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Survivable Network Design

Prob: Design (cheap) networks that satisfy given connectivity
requirements (between pairs or groups of nodes) despite a few
edge/vertex failures

£.g.: Connect red nodes

Many SND problems are NP-hard, we will focus on approximation
algorithms



Surviving in Directed Graphs?

Many approximation algorithms are known for SND problems on
undirected graphs

Steiner Network Problem: edge- [Jain’01] 2-apx
connectivity r(u,v) between
every pair of nodes (u,Vv)

k-Vertex Connected Steiner [Fleisher et al.’06] 2-apx, k=2
Tree: k-vertex connectivity from [Nutov'12] O(k log k)-apx
terminals to a root
k-Vertex Connected Steiner [Fleisher et al.’06] 2-apx, k=2
Subgraph: k-vertex connectivity [Nutov'12] O(k log? k)-apx
between terminals [Cheriyan,Vetta'07]

O(1)-apx, metric edge costs

k-Vertex Connected Spanning [Nutov'14] Oflog (n/(n-k))log k)-apx,
Subgraph: k-vertex connectivity n=# nodes
between all nodes [Cheriyan,Vegh'14] 6-apx, n>2k73

Prob: What about directed graph?




Directed Steiner Tree (DST)

Def: In the Directed Steiner Tree problem (DST) we are given an n-
node directed edge-weighted graph G, arootr, and a set of
terminals S={1,...,h}. Our goal is to compute a min-cost subgraph H
that contains a directed path from each terminal tor

® = ferminal Thr [Zelikosky’?7, Charikar et al.’99]:
For any D>0in n70(D) time one can
compute a O(Dh71/D log2h)

approximation for DST

¢ | Corl: For fixed &0, O(/&T€)
approximation in poly-tfime

Cor2: O(log73 h) approximation in

qguasi-polynomial-time 2 fpolylog(n)
(QPT)

Thr [Halpering, Krauthgamer'03]: DST is O(log 72—¢€ n) hard to

approximate



k-Connected Directed Steiner Tree (k-DST)

Def: the k-(Edge)-Connected Directed Steiner Tree problem (k-DST) is
the generalization of DST where one wants k edge-disjoint paths from
each terminal to the roofr

® =terminal k=2




k-Connected Directed Steiner Tree (k-DST)

Def: the k-(Edge)-Connected Directed Steiner Tree problem (k-DST) is
the generalization of DST where one wants k edge-disjoint paths from
each terminal to the rootr

[Cheriyan, Laekhanukit, Naves, 2NogM—en hard o apx.
Vetta '14] AT hard o apx.
[Laekhanukit ‘14] 4T /2 —e hard to apx.
[Laekhanukit ‘16] O(k7D—1 Dlogn )-QpX,

D-shallow instances (directed paths
of hop-length at most D)

Prob [Feldam, Kortsarz, Nutov ‘12]:

« Can we get any non-trivial approximation for the general case?
« Possibly analogous to the DST case?

« Say for k=O(1)2 Even just for k=272




k-Connected Directed Steiner Tree (k-DST)

Def: the k-(Edge)-Connected Directed Steiner Tree problem (k-DST) is
the generalization of DST where one wants k edge-disjoint paths from
each terminal to the rootr

Thr [G.,Laekhanukit'17]: For any D>0in n70(D) time one can
compute a O(D73 log D h72/D log n) approximation for 2-DST

Corl: For &0, O(/ale) Cor2: O(log73 h log n loglog h) apx in

. G%Xomplex LP where we corr%!we:
o Lelikowsky's height reduction
o Divergent Steiner trees
o Embedding into shallow trees [Laekhanukit’16]
o Group-Steiner-Tree (GST) LP

« LProunding where we combine:
o GKR rounding for GST [Garg,Kojevod,Ravi'00]
o Random path mapping
o Cut-based connectivity analysis [Chalermsook,G.,Laekhanukit’ 15]



Divergent Steiner Trees

Prob: Can we decompose a 2-DST solution info 2 :
edge disjoint DST solutions?2 NO!

AN




Divergent Steiner Trees

Def: two (possibly not edge disjoint) DST solutions T41 and T2 are
divergent if for any terminal t, the t-r pathin TY1 and T2 are edge

dicjnin’r

Thr [Georgiadis,Tarjan’05;Berczi,Kovacz’11]: any 2-DST solution can be
“decomposed” into 2 divergent Directed Steiner trees

\ =




Height Reduction

Thr [Zelikovsky’97]: for any D>0 and DST T, there exists a DST T in the
metric closure of T of depth <D and cost w(T )<O(Dh 71 /D )w(T)

r r

the proof defines a mapping
@ ¢ from edges of T to paths of T
(between the same endpoints)
for DST apx. (T=OPT) one where each edge of T is used
can consider the metric <B=0O(Dh71/D) fimes altogether
closure of the overall graph G (bounded congestion)




Group Steiner Tree (GST)

Def: in the Group Steiner Tree problem (GST) we are given an
undirected edge-weighted graph G, a root r, and h subsets of nodes

GJ1...., Glh (groups). The goalis to compute the cheapest tree that
contains r and at least one node per group

r

Rem: We will consider the
2-GST generalization, with
connectivity 2 between

each group and the root




Group Steiner Tree (GST)

Thr [Garg,Kojevod,Ravi'00]: there is a O(log72 h)-apx for GST on @

freeT i
« Solve GSTLP
«  Apply GKR rounding O(log72 h)
times:

o select edge pincidenttor
independently with probability
yip

o otherwise select p with

— probdtsitity Y phéy e dftrarasight
min 2pTéEw(p)ydp (GSTLP) edge | DpOpDMag ) ectedoatfore
_ _ sufficient
s.t. fipTi <ylp Vie[h]VpEE(T)
Jp€eSTin (w) Méfdp hi Vie[h] The same works if the
=Y pedTout (W) T&#fipi  YweV(T)\({r}U flow leaving GJi is 1)
Gdi)
Spedfout (G4 ) MifdpTi vie[h] We will use a similar

=1

i “Aw

LP for 2-GST...




