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Communication through the Gaussian Channel

b ~coding /\ noisy output N _X
T y=rx| U [V =Y+¢ X|F Y

Message T T MXN matrix

(K bits)
Codeword, size M

Characteristics:

Forney & Ungerboeck ‘98 Review _ ~ 5
(modulation, shaping and coding) Power constraint: <Y > =1

Richardson & Urbanke ‘08
(LDPC and turbo codes)

E
A

Signal to noise ratio: SNR =

Arikan ‘09, Abbe & Barron '11
(Polar codes)

Shannon Capacity: C = : 5 1082 (1 + SNR)




Sparse Superposition codes
Joseph, Barron ISIT ‘10
m
i

M‘[WH W;m lb, }% m N (0, A)

X ~coding /\ noisy output N _X
T y=rx| U [V =Y+¢ X|F Y

Message T T MxN matrix with i.i.d random elements
(K bits)
Codeword, size M

L sections
vector X= OI0OO0O [ 1000 | OOOI [ 1000
o —
B components Dimension N=LB
Only one #0

K=L log, (B) bits of information

N log,(B)
BM

Rate: R =




Sparse Superposition codes
Joseph, Barron ISIT ‘10

® For large B, the maximum likelihood solution is capacity achieving

mingz||Y — F'Z||s, such that £ has a single 1 per section

Hard computational problem...



Sparse Superposition codes
Joseph, Barron ISIT ‘10

® For large B, the maximum likelihood solution is capacity achieving

® With proper power allocation, the “adaptive successive decoder”
of Joseph and Barron achieve capacity when B— o0

vector X= O100 1 1000 | OO0OI1 11000



Sparse Superposition codes
Joseph, Barron ISIT ‘10

® For large B, the maximum likelihood solution is capacity achieving

® With proper power allocation, the “adaptive successive decoder”
of Joseph and Barron achieve capacity when B— o0

vector X= |0c100 Ico000 1 000c3 1c4000

. _2C
Power constraint: {c;) = 1 c;oxe L




Sparse Superposition codes
Joseph, Barron ISIT ‘10

® For large B, the maximum likelihood solution is capacity achieving

® With proper power allocation, the “adaptive successive decoder”
of Joseph and Barron achieve capacity when B— o0

vector X= |0c100 Ico000 1 000c3 1c4000

. _2C
Power constraint: {c;) = 1 c;oxe L

® |n practice, however, results are FAR from capacity when B is finite



Sparse Superposition codes
Joseph, Barron ISIT ‘10

R (bits/ch. use)
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The approximate
message-passing algorithm



Sparse Superposition codes =
Multi-dimensional estimation problem

Coding matrix F
random Mx N matrix

Noisy output Y
M components

L components

A

B-dim variables

Noise
M
components

“Sparse” signal X
L “B-dimensional”
components



Graphical model
Compute the marginal of P(X|F,Y) x P(X)P(Y|F, X)

P(y,|F, X)

N
6_%(?/#_21':1 Fliz;)

prior
P(:T?l) « only one non zero bles likelihood
component »
2

Prior P(Z;)




Prior P(T;)

Graphical model
Compute the marginal of P(X|F,Y) x P(X)P(Y|F, X)

Signal variables

Factor nodes

Belief Propagation?

Not really an option ...

i) Densely connected model
i) O(L?) messages

iii) Combinatoric factor O(BY)
iv) Way too slow!

misu(T5) o< P(E7) | | mq—i(@)
VFEW

SEE (=2 Fuz)

2



From belief propagation to AMP

Compute the marginal of P(X|F,Y) x P(X)P(Y|F, X)

A Gaussian relaxation (aka Gaussian-BP)

Signal variables

Factor nodes

A Gaussian-like relaxation

.. FZ-
O N Api = =

Ay + 3 Frvion’

Prior P(T;)

A
%

5 Bl = 2 Fujtin)
g Ayt X Fijvjon

8
Nl o

m,u,—m' (ZEZ) O( e~ —+ A, i+Bu T



Prior P(:l':,i )

From belief propagation to AMP
Compute the marginal of P(X|F,Y) x P(X)P(Y|F, X)
(i) A Gaussian relaxation (aka Gaussian-BP)
(i) Write the recursion in terms of single marginals (equivalent to “TAP” in Stat. Phys.)

