An_example of an MDP

You are pbuainj Simple Mario Pmrtg and given the {ollowirg map

up: E[ futwe reward ]
upper ”’“*'ﬁd = 0.6 (V42D + 0.4 (246) = §
down v doun . El(futwre reward ]
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Choose actign = up" o wp 0.6 o g up
W p. 0.4 - ﬂo down
ChooSe  action = “down” - w-p- 0.4 = 4
wp. 0.4 -9 ﬁq) dlown
- State . whore jou e > decide te distr. for next state
- ackion: wp / down
— reword (fu th)): func. of state and action
btal reward - gum a]( fewards over the fime  hori Zon
- poliey : which action take i each state at cadh time Step .

- (joa[: Aas?ﬁn " ‘»oLICj b maximize +hal Ucrwtd rwarA

We next introduce the auuwral ][Dfm of an MDP, where we also generalize

the time  horizon {rom 0 ‘ﬁ/\iie one t an ?/\fi/\?f& one .



Mackoy  dedision pocesses  (MDP¢)

An MDP s a distrete - fime pro (eSS 9‘7&0][{@& bj :

- Stde space S . let St €5 be b State ot fime €

- Action space . At €A action ot time €

for STMFLICI’(j, we —fo(,us on -the ;aJ&:t\j whare € and B e {Mift

- Transition probabiliics P: 3 x A = Aa(5) | A(S). prob. distr. over § .
PSS, a) - prab. of fran@?h‘omﬁzj b state §' when -l-alafvﬂ altion QA
in state S .
- Rewnrd ‘I’MC‘HOV\: r. € x4- R
res, @) . tmmediate reward when ’caJ&tr\j attion a in State S .
(s, 0) wuld be random , n which case res, &) derotes s mean
= Policy - lnﬂu\e/ral, a{?bﬁ% can  choose At based on the {wd hfshrﬂ
He= (5,0, 6,8 ,a,r, ", St-t, Q1) Me-1 , St ).
We {ocus on stationary  polities T: 5 = 60A), which thoo ses
altions based on only the cwrrent State , e, Ae~ T [ Se).
We Sometimes cimPlj write Qe = T (5¢) .
— (ool © Find & fotitj T b Glue

S, =6, T |

- T, B =yt
maximize \/7(5) = E[ tl;o TP r(se, at)
T =

Y € (0,0): Aiscount :{AC@F.

Step
EXI)'M\OCHZ)VW: ODRE prob. that <the mb(m Continues aﬁu eocth time

(2) Reward wow & more m‘)br\LwL-f than thot in $he fwlum.
Vﬁf 4 - R - value {mn[;tzon o][ foliﬁj T .



Remark . In qeneral | the optimization i over all polities | which (an

be pon- stationar g ol non- Markovian .  But it can be Shown

that orﬁwki%j can be achieved bj 4 stwt?wmrj pouuj.



Bellman Eguation  (Pynamic  Programming Ellf/uaﬁonl
14 U J J
Note Hhat -for & J(I)(LA rohaj T,

S =¢, T |

bo
V) = E[EO VEr(se, ae)

= (s, ®s))

)
_ 1t _c!
+ T &ltz;fr r(st,awl?.—s,n] P(s[$, )

—

N

YV
= (a6 + YE[VISH[$=5, a~nl[s)],
which ﬁ,‘ueg an eq/uaﬁon ][or Vi-
Let V¥(5) = sup VTS)  be the optimal  value fuaction. Then V7 satisfies

n Siei (e %c,{aﬁw\/ rz—farmol 6 as +he Bellman e@mﬁm.

Theorem. The optimal unlue function V¥ satisfies
V¥ = max (165, 0 + YE[V¥s) [S=5, a=a]) , Vs O
N
Moregver , (o Foticj T* be 9Fec(‘]'~2u( as
* r + * 0 = 0 =
n(s>earwax((s,a> VE[V*G) [%=5, a=al). ()
Then T 5 an Ufﬁwuai Po[tt(j.

Remark T s 4 (tatlonary determi istic P”“%~



How can we make uSe 03[ the Bedlman zq/uaﬁon ) ﬂet an optimal Fo[?bﬂ?
Natwally , we want b solve the Bellmon efuation o get V*, and then use
euation (2) ?mﬁ on optimal policy. To be able 4o do 50, We need 4o
answer the fpﬂwa‘rj questions -

(N Iff we fmd 6 Solutisn t fthe Bellman equation, s it ?MMN&D(

to be V*?

