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•  Set	
  disjointness	
  Dn:	
  x,y⊆H;	
  	
  	
  	
  x∩y	
  =	
  0	
  ?	
  	
  |H|=n	
  
•  Equality	
  En:	
  x,y∈{0,1}n;	
  	
  	
  	
  x	
  =	
  y	
  ?	
  

Easy:	
  
Trivial	
  protocol	
  is	
  op)mal	
  for	
  both	
  problems	
  

among	
  determinis)c	
  protocols	
  

Harder:	
  
How	
  about	
  randomized	
  protocols?	
  

Can	
  we	
  meet	
  next	
  
week?	
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Complexity	
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•  How	
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  x?	
  
	
   	
   	
  w1,	
  w2,…	
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  min{j|wj	
  ⊇	
  x}.	
  

E[#	
  of	
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  sent]	
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  |x|	
  
•  1-­‐sided	
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  (no	
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  intersec)ng	
  sets).	
  
•  If	
  x	
  and	
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  then	
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  of	
  current	
  set	
  halves	
  in	
  
expecta)on	
  in	
  every	
  round.	
  
	
  They	
  will	
  be	
  empty	
  in	
  O(log	
  k)	
  expected	
  rounds.	
  
	
  Expected	
  total	
  #	
  of	
  bits	
  sent:	
  O(k).	
  

Analysis	
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  the	
  
Håstad-­‐Wigderson	
  protocol	
  



•  How	
  to	
  send	
  a	
  random	
  set	
  containing	
  x?	
  
	
   	
   	
  w1,	
  w2,…	
  random	
  sets	
  from	
  joint	
  random	
  source	
  	
  
	
   	
   	
  Send	
  index	
  min{j|wj	
  ⊇	
  x}.	
  

E[#	
  of	
  bits	
  sent]	
  ≈	
  |x|	
  
•  1-­‐sided	
  error	
  (no	
  error	
  for	
  intersec)ng	
  sets).	
  
•  If	
  x	
  and	
  y	
  are	
  disjoint,	
  then	
  size	
  of	
  current	
  set	
  halves	
  in	
  
expecta)on	
  in	
  every	
  round.	
  
	
  They	
  will	
  be	
  empty	
  in	
  O(log	
  k)	
  expected	
  rounds.	
  
	
  Expected	
  total	
  #	
  of	
  bits	
  sent:	
  O(k).	
  

Analysis	
  of	
  the	
  
Håstad-­‐Wigderson	
  protocol	
  



•  How	
  to	
  send	
  a	
  random	
  set	
  containing	
  x?	
  
	
   	
   	
  w1,	
  w2,…	
  random	
  sets	
  from	
  joint	
  random	
  source	
  	
  
	
   	
   	
  Send	
  index	
  min{j|wj	
  ⊇	
  x}.	
  

E[#	
  of	
  bits	
  sent]	
  ≈	
  |x|	
  
•  1-­‐sided	
  error	
  (no	
  error	
  for	
  intersec)ng	
  sets).	
  
•  If	
  x	
  and	
  y	
  are	
  disjoint,	
  then	
  size	
  of	
  current	
  set	
  halves	
  in	
  
expecta)on	
  in	
  every	
  round.	
  
	
  They	
  will	
  be	
  empty	
  in	
  O(log	
  k)	
  expected	
  rounds.	
  
	
  Expected	
  total	
  #	
  of	
  bits	
  sent:	
  O(k).	
  

Analysis	
  of	
  the	
  
Håstad-­‐Wigderson	
  protocol	
  



•  How	
  to	
  send	
  a	
  random	
  set	
  containing	
  x?	
  
	
   	
   	
  w1,	
  w2,…	
  random	
  sets	
  from	
  joint	
  random	
  source	
  	
  
	
   	
   	
  Send	
  index	
  min{j|wj	
  ⊇	
  x}.	
  

E[#	
  of	
  bits	
  sent]	
  ≈	
  |x|	
  
•  1-­‐sided	
  error	
  (no	
  error	
  for	
  intersec)ng	
  sets).	
  
•  If	
  x	
  and	
  y	
  are	
  disjoint,	
  then	
  size	
  of	
  current	
  set	
  halves	
  in	
  
expecta)on	
  in	
  every	
  round.	
  