Signal variables

Factor nodes

mi— (i) = m;(x;) + correction

Closing the equations on
two moments for each variables:
2N variables (AMP)

\A)
S ! N2 variables (BP)

eeéeee
\5} _‘




From belief propagation to AMP

Compute the marginal of P(X|F,Y) x P(X)P(Y|F, X)

t+1 _ 2t
Vy —E Fv;

t+1 ZF P ( 5 Vi ~3aht
w —— ia; — Yy — W 2=
7! H1 g H H < t N :
1o +7; at = fo,({E4, Rt} jer) =
2 — B T 2(xl)
(2t = |3 Lien®
g 1/snr + Vi™! e s t R : t
" 1 v; = fe. (1%, Bjtier) = ai(1 — a))
e (Y —w, )
R =ai+ (7)) Fu >
L (27) ; # 1/snr + V,f+1

o' = fo, ({Z77, B Y1)
’Uf+1 — fc, ({Z;‘—flyR;‘%—l}jel)

Matlab implementation + demo: https://github.com/jeanbarbier/BPCS common




From belief propagation to AMP

Compute the marginal of P(X|F,Y) x P(X)P(Y|F, X)

V= S Fi A (perhaps) more familiar form
e from monday’s talk
w, = ZFﬁ“a t)l/an_Vz (Donoho, Montanari, Maleki '09)

F?,
2{_+1 2 _ p
&) ; 1/snr + Vit
(Y — ""LH)

R =al+ (B2 FL
i ( i ) Z #11/Snr+vlf+l

ai+1 f ({Zt+1 Rt—*— }gel)
t+1 f(, ({Zt-Ll Rt+1}j€l)

arr1 = fo(F 2 + ay)
1
s=y—Fa,+— < fENF T £y ) > 2t

_2nt
1-2R;

a-ﬁ = fa ({Zt Rt}Jel) = : \le—zn‘.
S hene “V Complexity is N? for iid mat!*ix
v; = fe. ({55, Bj}je) = ai(1 - a}) Nlog(N) for Hadamard/Fourier

Matlab implementation + demo: https://github.com/jeanbarbier/BPCS common
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Asymptotic analysis



A heuristic computation of the optimal SER

M
Bayes-optimal estimate: P(X|Y,F) = P(X) H o~ 50 (yu—N | Fuidi)”
Marginalize w.r.t. ’ Z i

The replica method : Asymptotic estimates when N—
(statistical physics, information theory, optimization, etc..)

In CDMA
Tanaka ’02
Guo,Verdu ’06

In Compressed sensing
Rangan et al.’09
Kabashima ’09
Guo Baron Shamai ’09
Krzakala et al.’| |



A heuristic computation of the optimal SER

M
Bayes-optimal estimate: P(X|Y,F) = P(X) H o~ 250 (yu—N | Fuids)
Marginalize w.r.t. ’ Z i

The replica method : Asymptotic estimates when N—
(statistical physics, information theory, optimization, etc..)

|) Assume that log(Z) is concentrated

[loN RIGOROUS

2) Use the following identity: @ ~ lm AL
n—0 n
3) After (a bit) of work: log Z / dEeN () * MMSE = maxp®(E)

4) From the MSE E, one can compute the average SER



Single letter characterization of the SER

B-dimensional integral

—

log, (B) 1-E SR S N T
o5(E) = - 22R (log(l/anEH1/sm~+E>+/DZIOg e TE IR 4y e mmET )

i=2
=1 =B

. ¢ L R — e 2 e~ 2
with E_\/<Snr+E>log23 and Dz—Hdzl\/%...dzBm

The SER can be computed from E as

SERtZ/DE I (3 j€{2,...B}: 1O (5,2) > f(g})(z:t,z))

~1
fé})(E,z)[l+ezl2 3 62]

(1< <B:j#i}

with

—1
1O (2,7) = {He;ﬁz”z + Y ez"g“]

{1<k<B:k#i,j}



Single letter characterization of the SER

Here B=2,SNR=|5, C=2

0.34F

0.32

0.3-

028 — R=1.5

— R=1.68
& 0-26F — R=].75
0.04- ® maxima
0.22;
0.2F
0.181




opt

C-R

Gap to capacity closing polynomially

snr=7
1.6e-1g, :
\S; C-Ropt
— 0-68*8'0-54
8e-2
4e-2 +
2e-2 +
16 64 256 1
B

snr=15
3.2e-1} S} C-Ropt
— 0-56*8_0'49

1.6e-1+

8e-2t

4e-2}

2e-2

4 16 64 256 1024



Error floor decay polynomially with B

optimal SER

10

10

.3
s
N
.
-
.
.

