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Benign Overfitting in the Presence of Noise

Lo ————————— Deep networks generalize well even when

e data has misclassification noise
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Interpolating Training Data can be beneficial

SVHN, Zero-one loss
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Interpolating Training Data can be beneficial

Interpolation is helpful

Ptrain = Piest

Dense Models trained by SG

when
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Vignette |: Interpolating Classifiers under shift Pyoin # Ptest
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(Sagawa et al. 2020)

e Py 1s an imbalanced mixture of the groups

* Piact IS an uniform mixture over all groups
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s Interpolating at odds with Robustness?

Common groups Atypical groups
(low error) (high error)

FUUNDINGSIE | "'~ UL ) g

CelebA
162,770 . ‘
training .
examples
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(Sagawa et al. 2020)
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Interpolation breaks Robustness Interventions

Training dynamics of a linear classifier with 2D toy data

Cross Entropy: No IW Cross Entropy: IW

Rewelghting results in identical interpolating classifiers!
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Is Reweighting Incompatible with Interpolation!?



Vignette ll: Training Sparse Models
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However, iIncreased memory and Inference time

Interest In training sparser models
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However Sparsity can hurt test error

Training / Test Error

As sparsity Increases, the test error degrades
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Classification under Distribution Shift

Consider a binary classification task with distribution shift

Given data (X1, 1), .-, (X, V) € ROx {—1,1} ~ Ptrain

Common groups Atypical groups
(low error) (high error)

HUUNDINGSRY || '~ L UL g

y: }')lond hair 149 Y dark hair A1% y: blond hair 1%
a: female a: male a: male

Goal: minimize test error | ())~Pract [fe(.X) * y]



Distribution Shift and Importance Weighting

Common groups Atypical groups
(high error)

Goal: minimize test error |

| y: dark hair 41% y: blond hair 1%
a: female a: male a: male



Distribution Shift and Importance Weighting

Common groups Atypical groups
(high error)

Goal: minimize test error |

Use gradient descent to minimize the importance weighted |0SS  (shimodaira 2000)

L(f(0)) = ) Wlog [1 + exp(—yfx))]
=1



Distribution Shift and Importance Welghtlng

(hlgh error)

Goal: minimize test error |

Use gradient descent to minimize the importance weighted |0SS  (shimodaira 2000)

L(f(0)) = Z wilog [1 + exp(—y,fy(x)]

P, (X
Standard choice w; = test(¥i» Yi)

Ptrain(xi» Vi)




Distribution Shift and Importance Welghtlng

(hlgh error)

Goal: minimize test error |

Use gradient descent to minimize the importance weighted |0SS  (shimodaira 2000)

L(f(0)) = Z wilog [1 + exp(—y,fy(x)]

P, (X
Standard choice w; = test(¥i» Yi)

Ptrain(xi» Vi)

Train until interpolation: L(f{0")) — 0
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Doesn’t work

Cross Entropy: No IW Cross Entropy: IW

e Regularization/early sto

e Past work shows that this fails

dDpINg hel

Learned Boundary 0 Predicted Majority @ Majority Class
= = True Boundary 00 Predicted Minority A  Minority C

LSS

DS

(Byrd & Lipton 2018, Sagawa et al. 2019)



Can we design interpolators that respond to weighting?
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Intuition: Reweighting doesn't affect Exp-Tailed Losses

Consider the reweighted objective L(60) = Z w; log [1 T exp(—yl-xiTH)]
i=1

This Is equivalent to creating a "new dataset” with w. copies of sample 1

(xia yi)a IR (xia yl)

w, Times

The max-margin classifier for this new dataset 1s unchanged

arg max {y . subject to yl-xiTH > v, VI E [n]}
10]1,=1

’rior Implicit bias results implies ¥ = 00 rewelighting Is Ineffective  Goudy et 2018 jiandTegarsiy 2018)
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Our Proposal: Switch losses log(1 + exp(—yfy(x))) — ——
Yfo(x)

Cross Entropy: No IW Cross Entropy: IW Poly-tailed Loss: No IW Poly-tailed Loss: TW

0 Predicted Majority @ Majority C
0 Predicted Minority A  Minority C..ass

Learned Boundary

= = True Boundary

We provably show It has the correct implicit bias
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Implicit bias for poly-tailed losses

f gradient descent used to minimize linearly separable (x, y;), ..., (X, y,)

n log(1 + exp(—2z)) . < 1
L T / _ log(1 + exp(—1)) —
LO) = Y wtOn6) =15 -
i=1 Z
Given iterates 8t = 90 — pVL(OY) if 5 is small enough
o0 | "
70 — arg min Z ﬁ . subject to yx,'6 > 0
109]] o=1| &= (X 0)
“poly-tailed classifier” 6, Builds on results by Ji et al. 2020

Maximizes a sum of weighted margins
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But what about the test performance!

