZW, 5 is complete for matrices over D.
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VD1, Dy € ZXr s, [D1] = [D2] * ZXr st D1 = Dy

I3
Y [D1] = 4 [Do]
o
MDl]]XW]] = [[[[D2]]XWH

ZX /4 \wa IWy o
H[ LH

- ()
M(D[e™/4]) M(D)

@ [[Dxwl = oD



WDy, Dy € ZXy 4, [D1] = [D2] 2 ZX, /3 - Dy = Dy
A3
Y [D1] = 4 [Do]
@
[[O1lxw] = [[D2] xw ] = ZWh 2+ [Di]x = [D2] xw

ZX /4 \wa IWy o
H[ LH

- ()
M(D[e™/4]) M(D)

@ [[Dxwl = oD



VD1, D € ZX s, [Di] = [D2] 2 ZXy /= D1 = D
U
Y [D1] = ¢ [D] ZXTr/4 - [H[Dlﬂxw]] wx — [[[[D2ﬂxvv]]wx
o 1@
[[O1lxw] = [[D2] xw ] = ZWh 2+ [Di]x = [D2] xw
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HL LH
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M(D[e™/4]) M(D)

©® [[Ixwl = (D)
(2] ZW]_/z H D1 = D2 = ZX,,T/4 = [[Dl]] WX — [[DQ]] WX



VD1, D € ZX s, [Di] = [D2] 2 ZXr st D1 = Dy
\ 3]
P [[Dl]] =9 [[DZ]] Zer/4 F [H[Dlﬂxw]] wx — [[[[D2ﬂxw]]wx
(N 1) 0
[[D:]xwl = [[D2] xw ] = ZW1 o b [Di] sy = [D2]xw

[wx

(/—\

ZXz /4 IWy o

—
HL LH
v

M(D[e™/4]) M(D)

©® [[Ixwl = (D)
(2] ZW]_/z H D1 = D2 = ZX,,T/4 = [[Dl]] WX — [[DQ]] WX

© 72X,k MDI]]XW]]WX = [H[D2HXW]]WX = ZXzpubDi=D;



Encoding D[e'%] in D
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Encoding D[e'%] in D

D[e’d] — D*
a b c d
atbelt te(eiP rdei) o |9 20
—-b —c —d a

Extension to matrices:

(U M2"><2m(]D[ei%]) — Moni2omi2(D)



The Interpretation [.]

D1 o Dy = [D1]lxy © [D2] i

[ ) ]
LBl ]

Di ® Dy — .

- (41)-(1el,)-(71)
o[0T, [s] 101



The Interpretation [.]

Dy o Dy = [D1] xpy © [D2] xw

[ ) ]

? D®Dl—)’ MI.MW |
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S0 e 1.

Prop: [[Ixwl = ©([.])
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ZXr /4 U ZW,
[[-]}L L[[-ﬂ

. Y
M(D[e/4]) M(D)

O [[Ixwl = (L)
@ Wy -Di=Dr = ZX;/ak [Di]lywx = [D2]wx

© ZX it H[[Dl]]XW]]WX = [H[Dﬂ]xw]]wx = ZXzpubDi=Ds



From ZW »- to ZX; 4-Calculus

Y 1 IR,
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For any D € ZW, 5, [[D]wx] = [D]-

X
J 1 1T 1
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With a complete set of rules ZX; 4, for any axiom Dy = D; of ZW,
ZXzya b [D1]wx = [D2] wx
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With a complete set of rules ZX; 4, for any axiom Dy = D; of ZW,
ZXzya b [D1]wx = [D2] wx

e.g.

O NO&

=zw % ZXo s




Set of Rules ZX /4 [Jeandel,Perdrix,Vilmart'17]
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e
3
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(52)

?® ey

: 4

RS

Theorem (Completeness)

Y™

b - e

%*‘

VDla D2 S ZX7r/4a

[Di] =[D2] = ZX;jatk Dy =

D;
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V2e'% cos(y) = €™ cos(a) + €2 cos(B)



Conclusion

e First completeness result for an approx. universal fragment of the
ZX-Calculus
e This fragment represents exactly the matrices over D[ei%]

e Lead to a completion in general (for angles in R, and matrices over C)
[Kang Feng Ng,Wang'17 — Jeandel,Perdrix,Vilmart'17]

Further questions:
e Normal form for the ZX-Calculus (can we do better than the
interpretation of the normal form of the ZW-Calculus?)

e Proof of the necessity of the additional axioms
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