10°%

(=) optimal SER for B=2, R=1.3

| @ optimal SER for snr=15, R=1.3

102 4

8
section size B

16




State Evolution Analysis of AMP

(As in Bayati-Montanari ’10 in the scalar case)

The MSE obey the following recursion:
B'= [Pz ([#0 (51,2 - 1 + (B - DI, (4, 2)P)

with: 1.2 = [”e_é’ > J_‘ 19,5, = [1+—~’—+ > eLF']

{1<j<B:j#i} {1<k<B:k#i,j5}

N
with  xt:= /(1/snr + EY)R/log,(B), E' := %Z(a:. — )
i=1 o
The Section Error Rate can be deduced from the MSE at all times by

SER'= / Dz (3 j€{2.,B}: fO,(22) > fV(4,2))



State Evolution vs AMP for finite sizes

SER

10

10

V. e W e v o U o U o U oW + U « B « U « W0« W « -
....................

..............

x-AMP: R=1.3 °
©DE: R=1.3
»-AMP: R=1.4
F ©-DE: R=1.4
<AMP: R=1.45
DE: R=1.45
-x-AMP: R=1.6

““““
0060006064
W S OO

©-DE: R=1.6

R
g C ) ) - - - ) - ) - -
.........

_ 15
iterations

5 10

B= 4, SNR=15,N=32768, Rgp=1.55



State Evolution Analysis and the replica potential
B'= [z ([f0(E",2) - 1 + (B - DIAY, (=, D)

-1
with: f9(2,z) := {He—;}s 3 ng—J O (2,7) = [1+6§+%

-1
+ Z e:!.gz."
{1<j<B:j#i} 1<k<B:k#i

{1< .5}

Replica Potential:

log,(B) 1-E L p B L Lo
¢p(E) =— g22R (log(l/snr+ E) + Jsnr + E) + /Dzlog (622<E>2+2<E> + Ze_2E<E>2+E<E>>
1=2

The fixed point of the state evolution corresponds = extrema of the potential
Potential = Bethe free energy



Phase diagram SNR=15 (C=2)
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Phase diagram SNR=15 (C=2)

nY
=

1
o\

PanY

high error ~ o

~
A4

« low » error

o
A4

rate

0.8/

S a

N

Fa}

A e—o
‘Optimal threshold
R—C when B— |

high error for AMP

«J

« low » error for AMP

RAMP — [2 log(

)
2) (14 1/SNR)]

0.6

4

8

section size B

AMP gets worst as B increases :-(

16 32 64 128 256 512 10242048



Phase diagram SNR=15 (C=2)

(¢

high error ~

o
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v
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P
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rate

0.8/

S a

N

A e—o
= Optimal threshold
R—C when B— |

high error for AMP

Fa}

« low » error for AMP

RAMP — [2 log(

E/E/E/{

)
2) (14 1/SNR)]

0.64

8

16 32 64 128 256 512 10242048
section size B

. but is still way better than the alternative :-)
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Two strategies to reach capacity



Two ways to make AMP capacity achieving:

"

Power Allocation




Two ways to make AMP capacity achieving:

"

Power Allocation

vector X= 01001 000 | 0001 [ 1000

v

vector X= |0c100 1 co000 1 000c3 1 cs000

2 —2C%/L
Generalization the State evolution [Ci X 2 / ]

for structured matrices shows
that bAMP can reach capacity as Bm

Power constraint: {(c;) = 1

In practice, however, this turns out to be not so efficient..



, Use of a structured matrix
Krzakala et al ’11

Two ways to make AMP capacity achieving:
(Similar constructions in compressed sensing):
Pfister-Kudekar '09
Spatlal coupllng Donoho et al ’11
“Seed” block Propagation

M : unit coupling

: coupling J small
w : interaction range

[1: no coupling (null elements)



Spatial coupling

Lena: L=256"2

T
1

0.6

T
1

0.5

T
1

0.4

T
1

03

T
1

0.2

T
1

0.1

O—% 10 15 20 25 30

block index

Matlab implementation + demo: https://github.com/jeanbarbier/BPCS_common
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Practical tests!



Phase diagram SNR=15 (C=2)

2 ° T T T T A A ‘9
high error = © e Optingel threshold
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. but is still way better than the alternative :-)



Comparing everything

snr=15,B=512,L=1024 Blocklenght ~ 5000

average SER

Opt. pow. alloc. + random op. + off-line AMP

Opt. pow. alloc. + Had. op. + on-line AMP

Fixed sp.-coupling + Had. op. + on-line AMP

Full Had. op. + on-line AMP

Fixed sp.-coupling + opt. pow. alloc. + Had. op. + on-line AMP
== = BP threshold
mC apacity

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2
R




Conclusion

« Simple coding, capacity achieving with spatial coupling/power allocation
* Similar phenomenology as LDPC codes

« Efficient when used with structured operator such as Hadamard

» Can be analyzed by state evolution/replica method

 Interesting finite size performances ?



