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Convergence	
  of	
  	
  
Randomized	
  Coordinate	
  Descent	
  

Strongly	
  convex	
  F	
  

Smooth	
  or	
  ‘simple’	
  nonsmooth	
  F	
  
‘difficult’	
  nonsmooth	
  F	
  

Focus	
  o
n	
  n	
  

(big	
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  big	
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Paralleliza5on	
  Dream	
  

Depends	
  on	
  to	
  what	
  extent	
  we	
  can	
  add	
  up	
  individual	
  
updates,	
  which	
  depends	
  on	
  the	
  proper,es	
  of	
  F	
  	
  and	
  the	
  

way	
  coordinates	
  are	
  chosen	
  at	
  each	
  itera5on	
  

Serial	
   Parallel	
  

What	
  do	
  we	
  actually	
  get?	
  
WANT	
  



How	
  (not)	
  to	
  Parallelize	
  
Coordinate	
  Descent	
  



“Naive”	
  paralleliza5on	
  

Do	
  the	
  same	
  thing	
  as	
  before,	
  but	
  
	
  

for	
  MORE	
  or	
  ALL	
  coordinates	
  	
  
&	
  	
  

ADD	
  UP	
  the	
  updates	
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Idea:	
  averaging	
  updates	
  may	
  help	
  



Averaging	
  can	
  be	
  too	
  conserva5ve	
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Averaging	
  may	
  be	
  too	
  conserva5ve	
  2	
  

WANT	
  

BAD!!!	
  But	
  we	
  wanted:	
  



What	
  to	
  do?	
  

Averaging:	
  

Summa5on:	
  

Update	
  to	
  coordinate	
  i	
  

i-­‐th	
  unit	
  coordinate	
  vector	
  

Figure	
  out	
  when	
  one	
  can	
  safely	
  use:	
  



Op5miza5on	
  	
  
Problems	
  



Problem	
  

Convex	
  	
  
(smooth	
  or	
  nonsmooth)	
  

Convex	
  	
  
(smooth	
  or	
  nonsmooth)	
  
-­‐	
  separable	
  
-­‐	
  allow	
  	
  

Loss	
   Regularizer	
  



Regularizer:	
  examples	
  

No	
  regularizer	
   Weighted	
  L1	
  norm	
  

Weighted	
  L2	
  norm	
  Box	
  constraints	
  

e.g.,	
  SVM	
  dual	
  

e.g.,	
  LASSO	
  



Loss:	
  examples	
  

Quadra5c	
  loss	
  

L-­‐infinity	
  

L1	
  regression	
  

Exponen5al	
  loss	
  

Logis5c	
  loss	
  

Square	
  hinge	
  loss	
  

BKBG’11	
  
RT’11b	
  
TBRS’13	
  
RT	
  ’13a	
  

FR’13	
  



3	
  models	
  for	
  f	
  with	
  small	
  	
  	
  	
  	
  	
  

1	
  

2	
  

3	
  

Smooth	
  par5ally	
  separable	
  f	
  	
  [RT’11b	
  	
  	
  	
  	
  	
  	
  ]	
  

Nonsmooth	
  max-­‐type	
  f	
  	
  [FR’13]	
  

f	
  with	
  ‘bounded	
  Hessian’	
  [BKBG’11,	
  RT’13a	
  	
  	
  	
  	
  	
  	
  	
  ]	
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  Theory	
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Parallel	
  Coordinate	
  Descent	
  Method	
  

Random	
  set	
  of	
  
coordinates	
  (sampling)	
  

Current	
  
iterate	
  	
  

New	
  iterate	
   i-­‐th	
  unit	
  coordinate	
  vector	
  

Update	
  to	
  	
  
i-­‐th	
  coordinate	
  



ESO:	
  Expected	
  Separable	
  Overapproxima5on	
  

Defini,on	
  [RT’11b]	
  

1.  	
  Separable	
  in	
  h	
  
2.  	
  Can	
  minimize	
  in	
  parallel	
  
3.  	
  Can	
  compute	
  updates	
  for	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  only	
  

Shorthand:	
  



Convergence	
  rate:	
  convex	
  f	
  

average	
  #	
  updated	
  
coordinates	
  per	
  itera5on	
  

#	
  coordinates	
  stepsize	
  parameter	
  

error	
  tolerance	
  
#	
  itera5ons	
  

implies	
  

Theorem	
  [RT’11b]	
  



