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Application of non-locality to 
precision measurements?
Non-locality has applications 
to a number of pure information-theoretic 
tasks.

Can we find applications to physical tasks, 
such as
clock synchronization and 
direction alignment?

quantum reference frames:
Aharonov-Kaufherr PRD 1984, 
Gisin-Popescu PRL 1998,
Peres-Scudo, 2001, ...
Bartlett-Rudolph-Spekkens RMP 2007



e.g. a spin-j particle

Gyroscopes
Classical gyroscope = physical system whose angular momentum indicates a 
                                    direction in space 

large angular momentum

! more stable gyroscope

Quantum gyroscope = quantum system whose angular momentum indicates a 
                                      direction in space 

large j

! more precise gyroscope



Spin j degrees of freedom
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Quantifying the error
To find out the direction, one has to perform a measurement, 

mathematically described by a POVM

whose outcome gives an estimate       of the unknown direction.bn

The error is quantified by the worst-case square distance

⌦
d2
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= sup

n

Z
p (dbn |n) kbn� nk2

P (dbn)

p(dbn|n) = Tr [P (dbn) ⇢n]



What was known:   j= 1/2 

is better thanGisin-Popescu PRL 1998:

GC et al PRL 2004, Bagan et al PRA 2004,  Hayashi PLA 2006 

is better than

N2Nentangling        particles reduces the error by          (instead of        ) N



The two-party scenario
Rudolph 1999 arXiv
Alice measures her spins along the z-axis, Bob tries to find out the direction.
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trasmettendo sistemi fisici

orientati spazialmente

Bob

Alice
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Scaling up Gisin-Popescu result?

N EPR pairs



...not much
Deterministic strategies: 

•  O(1/N) error with Rudolph’s protocol
•  O(1/N) error with the optimal protocol CLASSICAL

SCALING      

LOW PROBABILITY

CURSE

Probabilistic strategies: 

•                      error with Rudolph’s protocol + postselection
•                     error with the optimal protocol + postselection 

O(1/N2)

O(1/N2)

probability of success: O
�
2�N

�



USING
ENTANGLED GYROSCOPES

OF 
LARGER ANGULAR 

MOMENTUM
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one EPR pair
of spin-j particles

|Sji =
1p

2j + 1

jX

m=�j

(�1)m |j,mi ⌦ |j,�mi

Jz |j,mi = m |j,mi
optimal state for alignment



The error 

spin j
gyroscope

⇡ classical gyroscope
with angular momentum j, 
disturbed by a random force 
of fixed intensity,

{length j
{solid angle

O(1/j)

error due to precession. 

Error                                 
⌦
d2
↵
= O(1/j)

No help from probabilistic strategies.CLASSICAL

SCALING      



Full Cartesian frames?

⌦
d2
↵
� 4

3
No help from probabilistic strategies.

Irreducible error 8j

Classical model:  
Alice and Bob have a pair of classical gyroscopes 
pointing in random, anti-correlated directions,
up to an error O(1/j)

Bob

Alice

O(1/j)

CLASSICAL

NON-SCALING      



TWO EPR PAIRS
WITH 

THE ASSISTANCE
OF 

LOGICAL ENTANGLEMENT



|Sj,gi

EPR pair of
spin-j gyroscopes

Log(2j+1) logical 
EPR pairs

The teleportation trick

Outcome
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Bell measurement  Correction 
 operation 

EPR pair of
spin-j gyroscopes

Log(2j+1) logical 
EPRpairs

|Sj,gi

|Sj,gi =
�
e�i'n·j ⌦ I

�
|Sji



MORE EPR PAIRS



Error for the full Cartesian frame
⌦
d2
↵
=

2

3j
+O

✓
log j

j2

◆

Alice

O(1/j) O(1/j)

Bob

Again, classical explanation: 



|Sj,gi|Sj,gi|Sj,gi

Probabilistic strategies

Suppose that Bob uses a probabilistic filter, 
with two outcomes “yes”  and “no”

Favorable 
case

|Sj,gi
���no

j,g

↵���yes
j,g

↵Filter Unfavorable 
case

Bob’s lab



The yes case
The filter implements the transformation

|Sj,gi⌦2 =
2jM

k=0

s
2k + 1

2j + 1
|Sk,gi

���yes
j,g

↵
=

2jM

k=0

sin ⇡(k+1)
2(j+1)p
j + 1

|Sk,gi

7!