(i) How do we -fmal a Solution o the Bellman equation 7

To answer both guestions | it is comventent to write the Bellman efuation

MCMj the $o- colled Bellmmn operator .

Bellman D'Pﬂrbdwr

We Tndex the state space as §= {1, 2, -, A3 Ther a value ﬁmcﬁm v
(an be written as o vector . V= (CVwy, va), -, Vi) € R4
Recall the Bellman equation -
Uy = max(res,wy + FE(VOO [ S =5, a=4]), VsES

We can rewrite the miht— hond - side of the Bellman eq Whtion bﬂ def?m‘nj the
Bellman operator T RY - RY, which takes a value function aS input and
owtputs another value function. ﬂwcif?m“g , Ao any VeRd, TveRrd
s defined as

TVES) = max res, a0 + YE[VS) [So=5,m=0a], vs€E G

Q
Then the Bellman uz/uaﬁm aan be Wriften as . \/= TV .



Now Llet's return 4 the two Q/M,sﬁons;
(1) Iff we fmd o Solutisn b the Bellman eAU,Latiar\ V=TV,
IS it jvmra/\fwl to be V*?
(i1) How do we -fir\ol a Solution ® V=TU?
Slving V=TV is © fid o fixed pint of the operator T I T is
b Contraction wappmy then +thele Hwo @Le;ﬁw\g an be answered laj
the Baach {ixed - pott theorem

Con traction yv\mp'pi%: Let CX,A) be a oomfl&te, metric sgaca, Thea o

ma.pping T: XX i sald {0 be a Contraction Mopping i][ there @Xists
re G 1) swh that dCTon, Tegp) e r-d(x,y), ¥, 46X,

tontra Ction c»aﬁic?ant
We say T has o fieed poine * i Twh= o

Banach fixed -point theorem ( antrackion mapping theorem )
— L J

Let T be a ohntraction w\awir\j on A ovvalm metrie spate X, d) with
o tnfraction Doza:ﬁfu\wf r . Then
(0 T has o unique fixed point 4*.
(2) The iterative alﬂorff&m %pe| = 1 Kp), 9mrﬁr\j J(roM any inettal point
%o € X, has the property A (A , %% ) € 0 A%y, %)
A o result, X, > X* g@omaﬁical(j f&Cf, with <he ]fol(owmﬂ
equivilent desoriptions of the convergence speed :
() A, 2%) < 1k Jt,, A*)

k
Gy dery, x*) € I dax, %)

d (Ko, %%) = A, %) 2 (1- 1) d (%, %)

Zz %A(’Xk/%*) >

WV

( D{C%l ) O(’)



Is the bdlman operatr a  contraction mapping then 2
' LI J

Theorem . The Bellman operutor T S a contraction MDL‘)Pfl\a on R4 wder
(-l with the discount {acfor Y 8 o aatraction wedfitent,

e YV Ve R NTV - TWlle € 7 V- s e,
(1%l = mox 1AL, (%1, -, (2413, vxeRrRL)

Proof Let $ €€ . Then

TV, LS) = TV2(9) > guppose His max 15 achiwed at a*
mic (106, 0) + TE[VILO | So=5, ho=aT])

- mu@x(rcs,m + YEVASO | §o=5, ke =a'))

S r(s,a%) F rE[VSO) | $e=5, ko= a* ]

1

“(res,a%) + YE[V.50 | Se=5, = 0*])
= Y E[ ViSO = Vo800 | 5e=5,B=0>]
{,,\Q‘,VZ”%
< Y W= Valloo
Similorly , TVaO = TVx) € YUV~ Vo llo
Therefore, 1TV TVz2 (o € Y UV= Vallee . O

IMLU cations .

| The Bellman equation V=TV has & unique oolution
Tho,r@fnre, the solution must be the oPﬁVV\A,( value rﬁmc:ﬁm V.
2, The terative Mﬁwtt&m Vi< = TVg querantees that Vp 2 V¥ as k=00

This 31\/@3 rise to the volue iferation a(goﬁ”ckm below .



Com?ufﬂ.ﬁor\ﬁl TLLA““LMLS

Value iteration (VI)

§+artmﬂ at some V, wWe Hm’cwellj al’P‘ﬁ T Ve TV.
Al@on‘thm [ Inittalize with a juess Vo, Set k=0 .
2, Vi = Tk

3, k& kh+i
4, Rq;eat 2-2 wntil ”wnv&c’ﬁence”.

