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A folklore for the success

Convolution structure plays well with image dataset.




How about convolutional kernels?

Neural networks & Kernels (in certain scaling regime)
[Jacot, Gabriel, Hongler, 2018]
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Neural networks & Kernels (in certain scaling regime)
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CIFARI10 accuracy of convolutional kernels:

Paper method Error

- Gaussian kernel 43%

[Arora, et.al., 2019a] CNTK (data independent) 23%
[Li, et.al., 2019] CRFK (data dependent preprocessing) | 11%
[Shankar, et.al., 2020] Myrtle1l0 CK 10%
[Bietti, 2022] 3-layers CK 12%
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Two important properties of images

» Locality of features in images.
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» Translation invariance in images.
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Question

How to mathematically quantify the advantage of convolution and pooling
operations for image dataset?




Modeling invariance in image dataset?
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The generative model: invariant functions

» Covariates ¢ = (z1, 22, ..., fEd)T e R

> Consider a group Gq that can act on R¢, e.g., the cyclic group
Ga = {gO: g1, - )gd—l}

i = (Ti,Titl,- -, &dy L1,y ..., Ti—1).
Other groups: 2D cyclic group; band-limited shift-invariant group.
» Label y induced by an invariant function f,
fu(@) = filg-x), Vg€ Ga

e.g., fx(z) = Efil z;zit+1: a degree 2 cyclic polynomial.

Stylized model for an image label y = fx(x) + ¢ invariant by translation of image . |
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¥ =f(x) = "cat"
X cat y=f(g-x)="cat"
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Two-layer neural networks

» Two-layer fully-connected (FC) NN:

N

fre(@,0) =) ai-o((z,w.)).

1=1
» Two-layer invariant (IV) NN:
f|v x, 0) Zaz / (g - =, w;))m(dg)
g€Gq

» When G is the cyclic group, this is two-layers convolutional NN (full window
size) with global average pooling.
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. and their corresponding kernels

» Fully-connected (FC) NNs induce inner-product kernels (the NTK):
Kec(z1, 22) = h((@1, 22)/d),
where h((@, y)/d) = Euoynite-1) [0 ((z, w))o ((y, w))].
» Invariant (IV) NNs induce invariant kernels:

Kiv(@s, @) = / h((@1,g - @2)/d)(dg).
9€Ga

> Goal: quantify the advantage of K|y over Krc learning invariant function.
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Test error of KRR with cyclic invariant kernel

Samples {(y:, #:)}ie[n):
yi = fo(®i) + €3, x; ~ Unif(S* 1 (Vd)), g; ~ N(0,7%),
where f, is G4-invariant, for G4 to be 1D or 2D cyclic group.

Theorem (Mei, Misiakiewicz, Montanari, 2021 (Informal))

Assume sufficiently smooth actiwation function. Consider kernel ridge regression
with FC and IV kernel, KRRrc and KRRy respectively. In the regime n,d — oo
with d* < n < d“, w.h.p,

IKRRec — P<efullz2 = o(1),
[|[KRRiv — P<gi1 ful|2 = o(1).
Equivalently, the test error satisfies
E[(f«(x) — KRRec(@))]* = [IP>2fullZ2 + o(1),
E[(f«() — KRRw(@))]* = IIP>e41fullZ2 + o(1).




Numerical simulations

Cyclic linear target, d = 30
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Another interpretation of the theoretical result

To fit a degree £ invariant polynomial:
KRRec require sample size n < df,
KRRy require sample size n < dt.

» We gain a factor d in sample complexity by using a cyclic kernel.
P Similar results hold for invariant random features.

» For general group G4, we gain a sample size factor p which corresponds to the
“effective dimension” of the group Gj.
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The mechanism

Principle: KRR fit functions in the top O(n) eigenspace of the kernel.

» For FC kernel, the eigen-functions are spherical harmonics

B(d,k)

Krc(1,@2) = Zxk(h) Z Ye? (1)Yi7 (e2).

» For IV kernel, the eigen-functions are invariant spherical harmonics

D(d,k)

Kiv(x1,x2) = Z Ax(h Z Y(d)(wl (:Bg)

k=0

Kernel FC v

Eigenspace O(d°) — O(d") | Degree-1 harmonics | Degree-2 cyclic harmonics

Eigenspace O(d) — O(d®) | Degree-2 harmonics | Degree-3 cyclic harmonics

Eigenspace O(d®) — O(d®) | Degree-3 harmonics | Degree-4 cyclic harmonics




Cyclic invariant MNIST

» Make MNIST dataset invariant under cyclic translation in 2 dimensions.

» Compare the classification error of KRR with inner-product kernel and cyclic
kernel.

0.6 —— Standard
Cyclic

0.4

024l9= 784

1.0 1.5
log(n)/log(d)
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Modeling locality

LCC
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> Covariate @ = (21, z2,...,zq)" € {£1}%

> The k'th patch x(x) = (Tk+1,. .., Triq)' € {£1}7,
> Weights (convolutional filters) {w:}iein) C {£1}9.

q: window size.