= optimal state for transmitting
   a Cartesian frame (GC, D’Ariano,    
   Perinotti, Sacchi PRL 2004,
   Bagan et al PRA 2004, 
   Hayashi PLA 2006)
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Probabilistic super-activation
In the classical model, Alice and Bob cannot align their axes with an 
error smaller than

“Probabilistic super-activation”

O(1/j)

...what is the probability of seeing it?

3

O(1/j) O(1/j)

FIG. 2. Classical model for weak activation. Alice and
Bob use two pairs of classical gyroscopes, with Alice’s (Bob’s)
gyroscopes represented by red (blue) arrows. For each pair,
Alice’s gyroscope points in a random direction and Bob’s gy-
roscope is within a solid angle of size O(1/j) (shaded red cone)
around the opposite direction. When two such pairs are used,
with high probability the two gyroscopes on Alice’s side will
point in two distinct directions, thus identifying a Cartesian
reference frame with square error O(1/j).

distinct directions in space, up to an error of order 1/j.
Clearly, once they have established two directions, they
will be in position to reconstruct a full reference frame,
using e. g. the right-hand rule [? ]. In other words,
the emergence of a reference frame with error 1/j is still
compatible with a hidden variable model where the spins
have definite orientation prior to the measurement.

Superactivation of quantum sensitivity. The ex-
istence of a classical explanation for the scaling 1/j may
look reassuring, but this superficial impression is deceit-
ful: when it comes to indicating directions in space, two
EPR pairs contain much more than it first meets the
eye. Here we show that using a suitable quantum mea-
surement, Alice and Bob have the chance to extract a ref-
erence frame with error vanishing with Heisenberg limit
(HL) scaling 1/j2—a scaling that would not be possible
if the individual orientation of the particles were a real
property defined prior to the measurement.

To see how this phenomenon arises, we decompose the
product of two spin-j singlets as

|S
j

i|S
j

i =
2j

M

k=0

p
p
k

|S
k

i p
k

= (2k + 1)/(2j + 1)2 ,

(5)

where |S
k

i is the spin-k singlet contained in the tensor
product H

k,A

⌦H
k,B

, with H
k,A

(H
k,B

) being the sub-
space of H

A1 ⌦ H
A1 (H

B1 ⌦ H
B1) with total angular

momentum number equal to k. Now, Alice and Bob can
apply a protocol that separates two branches of the wave
function, with the feature that in one branch the error
vanishes with Heisenberg limit (HL) scaling 1/j2, while in
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FIG. 3. Probability of achieving alignment at the
Heisenberg limit with two EPR pairs. The optimal
value of the probability is plotted for j varying from 10 to
1000 in unit steps. For small j the value is always larger than
44%, while for j ! 1 it converges to 43.93%.

the other branch the scaling is still 1/j. The two branches
are separated by a filter with operators {F

yes

, F
no

}, so
that, if the outcome of the filter is x, the state of
the gyroscopes is ⇢

AB,x

= F
x

(⇢
AB

⌦ ⇢
AB

) F †
x

/p
x

, where
p
x

= Tr[F
x

(⇢
AB

⌦ ⇢
AB

) F †
x

] is the probability that the
filter heralds the outcome x.

Let us see how much the error can be reduced in the
favorable branch. First, using the teleportation trick (cf.
Methods), Bob can transfer his part of the singlets to
Alice, who ends up holding two copies of the rotated
singlet state |S

j,g

i := (U
g

⌦ I)|S
j

i. Crucially, the state
|S

j,g

i|S
j,g

i has the same form of the optimal state for the
transmission of a Cartesian frame [8, 9, 16], with the only
di↵erence that the coe�cients of the latter are given by

popt
k

= sin2

h

⇡(k+1)

2(j+1)

i

/(j+1). Hence, choosing a filter that

remodulates the coe�cients of the wavefunction, the ini-
tial state can be transformed into the optimal one, thus
reducing the error to

⌦

d2
↵

= ⇡2/(6j2)+O(1/j3), the ab-
solute minimum set by quantum mechanics for composite
systems of angular momentum upper bounded by 2j [17].