5. let Vk be the omtput value -f.mc’h‘on. Output  policy Ty defined by
KK(S) € ijax (YCS/ qa) + TE[\/KU.),SOZ§)AD:A]).
a

From the Contraction rv\aH)?r\j theorem , we have converjence .
In practice, we heed to use some s*toPFrnﬂ Criterion |

I][ We stoF aj—tef K Cfcps, how gow\ s Vg and how 6Doﬂ( S Mg ?

= Bound on IV = V¥ |l . Bj the Contraction MA)?Pt‘na theorem |

Ve = V¥ e € 75 WVi- Voll,
This bownd is more useful than the bound Ve = V¥llw € ¥ 510V, = V¥lse

b&cau% ”V(_’Vo“w S OD’V‘PM“('DJ)[L Wh‘u HVU'V*“oo (s [/U\UDWH-

How ﬁooi{ IS Wg? Note that Ve 5 not mecusar?lﬂ the value fw\c{w‘o/\ af T,

but they ase close. Recall +hat we we VT t deote fhe walue ﬁmcfmn DJL Tg.
- Bound on V- V¥ [loo .

V™= VE o € 1V Velly + [1Ve - V¥,
WV = V7 e

just bounded
Note that V™ *($)

i

res, Tees)) + VE[ VSO [$o= 5, G = (5)]

= (S, () + YE[V SIS =5, do= ()]
N\
Vs ) loy Ae{fnittan of g




+ YE[\/M(SJ— Ve (SO 1525 ho= T (S)])
= Ve (9 F YE[V™ 60— Ve (S0 16.26 0= Tec$)]
Thus  NV™ = Vego 1 € X IV = Ve ]
We also krow that V™= Vg Il 2 V™ = Vi llo = (Vi = Vi oo
o V™= Ville € 127 Ve = Ve

= %:—l:?“\/ihvbllbo~

Pmtt?nﬂ them tose‘chu, we have
IV = V¥ Ny € (V™= Vell, + (IVe - VEI,

IN

3
lz__bfb, “ vl— VD uw )

The voalue iteration m[ﬂon‘%hm Conters around Hhe value ]ﬁwxwm oot frrst makes
swre that the va[uua waﬁom DIO‘HLII\(.A s close uwouyh H e th‘mlJ UDJMQ

function, and then owtputs & plicy. Next we intmduce onother alforithm

fhat prorotes a more Patrcﬂ«wfuzd view.



Policy teration  (PT). The Structure o]( PL s as fol(ows. We stfart —fram an

wbeﬁavy poliy , ond repent tu ]Lbuoww\j tterative procedure .
[ Palz% evaluadion - @lculate e uvalue fw«cﬁon of the P”“‘ﬂ-
2. Polifj rmyrouemwt: thde the PW% (2 )‘rnfrow, it .

To mabe these two §*tz'>9 more (an (iete, we f?rs’r Aaﬁna the opuaﬁr
nsSocinted  with Folc% for conventence . When we {sx A PD“Cj T,
we know that Tts value function V™ catisfies
V8s) = 15, ) + rELVEGSD [ $o=5, ao= 1), Vs ES

Similar 4 the Bellman operator, the operator T" associated wieth Foln\Cﬁ T
is defined based on 4he rrgmszwl—gwla of the equation. Qfaci](zm(lﬁ, for wy
Ve R, T e RA 15 defined as

T () = r (s, T8+ TELVESO) | 5026, ao=$H), VS EZL
Then +he equation ]fvr polt% T an be weritten as : VU = TOV™.

Note that T% s a (inear oyuatur_

Claim  T" s a ontraction MAFPiAg on RY wder - Ul with the
dis count —facfor ¥ 45 o Genfraction waf{ﬁa‘wt, e, ¥V, Vo € fRd,
ITVe - T llw € 7 V= V2 s
lm?limt?m, [, The Luection V= T has a unigue solutton , which T
the value fun ction @]l w, VT

2. In the policy evnluation Step, we can use the itermtive

Mﬂorid\m Veeg = T" Ve & mlcalate VT
We camn alSo show +hot botih the Bedman DFMM/DF T and the ofuafor Tﬂ ore
monobonic , e, Vi €Va DTV €TV, , TEVE TV,