» Locally-connected and convolutional (LCC) NN with window size g

fice(z) = Z Z aiko ((wi, T (x))) -

1€[N] k€[d]



Modeling locality

LCC

??

(] B (%] (] (3] ] ()

Covariate & = (z1, za,...,zq4)" € {£1}%
The k’th patch x) = (Zr+1,- .-, Tpiq)' € {£1}9, q: window size.
Weights (convolutional filters) {w:}iciny C {£1}7.

vV v.yYyy

Locally-connected and convolutional (LCC) NN with window size g

fice(z) = Z Z aiko ((wi, T (x))) -

1€[N] k€[d]

v

Locally-connected and convolutional (LCC) kernel with window size g

Kicc(z,y) = Z h({Z k), Yer))/9)-

keld]



Properties of LCC kernels with window size g
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> Eigen-functions are g-local harmonics [Misiakiewicz, Mei, 2021]
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» The range of the kernel is the space of g-local functions
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> Eigen-functions are g-local harmonics [Misiakiewicz, Mei, 2021]

Kicc(@,y) = > k(@) yw)/a) = Y > r(S)éae - Ys(@)Ys(y),

kE[d] £=0 Se&,

where the eigenfunctions are Ys(x) =[], s zi (€ is all sets of length £ within
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Kernel LCC, g-local
Eigenspace O(1) — O(d) Degree-1 g-local harmonics
Eigenspace O(dq’) — O(dg") | Degree-2 g-local harmonics
Eigenspace O(dgq') — O(dg®) | Degree-3 g-local harmonics




Locality + Invariance

Lcclv

N1

(] B (%] (] (3] ] (1)

0oC

> g-locally-connected, convolutional and invariant (LCCIV) neural networks

frcav(z) = Z a; Z (ws, T(x)))

i€[N]  ke[d]

> g-locally-connected, convolutional and invariant (LCCIV) kernels

Kicav(z,y) = Z h((m(k):y(k')>/‘1)-

k,k'€[d]
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Properties of LCCIV kernels with window size ¢

» The range of the kernel is the space of cyclic g-local functions

{f@ =3 s@w):g e P{=139)}.
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> Eigen-functions are cyclic g-local polynomials [Misiakiewicz, Mei, 2021]
q J— J—
Kicev(@,y) = Y h({@w, yen)/a) =D > r(S)ee- Ys(@)Ys(y),
k, k' €]d] £=0 Se&,

where the eigenfunctions are Y5 = d ! Zi:l Ysix (& is all sets of length £
within windows of size q).

Kernel LCCIV, g¢-local
Eigenspace O(q°) — O(q") | Degree-2 cyclic g-local harmonics
Eigenspace O(q") — O(q®) | Degree-3 cyclic g-local harmonics
Eigenspace O(q°) — O(q®) | Degree-4 cyclic g-local harmonics
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Test error of KRR with convolutional kernels

Let fi(x) = Eke[d] g(xk)) be cyclic g-local. Given iid samples {(y:, Z:)}ic[n],
i = ful@a) + &5, x; ~ Unif({£1}9), ei ~ N(0,7%).

Theorem (Misiakiewicz, Mei, 2021 (Informal))

To fit the degree { polynomzial part of f,
KRR with Kicc requires sample size

qu—l <n< dqé
KRR with Kiccv requires sample size

qlfl Ln<K qZ'

> Kpc requires sample size d° < n < d‘*?,
> K, requires sample size d*~! < n < d°.



Four architectures




Comparison and numerical simulations

To fit a degree 4 polynomial Krc K Kicc Kicav
Sample complexity d° dtldg" [ ¢
£=3,qg=10,d=30 27,000 | 900 | 3000 100

Table: Sample size n to fit a cyclic g-local polynomial of degree £.
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To fit a degree £ polynomial Krc K Kicc | Kicav
Sample complexity d° dtldg" [ ¢
£=3,¢9q=10,d =30 27,000 | 900 | 3000 100

Table: Sample size n to fit a cyclic g-local polynomial of degree £.
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Figure: Simulation for fitting a cubic cyclic 3-local polynomial
flz) = d-1/2 Z‘:zl T;T;418542. Here d = 30, ¢ = 10.




The proof machinery

A general framework for analyzing the performance of random features regression
and kernel ridge regression in the high dimensional regime.
Theorem (Mei, Misiakiewicz, Montanari, 2022 (Very informal))

Suppose the kernel has eigen-decomposition

(e o]
K(z,2) = Y Atpi()¥i(2).
2=
Assume A\; satisfies the "spectral gap" and "decaying” assumptions, and ¥;
satisfies "hypercontractivity” and "concentration” assumptions. Then KRR with
kernel K with sample size n fits the top O(n) eigenspace {¥i}i<o(n)-




The proof machinery

A general framework for analyzing the performance of random features regression
and kernel ridge regression in the high dimensional regime.
Theorem (Mei, Misiakiewicz, Montanari, 2022 (Very informal))

Suppose the kernel has eigen-decomposition

K(z,2) = Z Aipi(x)i(2).