Let us see how large is the probability of this preci-
sion enhancement. First of all, the filter that activates
the Heisenberg scaling can be achieved even before the
teleportation step, using a single local operation, say, in
Bob’s laboratory. The desired modulation is achieved if
Bob filters the state of his spin-j particles with the opera-
tor F
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= �
P

k

copt
k

/c
k

P
k,B

, where � > 0 is a suitable
constant and P

k,B

is the projector on H
k,B

. Since the
filter operator F

yes,B

must be a contraction, we have the

achievable upper bound p
yes

= �2  min
k

c2
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/
�
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2

.
Hence, the maximum probability of the favourable out-
come is given by the expression

popt
yes

= min
k

(2k + 1)(j + 1)

(2j + 1)2 sin
h

⇡(k+1)

2(j+1)

i

2

, (6)

which converges to 43.9% in the large j limit. The exact
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gyroscopes represented by red (blue) arrows. For each pair,
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Clearly, once they have established two directions, they
will be in position to reconstruct a full reference frame,
using e. g. the right-hand rule [? ]. In other words,
the emergence of a reference frame with error 1/j is still
compatible with a hidden variable model where the spins
have definite orientation prior to the measurement.
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FIG. 3. Probability of achieving alignment at the
Heisenberg limit with two EPR pairs. The optimal
value of the probability is plotted for j varying from 10 to
1000 in unit steps. For small j the value is always larger than
44%, while for j ! 1 it converges to 43.93%.
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Let us see how much the error can be reduced in the
favorable branch. First, using the teleportation trick (cf.
Methods), Bob can transfer his part of the singlets to
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which converges to 43.9% in the large j limit. The exact

! 43.9% for j ! 1 !

NO 
LOW PROBABILITY CURSE



The no case
In the unfavorable instance, the error is 

⌦
d2
↵
⇡ 1.189

j
Of course, no gain on average

⌦
d2
↵
average

⇡ popt
yes

⇡2

6j2
+
�
1� popt

yes

� 1.189
j

⇡
�
1� popt

yes

� 1.189
j

⇡ 0.668

j
� 0.666

j
=

2

3j

BUT   1)  almost same average performance
           2)  the quadratic improvement is heralded



MORE
EPR PAIRS



Deterministic super-activation
2N EPR pairs ! Heisenberg scaling with probability

 (brute force repetition)

In fact, the optimal strategy can do much better: 
for 4 pairs the Heisenberg scaling is achieved deterministically4

values of popt
yes

for j up to 1000 are shown in Fig. (3), note
that the value is above 43.9% for every value of j.

One may ask what happens in the remaining 56.1% of
the cases, when the filter gives the unfavourable outcome.
Is the error still scaling with j? And, if yes, how? Luckily,
we find that in these cases the error maintains the SQL
scaling

⌦

d2
↵ ⇡ 1.189/j (cf. Supplementary Note 2), with

a constant that is less than twice the constant appearing
in the optimal deterministic strategy.

In summary, we have seen that two EPR pairs of spin-
j particles allow Alice and Bob to align their axes up to
an error scaling like 1/j2 in at least 43.9% of the cases.
This scaling is incompatible with the assumption that the
four particles used by Alice and Bob have a definite ori-
entation in space. Indeed, a single spin-j particle cannot
indicate a direction with error smaller than O(1/j) [3, 4].
This implies that, if each particle had a definite orienta-
tion, then the error using four particles would still vanish
as O(1/j) for a single direction—not to speak about a
full reference frame. In summary, the activation of the
Heisenberg scaling highlighted here is radically di↵erent
from the weak activation that one can see in the classi-
cal world. Essentially, it is based on the fact that the
EPR particles do not have any orientation prior to the
measurement, and when two EPR pairs are available, the
particles can be steered into the most sensitive state pos-
sible.

We refer to superactivation of quantum sensitivity
whenever the error vanishes faster than the classical scal-
ing 1/j. It is important to stress that this phenomenon
is not an artifact of the specific error function used in our
calculation: as a matter of fact, superactivation occurs
generically for the expectation value of every bounded
cost function f(h, g) that reaches its absolute minimum
f
min

only when the axes are aligned (h = g�1) and ad-
mits a second-order Taylor expansion in a neighbourhood
of the absolute minimum. For example, superactivation
occurs for the variance of the three Euler angles. The
easiest way to see this is to note that, by Chebyshev’s
inequality, the probability that after the execution of the
protocol the distance between Alice’s and Bob’s i-axis,
i = x, y, z, is larger than ✏ is upper bounded as

Prob[d
i

> ✏]  ⌦

d2
↵

/✏2 . (7)

By Taylor expansion, this implies that hfi has to tend
to the minimum value f

min

as fast as
⌦

d2
↵

tends to zero—
in particular, it has to tend to f

min

as 1/j2 when the filter
gives the favourable outcome. On the other hand, for a
single copy the average cost must remain bounded away
from f

min

: otherwise, the probability that Alice’s and
Bob’s axes are misaligned should vanish, and so should
do the error

⌦

d2
↵

, in contradiction with Eq. (3).