The policy Tmprovement step .
We can (mprove- & Pohcﬁ msmo the r?ljht-kw«d—s,‘da o][ the Bell man eqpaction .
To update the policy Ty at the kth iteration, we de][?ne Wpe( QS
ﬁhﬂ 9 € w\ﬂy;\ax (FC%,M £ JE[V‘M (Si) ,%: §, Qo= A] >) Ve
Using the notafan oQ( operators, this rmPl\‘U +hat
Tlea )T _ TU
mttmj the two Steps f»{iw\u, the PL allj»r[%m s Given LU:
l. Sttt with o P"“Lﬂ M, . Set b=o0.
2. Compute the vilde {Vmcﬁon Ve of pol.‘cg (3 usi/\j the £quation V=TRy .
3, MPaLaJce the ?DLt“Cj :
T © € angrax (rex 0+ TE[V ) [S=5, 4= 4] ), Vs
4, h « b+l

5. Rq)udc 2-4 wntil ”wnvujwca ”,

Theorem  Under policy Tteration , we have

(y VT 2 U™ L, dhe policy tmproves at cach Step, nd
() If VI=V™, dhea T 15 an optimal policy.

PFOE‘ () B‘j S{:Q’P —5’ Tnk-(»l \/Ik — T‘V'lfk > T'I(kvnk — \/ﬂk.
By the monotini city o T we have
Tia [Ty ™y 2 T (v) € Y™
Keap "‘Pf’[j”‘ﬂ T times,  we gu
(TTTLﬂ)N\/Wl > V‘ﬂ'k |

Bg the Contripction propersy of T e , Jmkznﬁ N = oo ﬁwas

VAL YA /Tl



// v
(2) I][ V“I[lm: V"tk/ then T‘Kun \/m = TVT& =) T‘T[u,\/‘n‘kﬂ - .TV'p[H,

= VT oy T G, Y TR Sutisfies the Bellman equation, which

mears that Ty pnd T are optimal polities.

Imla(cwtttw\s o{ the theorem = The thevrem Shy$ that at each Step, \700\

either g@t on rm?muaol 501?69 o you have fwmd the of%a“/v\aL fDHCj.
= %o tn principle, PL Gon verqes in a finite number of steps  when
the State pace and action space ase ][im‘te.
~ However , in each Step, One heeds to mmymta VI This (an be
done mﬁf\ﬂ 4the Veratipe Mg%riihm Vieyk = T® Vi . This mner looF
con 4ake o lor\ﬂ Y¥me 4o produw an dccurate  yalue {D( V7



&j‘ﬁmé'ﬁon
Recall +he Bellman equation
VES) = ma (res, w0+ 7 Z V) PSS, )

a g/
Suppose V¥ is Rrown, We St Canot  solve His wmaximi24tion pnblmb

fet the optimal po ity without know[vg the model P(S'[S,4). Howeer, if we

obtain the ﬁuow/@ function
Ris, 0 & res, a) + ¥ SZ’V*(S’)-P(S’If,a),
then we can  Solue m:o( D(s,a) w get the oPﬁmM ‘mlicg, The funcﬁon
R: € x d >R 5 called e (@rt?ma,l) Q"-ﬁ,\/\(jﬁoi’\\
l\’\ewm\j uf R(S,a) . +he total giscowrted reward when we take action a
in the wwrrent step ond ][ouow the ofﬁm policy
in all Yo future time steps.
How can we get 4he @ r'cW\M’I\M’\ 7T OA s+arﬁnj point is fhe equation below
derived from e Bellman equation. Note that V() = max R(S,4).

/3

Then R(s, ) = res,a)+ ¥ ZVSH-Ps'|S, )
SI

= V(5,8 + rZPH’lS,A)-M:X 0 s, a) .
S! '

‘P?rwdﬂ (Lvoduoch‘/lj “he r;zjht~haw(«§.‘cla shill m@uim the k/wwlu(ja oJL
PLS"1 S, 4), but dhere are many  woy$ B learn +he Q- fi/m&ﬁbn when

the podel is wnknowa

We can olso d@frne +the. &vfw«cﬁon f»r Qa -’[Ixu{ Foltcﬂ T 4 ]ﬁDUDM:
QK(S,A) = reS,a) + 7 E[VTLC5\<) 190: §, 0 = Dl:l .

This @ +the +otal dt‘scowu‘ul feward when we take acton 4 n the cwrent



Lim e StLP ond —fvﬁow dhe FDUUj T in the {wcwa. Then
V) = ELQ™(s,a) Ja~ ()] .
In mangy RL Aﬂmachu, we need b evaluate e vawucﬁw\ ﬁr &

3:‘\/0/\ F°“C‘j T