	
  Current	
  set	
  will	
  be	
  empty	
  in	
  O(log	
  k)	
  expected	
  rounds.	
  
	
  Expected	
  total	
  #	
  of	
  bits	
  sent:	
  O(k).	
  

Analysis	
  of	
  the	
  
Håstad-­‐Wigderson	
  protocol	
  



protocol	
  with	
  fewer	
  rounds	
  

•  biased	
  random	
  sets:	
  contains	
  each	
  element	
  
independently	
  with	
  probability	
  p	
  <<	
  1/2	
  

•  small	
  p:	
  quicker	
  decrease	
  in	
  set	
  size:	
  k	
  ⇾	
  pk	
  

	
  	
   	
   	
   	
  longer	
  message	
  for	
  a	
  random	
  

set	
  containing	
  x:	
  |x|log(1/p)	
  

•  op)mal	
  tradeoff:	
  

1/pi+1	
  =	
  21/pi	
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Protocol	
  for	
  finding	
  the	
  intersec)on	
  

Problem:	
  “current	
  set”	
  xi	
  contains	
  the	
  true	
  intersec)on	
  
x∩y	
  —	
  remains	
  large	
  throughout	
  protocol	
  
Sending	
  random	
  set	
  containing	
  xi	
  is	
  infeasible	
  

Good:	
  |xi	
  –	
  (x∩y)|	
  is	
  expected	
  to	
  decrease	
  just	
  as	
  fast,	
  
xi-­‐xi+2	
  =	
  xi-­‐Si+1	
  	
  probably	
  very	
  small	
  

Solu)on:	
  no	
  need	
  for	
  Bob	
  to	
  give	
  full	
  message	
  Si+1,	
  
enough	
  to	
  send	
  a	
  few	
  bits	
  —	
  Alice	
  chooses	
  Si+1	
  to	
  
minimize	
  |xi-­‐Si+1|	
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  y	
  
	
  	
   	
   	
   	
   	
   	
  	
  	
  	
  	
  	
  	
  Is	
  x	
  =	
  y	
  ?	
  

O(1)	
  bits	
  enough	
  in	
  single	
  round	
  

(with	
  joint	
  random	
  source)	
  



Exists-­‐equal	
  problem	
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  y2	
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  …	
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  =	
  yk	
  ?	
  

Special	
  case	
  of	
  Sparse	
  Set	
  Disjointness:	
  
Is	
  {(1,x1),(2,x2),…,(k,xk)}	
  ∩	
  {(1,y1),(2,y2),…,(k,yk)}	
  ≠	
  0	
  ?	
  
•  O(k)	
  bits	
  in	
  log*k	
  rounds	
  suffice.	
  
•  Or	
  O(k	
  log(r)k)	
  bits	
  in	
  r	
  rounds.	
  

This	
  is	
  op)mal	
  for	
  any	
  r.	
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Single	
  equality 	
   	
   	
   	
   	
  OR	
  of	
  k	
  equali)es	
  

10	
  bits	
  in	
  	
  single	
  round	
  	
  	
  	
  	
  	
  solve	
  with	
  45%	
  error	
  

solves	
  with	
  <0.1%	
  error	
  	
  	
  	
  	
  in	
  single	
  round:	
  

	
  	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  need	
  Ω(k	
  log	
  k)	
  bits	
  

	
  	
   	
   	
   	
   	
   	
   	
   	
   	
   	
  best	
  is	
  to	
  solve	
  each	
  
	
   	
   	
   	
   	
   	
   	
  equality	
  separately	
  with	
  O(1/k)	
  error	
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Lower	
  bound	
  proofs	
  

•  for	
  Exists-­‐equal	
  	
  	
  (sparse	
  set	
  disjointness	
  follows)	
  
•  elementary	
  argument	
  for	
  single	
  round	
  

•  round-­‐elimina)on	
  argument	
  in	
  general	
  

Need:	
  special	
  form	
  of	
  isoperimetric	
  inequality	
  on	
  
the	
  Hamming	
  cube	
  [t]n	
  

What	
  is	
  the	
  most	
  “compact”	
  set	
  H⊆[t]n	
  with	
  |H|	
  fixed?	
  

compact	
  ≈	
  small	
  Ex[log|Bx∩H|]	
  

Obtained	
  through	
  “shi�ing”	
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