Deterministic superactivation. The probability of
reaching the HL can be further amplified by repetition
of the protocol, which allows one to attain HL precision
with probability p

n

> 1 � (0.561)n using 2n EPR pairs.
However, one can do even better: taking advantage of
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FIG. 4. Heisenberg limited alignment with four EPR
pairs. The exact value of the alignment error, multiplied by
j2, is shown here for j ranging from 100 to 10000 in steps
of 100. For large j the plot exhibits the Heisenberg scaling⌦
d2
↵
= 11 ln(2)/(18j2), in agreement with our analytical re-

sult.

joint measurements, the HL can be achieved with cer-
tainty using only four EPR pairs. To establish this re-
sult, we observe that the state |S

j

i⌦4 can be viewed as
a quantum superposition of spin-k singlets as in Eq. (5),
with the di↵erence that now k ranges from 0 to 4j and
the coe�cients c

k

have a di↵erent expression (cf. Sup-
plementary Note 3). Using this fact, we show that the
error scales as

⌦

d2
↵

=
11 ln 2

18j2
+ O(j�3) , (8)

proving that four copies are su�cient to attain the HL
with a deterministic strategy. The exact values of the
error are shown in Figure 4 for j up to 10000.

Interestingly, four copies are strictly necessary to
achieve the HL with unit probability. Nevertheless, with
three copies Alice and Bob can still achieve superactiva-
tion, reducing the error to the quasi-Heisenberg scaling
⌦

d2
↵

= ln(j)/(8j2) + O(1/j2) (cf. Supplementary Note
4). The exact values of the error are plotted in Figure 5.

Quantum metrology with spin-j singlets. In the
previous paragraphs we presented our results in a bipar-
tite communication scenario. However, using the tech-
nique shown in Methods, it is immediate to translate
them into the conventional single-party scenario of quan-
tum metrology [18, 19]. In this formulation, the problem
is to estimate an unknown rotation g from n copies of
the rotated spin-j singlet |S

j,g

i. This problem arises e.g.
in high precision magnetometry [20–22], for setups that
probe the magnetic field using a spin-j particle entangled
with a reference [23, 24], or setups designed to measure
the magnetic field gradient between two locations [25, 26].
In this scenario, the fact that quantum-enhanced preci-
sion can be achieved using n � 3 spin-j singlets is good
news, since spin-j singlets are much easier to produce
than the optimal quantum states for the estimation of

⌦
d2
↵
=

11 ln 2

18j2
+O

✓
1

j3

◆

pyes � 1� (0, 561)N



Quasi-Heisenberg scaling 
for 3 EPR pairs

4 EPR pairs are the minimum to achieve the Heisenberg scaling 
deterministically.

Still, if Alice and Bob have only 3 pairs, 
they can still beat the classical scaling.
The optimal strategy yields: 5
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FIG. 5. Quasi-Heisenberg scaling of the alignment er-
ror with three EPR pairs. The plot shows the exact values
of the function 8j2

⌦
d2
↵
� ln j for j going from 100 to 10000 in

steps of 100. For large j the plot exhibits the quasi-Heisenberg
scaling

⌦
d2
↵
= ln(j)/(8j2), again in agreement with our ana-

lytical result.

rotations [8, 9, 16]. A concrete setup that generates a
spin-j singlet using two spatially separated Bose-Einstein
condensates of 87Rb atoms was put forward in Ref. [27].
Still, the implementation of the optimal quantum mea-
surement remains as a challenge.