Convergence	
  rate:	
  strongly	
  convex	
  f	
  

implies	
  

Strong	
  convexity	
  constant	
  
of	
  the	
  regularizer	
  

Strong	
  convexity	
  constant	
  
of	
  the	
  loss	
  f	
  

Theorem	
  [RT’11b]	
  



Par5al	
  Separability	
  	
  
and	
  

Doubly	
  Uniform	
  
Samplings	
  



Serial	
  uniform	
  sampling	
  
Probability	
  law:	
  



-­‐nice	
  sampling	
  
Probability	
  law:	
  

Good	
  for	
  shared	
  memory	
  systems	
  



Doubly	
  uniform	
  sampling	
  

Probability	
  law:	
  

Can	
  model	
  unreliable	
  processors	
  /	
  machines	
  



ESO	
  for	
  par5ally	
  separable	
  func5ons	
  
and	
  doubly	
  uniform	
  samplings	
  

Theorem	
  [RT’11b]	
  

1	
   Smooth	
  par5ally	
  separable	
  f	
  	
  [RT’11b	
  	
  	
  	
  	
  	
  	
  ]	
  



The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then 
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Theore5cal	
  speedup	
  

Much	
  of	
  Big	
  Data	
  is	
  here!	
  

degree	
  of	
  par5al	
  separability	
  

#	
  coordinates	
  

#	
  coordinate	
  updates	
  /	
  iter	
  

WEAK	
  OR	
  NO	
  SPEEDUP:	
  	
  
Non-­‐separable	
  (dense)	
  problems	
  

LINEAR	
  OR	
  GOOD	
  SPEEDUP:	
  	
  
Nearly	
  separable	
  (sparse)	
  problems	
  





n	
  =	
  1000	
  
(#	
  coordinates)	
  

Theory	
  



Prac5ce	
  

n	
  =	
  1000	
  
(#	
  coordinates)	
  



Experiment	
  with	
  a	
  	
  
1	
  billion-­‐by-­‐2	
  billion	
  
LASSO	
  problem	
  



Op5miza5on	
  with	
  Big	
  Data	
  	
  
	
  

*	
  in	
  a	
  billion	
  dimensional	
  space	
  on	
  a	
  foggy	
  day	
  
	
  	
  	
  	
  

Extreme*	
  Mountain	
  Climbing	
  =	
  



The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then 
insert it again.
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  Updates	
  



The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then 
insert it again.

The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then 
insert it again.

Itera5ons	
  



The image cannot be displayed. Your computer may not have enough memory to open the image, or the image may have been corrupted. Restart your computer, and then open the file again. If the red x still appears, you may have to delete the image and then 
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Distributed	
  	
  	
  	
  -­‐nice	
  sampling	
  

Probability	
  law:	
  

Machine	
  2	
  Machine	
  1	
   Machine	
  3	
  

Good	
  for	
  a	
  distributed	
  version	
  of	
  coordinate	
  descent	
  



ESO:	
  Distributed	
  selng	
  

Theorem	
  [RT’13b]	
  

3	
   f	
  with	
  ‘bounded	
  Hessian’	
  [BKBG’11,	
  RT’13a	
  	
  	
  	
  	
  	
  	
  	
  ]	
  

spectral	
  norm	
  of	
  the	
  data	
  



Bad	
  par55oning	
  at	
  most	
  	
  
doubles	
  #	
  of	
  itera5ons	
  

spectral	
  norm	
  of	
  the	
  par,,oning	
  	
  

Theorem	
  [RT’13b]	
  

#	
  nodes	
  

#	
  itera5ons	
  =	
  	
  implies	
  

#	
  updates/node	
  





LASSO	
  with	
  a	
  3TB	
  data	
  matrix	
  

128	
  Cray	
  XE6	
  nodes	
  with	
  4	
  MPI	
  processes	
  (c	
  =	
  512)	
  	
  
Each	
  node:	
  2	
  x	
  16-­‐cores	
  with	
  32GB	
  RAM	
  

=	
  #	
  coordinates	
  



Conclusions	
  
•  Coordinate	
  descent	
  methods	
  scale	
  very	
  well	
  
to	
  big	
  data	
  problems	
  of	
  special	
  structure	
  
– Par5al	
  separability	
  (sparsity)	
  
– Small	
  spectral	
  norm	
  of	
  the	
  data	
  
– Nesterov	
  separability,	
  ...	
  

•  Care	
  is	
  needed	
  when	
  combining	
  updates	
  
(add	
  them	
  up?	
  average?)	
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