2=

Assume A\; satisfies the "spectral gap" and "decaying” assumptions, and ¥;
satisfies "hypercontractivity” and "concentration” assumptions. Then KRR with
kernel K with sample size n fits the top O(n) eigenspace {¥i}i<o(n)-

Proof idea

Everything can be expressed as summation, product, and inversion of matrices. E.g.,
E[f«(z)KRR(z)] = u' (K + M)y, where u; = E[fi(x)K (2, x:)).

The technical difficulty lies in analyzing spectral properties of random matrices.




Comparison

Classical non-asymptotic results: Oracle inequality and minimax lower bound
[Caponnetto, de Vito, 2007], [Rahimi, Recht, 2009], [Bach, 2017], [E, Ma, Wu, 2018]

R(fa) < min [|fa — Fell? + G(6n; F).
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Comparison

Classical non-asymptotic results: Oracle inequality and minimax lower bound
[Caponnetto, de Vito, 2007], [Rahimi, Recht, 2009], [Bach, 2017], [E, Ma, Wu, 2018]

R(fa) < min [|fa — Fell? + G(6n; F).

High dimensional asymptotic results:
[El Karoui, 2010], [Fan, and Montanari, 2017], [Ghorbani, Mei, Misiakiewicz, and
Montanari, 2020], [Mei, Montanari, 2021]

lim R(fs) = R*.

d,n—o0

Difference between:
HD results v.s. Classical results
n=d*asd— 0, v.s. fixed d large n,
Constant asymptotic error, v.s. Vanishing upper bound,

Pointwise lower bound, v.s. Minimax lower bound.



Related works

» Analyzing kernel inner product matrices:
[Ghorbani, Mei, Misiakiewicz, Montanari, 2019, 2020], [Misiakiewicz, 2022], [Hu,
Lu, 2022], [Lu, Yau, 2022]

» Learning with invariance and locality in the classical regime:
[Li, Zhang, Arora, 2020], [Bietti, Venturi, Bruna, 2021], [Bietti, 2021], [Favero,
Cagnetta, and Wyart, 2021]

> Extension to multi-layer networks:
[Xiao, 2021]



Open questions

> We assumed the image covariates & has an isotropic distribution, which is not
realistic. The image covariates are sparse in the wavelet domain. Can we also
model such properties of images and derive similar results?

» In classification tasks, how to characterize the interplay of invariance and
locality in dataset and kernels?

» Consider non-linear neural networks. How to characterize the invariance and
locality in neural network training?



Summary

To fit a degree £ polynomial Kec K Kicc | Kicav
Sample complexity d* d1 [ dgtT gt
£=3,¢q=10,d =30 27,000 | 900 3000 100

Table: Sample size n to fit a cyclic g-local polynomial of degree £.

» Cyeclic kernels save a factor of d in learning cyclic functions.
[Mei, Misiakiewicz, Montanari, 2021]

> Local kernels reduce the sample complexity from d* to dg* in learning g-local
functions.
[Misiakiewicz and Mei, 2021]

» General proof machineary.
[Mei, Misiakiewicz, Montanari, 2022]

Thank you!
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Assumption ({n(d), m(d)}4>1-Kernel Concentration Property)

We say that the sequence of operators {Hg}z>1 satisfies the Kernel Concentration Property (KCP) with respect to the sequence
{(n(d), m(d))} 4> if there exists a sequence of integers {u(d)}g>q with u(d) > m(d) such that the following conditions hold.
(a) (Hypercontractivity of finite eigenspaces.) For any fized ¢ > 1, there ezists a constant C such that, for any
h € Dy <u(d) = span(¢s,1 < s < u(d)), we have

Al L2q < C - likllg2- )

(b) (Properly decaying eigenvalues.) There ezists fized §¢ > O, such that, for all d large enough,

2
(Zj u(d)+1 d,J)

n(@?+90 < = @)

:—u<d)+1 *a,j

( A2 )2

n(a)2+0 < ZJ u(d)+1 4’-7 ; )

j:u(d)+1 d,j

(c) (C tration of d I elements of kernel) For (wi)le[n(d)] ~iid Vd, we have:
ETE();)] |Exrvg [Hyg >m(d)(mi)m) 1 =B ol npy[Hd,>m(a) (@@ )21l =oq P By nlouy [Hd,>m(d)(m,m’)2],
(4)
max [Hg s mq) (@i 23) = Ex[Hg sm(q) (@ @)]l = 0q,p(1) - Ex[Hg s m(q) (= 2)]- (5)

1€[n(d)]

v




Assumption (Eigenvalue condition at level {(n(d), m(d))}a>1)

We say that the sequence of Kernel operators {Ha}a>1 satisfies the Eigenvalue

Condition at level {(n(d), m(d))}a>1 if the following conditions hold for all d large
enough.

(a) There ezists fized 6o > 0, such that

1

n(d)* % < S Z X, (6)
aM(DFL p—m(d)+1
1 (e <]
]
n(d)"F < S R Ak (7)
d,m(d)+1 k=m(d)+1

(b) There exists fized 6o > 0, such that

m(d) < n(d)*~%.