Bridging the gap with the Quantum Cramér-Rao

bound. A popular approach to quantum metrology is
via the quantum Cramér-Rao bound (CRB), which lower
bounds the variance with the inverse of the quantum
Fisher information [3, 28–30]. The bound is known to
be achievable in the asymptotic limit where a large num-
ber of identical copies are available [31–33]. Practically,
however, the CRB is often invoked to discuss quantum
advantages in the single-copy regime. Our result provides
a warning that such an extrapolation can sometimes lead
to paradoxical results: For one copy of a spin-j singlet,
it is not hard to see that Fisher information grows like
j2 [27, 34] (see also Supplementary Note 5). This means
that, if the CRB were achievable in a single shot, the vari-
ance in the estimation of the three Euler angles would
have to vanish as 1/j2. But we know that this is not
possible: if the variance vanished with j—no matter how
fast—then also the average of the error in Eq. (1) would
have to vanish, in contradiction with our result. In short,
this shows that the CRB is not achievable with a single
copy. The non-achievability of the CRB in the single-
copy regime was observed for phase estimation in Ref.
[35], although in that case the CRB was still predicting
the right asymptotic scaling—only, with a constant that
was smaller than the actual one. In the case of spin-j sin-
glets the e↵ect is more dramatic: even the scaling with j
is unachievable for a single copy. In order to achieve the
CRB, one needs a su�ciently precise information about
the true value, which can be obtained e.g. in the limit of
asymptotically large number of copies [31]. The achiev-
ability of the CRB in the large copy limit can be seen
explicitly in our approach. Denoting by n the number of

copies, we find that the optimal measurement has error
given by

⌦

d2
↵

= 3/ [2nj(j + 1)] up to a correction of or-

der n�3/2j�3 or n�2j�2, depending on the relative size of
n and j (Supplementary Note 6). The measurement that
minimizes the error also achieves the CRB (Supplemen-
tary Note 7). Most importantly for the CRB approach,
the achievability of the bound requires n to be large, but
not necessarily large compared to j2.

Buying enhanced sensitivity with correlated

quantum coins. In the remote alignment protocols of
this paper, Alice and Bob achieve the minimum error
by using in tandem two di↵erent resources: the corre-
lation between their spins and the correlation between
two degrees of freedom that are insensitive to rotations.
In the classical world, any such protocol would look
extravagant—for sure, having a number of correlated ran-
dom bits does not help Alice and Bob align their axes!
But the situation is radically di↵erent in the quantum
world, where correlated quantum bits can make a di↵er-
ence in the precision of alignment. Consider the simplest
case j = 1/2 and suppose that Alice and Bob use only two
correlated spins, without the assistance of a rotationally-
invariant EPR pair. In this case, it can be proven that
the error must be at least

⌦

d2
↵

= 16/9 (cf. Supplemen-
tary Note 8), strictly larger than the value

⌦

d2
↵

= 4/3
that can be achieved with the teleportation trick. In
other words, correlations that per se are useless for the
alignment of reference frames can become useful in con-
junction with correlations among rotating degrees of free-
dom. This result is deeply linked to the tasks of entangle-
ment swapping [36] and dense coding [37] and highlights
the non-trivial interaction between the resource theory
of entanglement [38] and the resource theory of reference
frames [39–41].

III. DISCUSSION

The superactivation e↵ect suggests a way to delocal-
ize the ability to align Cartesian frames over di↵erent
parties, in the spirit of quantum secret sharing [42–44].
Imagine that, in order to accomplish a desired task, the
two satellite stations A and B must have their refer-
ence frames aligned with high precision. At the two sta-
tions there are two groups of parties, {A

1

, . . . , A
n

} and
{B

1

, . . . , B
n

}, with each pair of parties (A
i

, B
i

) possess-
ing a pair of spins in an EPR state along with addi-
tional quantum correlations in invariant degrees of free-
dom. Now, our result guarantees that a single pair alone
cannot achieve the task: at least two pair of parties have
to cooperate in order to reduce the error down to zero.
Moreover, if the task requires the error to be of order 1/j2

(instead of 1/j or log j/j2), then at least four parties at
each station have to cooperate. Compared with the state
of the art [44], our protocol o↵ers a quadratic enhance-
ment of precision, allowing one to achieve the Heisenberg
limit. On the other hand, our secret sharing protocol has

⌦
d2
↵
=

ln j

8j2
+O

✓
1

j2

◆

(quasi-Heisenberg scaling)
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Cramèr-Rao bound

Quantum Fisher Information matrix

State parametrization

Quantum Cramèr-Rao bound
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achievable in the asymptotic regime of large number of copies



Caveat

A naive application of the CRB 
would promise Heisenberg scaling of the error:

V✓ ⇡ O

✓
1

j2

◆ 0
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d2
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in contradiction with the analytical results for 1,2 and 3 pairs 

For spin-j singlets, 
the CRB is not achievable in the finite-copy regime



Asymptotic achievability of CRB
To achieve the CRB, the number of copies must be large. 
But how large?   

j2Hopefully not large compared to       ...   