The Big Plan

Dl « =

1 o
®
[ ]
HI, .,
1
o
fiphi <ylp  Vielh]VpeE
(T)
D' p€eSTin Vie[h]
(w) T#fipTi VYweV(7)\w
YpedTout UGJi)

1. Divergent Steiner Trees

2. D-Height Reduction

3. Embedding into 2-GST
Instance in a D-

= I Shallow Tree
4. GKR Rounding for 2-
GST LP
" 5. Map backto G

2 Prob: Differently from DST,
cannot use metric closure
in Height Reduction




Problem Fixing

Prob: Cannot use metric closure in Height Reduction (we would lose
connectivity properties of original graph)

Let an LP create the mapping!

« Define a (u,v)-flow fip,e of value yip in G for each p=(u,v) eE(T)

« Enforce bounded congestion (to keep cost under control)

fip,e <xle VpEE(T)VeEE(G)
JeedTout (u) Té#flp,e =yp Vp=(u,v)EE(T) xJe
choice
2 e€dTin (w) Té#flp,e =) eedTout (w) I Vp=(uv)EE(T) variable for
fip,e vYweV(G)\{u,v} ecE(G)
D pTétlpe <2BxJe €O(DhT1/D )xle Ve€eE(G)

We will interpret this flow as a distribution over paths




Problem Fixing

Prob: Cannot use metric closure in Height Reduction (we would lose
connectivity properties of original graph)

Let an LP create the mapping!

« Define a similar flow for each terminal i

« Enforce divergency (useful for connectivity analysis)

fip,efi <flp,e Vp€EE(T)
VeeE(G)
Vie[h]
JeedTout (u) T#tip,eli =fipTi Vp=(u,v)EE(T)
Vie[h]
JeedTin (w) Té#fip,eli =)eedTout Vp=(u,v)EE(T)
(w) Té#fUp,eli ViE[h]
vYweV(G)\{u,v}
dpTéEtlpeli <xle Ve€EE(G)
Vie[h]




The LP

min Jeliw(e)xle
st fipTi <yJp
2 peSTin (w) Té#flpTi =} pE
& Tout (w) Té#flpTi
D' p€edTout (Gi) Té#flphi =2

(2-DST LP)

Vp€eE(T) Vi€[h]
Vie/h/VweV(T)\(nUGJi)

vie[h]
VpEE(T)VeeE(G)
vp=(u,v) eFE ( T)

Vp=(,v)EE(T)
VWEV(G)\{u,V}
Ve€E(G)
VpEE(T)Ve€EE(G) Vi€[h]

Vp=(u,v)EE(T) Vi€[h]

Vp=(,v)EE(T)ViE/h]
YweV(G)\(uv)

Ve€E(G) ViE[h]

- 2-GSTLP

- Path
mapping

~ Divergency




The Algorithm

1. Solve 2-DST LP = (xJe,ydp fiphi fip,e fipefi)
2. Forj=1,..., O(D log n)
l.  Round {yJp } with GKR rounding = TJj CT
Il.  Forg=1,....O(Dh71/D log D)
a) Foreach p=(u,v)eTyj, sample (u,v)-path Pip,q “from” fip,e
IIl.  Let HYj=UP!p,q €G

3. Return H=UH/Jj

Lem: the expected costis O(D73 log D h72/D log n) times the LP

value
Using bounded congestion, in each execution of step a) each edge
eeG belongs to O(L)=0(D4mM /D) paths Pip,q in expectation



The Algorithm

1. Solve 2-DST LP = (xJe,ydp fiphi fip,e fipefi)

2. Forj=1,..., O(D log n)
l.  Round {yJp } with GKR rounding = TJj CT
Il.  Forg=1,....O(Dh71/D log D)

a) Foreach p=(u,v)eTyj, sample (u,v)-path Pip,q “from” fip,e
IIl.  Let HYj=UP!p,q €G

3. Return H=UH/Jj

Lem: w.h.p., for each terminal i and inspired by [Chalermsook,
edge e, H\{e} contains an i-r path G., Laekhanukit '15] for k-GST

We discard “bad” edges peT such that Pip,g has “large” probability
to contain e

Using divergency and bounded congestion, we show that remaining
Ygood” edges support flow >1/2 from i tor

Hence H//\{e} has “large enough” probability to connectitor




Open Problems

Prob: Obtaining similar approximation for k-DST (say, up to a factor
f(k)polylog(n))

Rem: the divergency theorem doesn’t hold for k=3

Idea: our approach would still work with a weakened form of the
divergency theorem where:

« We decompose OPT into f(k)polylog(n) trees T!i (rather than k)
 ForanyiandsetFof k-1 edges, at least one 7/ \F connectsiwithr
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