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k-Center Problem

𝛼		

Input: n point in a metric space (X,d) 
            Integer k.
Output: Subset C, |C|=k to  
minimize max┬ ↓𝑥∈𝑋  min┬c∈𝐶  𝑑(𝑥,𝑐)   

Find k centers of unit radius balls 
such that with minimum dilaGon 𝛼 
they cover the whole metric space.

𝑑(𝑥,𝐶)	



Depot LocaGon
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k-Center Problem

•  RelaGon to DominaGng Set Problem

•  NP-hard to get approximaGon factor < 2
Hsu,	Nemhauser	1979	

•  OpGmal 2-approximaGon algorithm
Hochbaum,	Shmoys	1985	



Depot LocaGon with Non-Uniform Speeds

60mph	

30mph	

30kmph	



The Non-Uniform k-Center (NUkC) Problem

Input: n point in a metric space (X,d),
Tuples: (k1,r1), … , (kh,rh); r1 > r2 > ⋯ > rh 

Output: Find locaGons of centers 
of these balls to minimize

max┬𝑥∈𝑋     min┬𝑐∈𝐶  𝑑(𝑥,𝑐)/𝑟↓𝑐     



The Non-Uniform k-Center (NUkC) Problem

Input: n point in a metric space (X,d),
balls: (k1,r1), … , (kh,rh); r1 > r2 > ⋯ > rh 

r1 r2

r3
Output: Find locaGons of 
centers of these balls such that
with minimum dilaGon 𝛼 they cover  
the whole metric space.

≤𝛼⋅𝑟↓2 	

≤𝛼⋅𝑟↓3 	
≤𝛼⋅𝑟↓1 	



NUkC generalizes k-Center with Outliers

Input: n point in a metric space (X,d) 
            Integers k,z

Output: z outliers, and k-center  
soluGon on remaining points.

NUkC with ((k,1),(z,0))

3-approximaGon due to Charikar et al. [2001]



Results regarding NUkC

• O(1)-approximaGon with only 2-types of radii (h=2).
• 2-approximaGon for k-center with outliers. 


•  A “bri]le” impossibility of uni-criteria algorithms 


•  (O(1),O(1))-bicriteria approximaGon. 

- cover space with O(ki) balls of radii O(ri).



ConnecGon to the  
Firefighter Problem



The Firefighter Problem

Input: Rooted (layered) Tree.

Feasible SoluGon: N ⊆ V(T)

•  N hits all root leaf paths
•  N contains ≤ B nodes from each layer 

Goal: Feasible soluGon with minimum B.

NP-hard to decide if B* = 1 or 2.  
    Finbow et al, 2007

PolyGme solvable on trees of 
constant height via DP



No Unicriteria ApproximaGon for NUkC

𝑐↑ℎ 	

𝑐↑2 	

	
𝑐		

𝑐↑ℎ 	

𝑐↑2 	

	
𝑐		

Hard Instance for Firefighter.

NUkC Instance:
X = Leaves of the Tree
d = HST style Metric
(1,ch), (1,ch-1),…,(1,c)

If FF-OPT = 1, NUkC-OPT < 2
If FF-OPT > 1, NUkC-OPT ≥ c



Firefighter to NUkC via LPs

“Natural” NUkC LP;  
Feasible soluGon x	

Rooted Tree T; 
Feasible soluGon y	for 
“natural” firefighter LP



LP-relaxa7on	for	NUkC	

• ∀𝑞∈𝑋, 𝑡∈[ℎ]	
•  variable	 𝑥↓{𝑞,𝑡} ≥0  	
•  extent	to	which	we	place	a	ball	of	radius	𝑟↓𝑡  centered	at	𝑞	

	
Assume	op7mal	dila7on	to	be	1	
	
∀𝑝∈𝑋, ∑{𝑡=1}↑ℎ▒∑{𝑞∈𝐵(𝑝, 𝑟↓𝑡 )}↑▒𝑥↓{𝑞,𝑡} ≥1  	
	

	 	 					  ∀𝑡∈[ℎ],  ∑{𝑞∈𝑋}↑▒𝑥↓{𝑞,𝑡} ≤ 𝑘↓𝑡  	
	
	



𝑟↓1 ≥⋯≥ 𝑟↓ℎ 	
	

Points	in	the	metric	
𝑦↓𝑤 =0	



Winners	at	level	𝑖	

Node	𝑢,	point	p	

𝑦↓𝑢 =∑{𝑞∈𝐵(𝑝, 𝑟↓𝑖 )}↑▒𝑥↓{𝑞,𝑖}  
Coverage	that	p	gets	
at	the	current	level	



Winners	at	level	𝑖	Propagate	points	
with	small	total	
coverage	from	
levels	below	

𝐶𝑂𝑉↓≥𝑖 (𝑝)=∑{𝑙=𝑖}↑ℎ▒∑{𝑞 ∈ 𝐵(𝑝, 𝑟↓𝑙 )}↑▒𝑥↓{𝑞,𝑙}   

Node	𝑢,	point	𝑝	

Total	coverage	that	p	
gets	up	to	current	level	



Winners	at	level	𝑖	Propagate	points	
with	small	total	
coverage	from	
levels	below	
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2
𝑟↓𝑖−1 	

𝑦↓𝑢 =∑{𝑞∈𝐵(𝑢, 𝑟↓𝑖 )}↑▒𝑥↓{𝑞,𝑖}  



Winners	at	level	𝑖	

Winners	at	level	
𝑖−1	

I↓T  {T,k↓1 ,⋯, k↓h }
Y { y↓w , ∀w∈𝑇}	



Firefighter to NUkC

Lemma: If Firefighter-LP for height h trees has integrality gap 𝜌↓ℎ , 
then cover X by opening ≤ 𝜌↓ℎ 𝑘↓𝑡  balls of radius ≤2∑𝑠≥𝑡↑▒𝑟↓𝑠   

Since 𝜌↓2 =1, this implies the results for the two types of radii. 

Breaks down (!) even for three types of radii.

Immidiately implies (𝑂( log↑∗  𝑛),8) -bicriteria approximaGon
Chalermsook, Chuzhoy [2010]  

Lots more work on the lines of Adjiashvili, Baggio, Zenklusen’16 
to get (𝑂(1),𝑂(1))-approximaGon.



Last Slide

•  Non-homogeneous version of k-center
•  Non-trivial generalizaGon (even to the outlier problem)
•  OPEN: Algorithm for constantly many types
•  ConnecGon to Firefighter Problem

•  Heterogeneous Resource AllocaGon 
•  Heterogenous Capacitated k-center [C, Krishnaswamy, Kumar IPCO17]
•  OPEN: Algorithm for constantly many types
•  ConnecGon to cardinality constrained scheduling