Covariance matrix for the optimal measurement:

CRB achieved whenever                 ,   uniformly in j     n � 1

11

Now, the QFI for n copies is given by F
(n)

Q

= nF
Q

=
4nj(j + 1) I/3. Inserting the quantum CRB in the r.h.s.
of Eq. (16), we obtain the bound

⌦

d2
↵ � 3

2nj(j + 1)
+ O

⇣

n�3/2j�3

⌘

.

By comparison with Eq. (15) we conclude that the op-

timal measurement for n copies satisfies Tr
h

V opt

✓,n

i

=

4nj(j +1)+O
�

max
�

n�3/2j�3, n�2j�2

 �

. Since the op-
timal measurement (14) satisfies also

h✓
i

✓
j

i = �
ij

Tr
h

V opt

✓,n

i

3
,

we conclude that for this measurement one has

V opt

✓,n =
3

4nj(j + 1)
I + O

⇣

max
n

n�3/2j�3, n�2j�2

o⌘

.

In other words, the optimal covariant measurement
achieves the quantum CRB for large n.

SUPPLEMENTARY NOTE 8

Let us consider an arbitrary separable measurement, of
the form M

h

=
P

i

A
i,h

⌦B
i,h

for positive operators A
i,h

and B
i,h

. Using a standard averaging argument [3], one
can show that the optimal measurement can be chosen
to be covariant, i. e. of the form M

h

= (U
h

�1 ⌦ I
B

)(M
e

).
Now, the normalization of the measurement gives

I
A

⌦ I
B

=

Z

dh M
h

=
X

i

Tr[A
i

]
I
A

2j + 1
⌦ B

i

,

having used the irreducibility of the representation. Re-
defining A0

i

:= (2j + 1)A
i

and B0
i

= B
i

/(2j + 1) we then
obtain

X

i

B0
i

= I
B

and

Z

dhU
h

(A0
i

) = I
A

.

Hence, every separable measurement can be realized as
a one-way LOCC measurement, where Bob performs the
POVM {B0

i

} and communicates the outcome to Alice,

who performs the POVM {A(i)

h

} with operators A
(i)

h

:=
U
h

(A0
i

). In such a protocol, Alice has to perform the op-
timal POVM for the conditional state induced by Bob’s
measurement. The error that can be achieved in this way
is lower bounded by the error in the estimation of h from
the state | 

h

i = U
h

| i, where | i is the best input state
for a spin-j particle. To evaluate this lower bound, we
can use a covariant POVM {M

h

}. In this case, covari-
ance implies that M

h

is of the form M
h

= (2j + 1)U
h

(⇢)
for some quantum state ⇢ [3]. By convexity of the figure
of merit, the optimal POVM has ⇢ = | 0ih 0| for some
pure state. Hence, the error is

hd2i = (2j + 1) min
 , 

0

Z

dh e(h, e) |h |U
h

| 0i|2

= 2



1 � 2j + 1

9
max
 , 

0
h |h ̃|⇧

1

| 0i| ̃0i
�

� 2



1 � 2j + 1

9
max
 

h |h ̃|⇧
1

| i| ̃i
�

= (2j + 1) min
 

Z

dh e(h, e) |h |U
h

| i|2 ,

where ⇧
1

is the projector on the eigenspace with total
quantum number j = 1 and | ̃i := ei⇡Jy | ̄i with | ̄i the
complex conjugate of | i. For j = 1/2, all pure states
are equivalent under rotations and therefore there is no
need of further optimization. Plugging | i = |1/2, 1/2i
in the equation we obtain the value

⌦

d2
↵

= 16/9.



CONCLUSIONS



Conclusions
Super-activation of quantum gyroscopes:  
  1 EPR pair               no scaling with the size  
  2 EPR pairs             Heisenberg scaling with non-vanishing prob.
  3 EPR pairs             quasi-Heisenberg
≥4 EPR pairs             Heisenberg with certainty

!!!!
The moral:

• not having a pre-defined direction helps
• two spin-j particles are more useful than a single spin-(2j) particle 
• logical qubits help

• ...be careful using the quantum CRB in non-asymptotic scenarios!
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