Does maximizing the weighted margin translate into robust test accuracy?

VWhat's coming up...

|. Setting where the poly-tailed classifier achieves minimax accuracy

2. A lower bound that shows that the max-margin classifier fails
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What about the Test Error? (majority class, +1)
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(C. & Long 2020, Cao et al. 2021)
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VWant to stuc

over

Skewed data with | P | > | AN |, with 7 =

lest
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y the generalization error in the

regime wWith C
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Vi (X ~ N(/’tlal»

(or any subgaussian dist.)

istribution shift
| P |
| A

N

(minority class, -1)
(C. & Long 2020, Cao et al. 2021)
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VWant to stuc
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Assumptions on the ¢

e n> Clog(1/o)
o |lull* > Cn*log(n/s)

o d > Cnllu||l* (high dim. setting)
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data 1s uniform mixture

ata
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What about the Test Error?

VWant to stuc

over

Skewed data with | P | > | AN |, with 7 =

lest

y the generalization error in the

barameterized regime with distribution shift

Assumptions on the ¢

e n> Clog(1/o)
o |lull® > Cn”log(n/é)

o d > Cnllu||l* (high dim. setting)

| 7|
|

data 1s uniform mixture

ata

Set welghts as w, = {

23

(majority class, +1)

Vi (X ~ N(/’tlal»

(or any subgaussian dist.)

N

(minority class, -1)
(C. & Long 2020, Cao et al. 2021)

1
w > 1

fie P

fie N
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Test Error of the Poly-tailed Classifiers o2) ~

Theorem: There exists a constant ¢ such that for all large enough C,

for any 6 < 1/C, if the weight 77
7 <w< 27:3

then with probabillity at least 1 — 0

> OO

Jd Vd

(minimax optimal,
Giraud and Verzelen 2019)

N ull? RVt
TestError(f,) < exp <_M)ﬁ 0 if v 2

Further; if the imbalance 7 s sufficiently large then w.p. at least 1 — o
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Separation between poly-tailed and exp-tailed classifiers

1, 1
Example setting: ® H//iH2 = d27 %

o | N | =ds

3
o 7 = (20

As d — oo TestError(Gyw) =

(whp)

2 > TestError(6,) — 0O

(IW exp-tailed classifier) (IW poly-tailed classifier)
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Separation between poly-tailed and exp-tailed classifiers

1, 1
Example setting: ® H//iH2 = d27 %

1
* | W] =d5
® T = dzio
1
As d = o0 TestError(Gyn) = 2 > TestError(6,) — 0O
(w.hp.)
(IW exp-tailed classifier) (IW poly-tailed classifier)

Importance welighted poly-tailed classifier provably generalizes better
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Why this choice of weight w!

Theorem: There exists a constant ¢ such that for all large enough C,

for any 6 < 1/C, if the weight 3
7 <w< 27:3

then with probabillity at least 1 — 0

TestError(6,) < exp (— y

~urther, If the imbalance 7 1s sufficiently large then w.

1

c\/tfuwn“)

d.atleast 1 — o
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3

¢ 3
TSWSZT

[his choice Is unusual since the resulting loss Is biased

Classical choice w = 7 leads to unbiased training loss

1 a(a +2)

Nothing special about 7, if L(z) ~ —, then w < 7e?+a-1
<
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Exponentiate the weights and train on biased loss

max. margin & no W
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Test Error vs. Imbalance Ratio (7) Test Error vs. Importance Weight (w = 77)
10 w— 1 g 25 mofem N ajority Class
* w=T ; =)= Minority Class
§ : = =7 § 20 =sfe= Overall
:5—/ 6 b Max-margin < classic W é 15
= W = 7T =
[ ]
X O
— -
2 3
2 4 0 3 10 12
[mbalance Ratio (7)
low error when w = 7° classic Ww =7 low test error at w = 77

In the overparameterized regime, exponentiating welights hel
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Loss Ratio Bound

L.

Step Z: Bound on the normalized margins by tracking rterates of GD

(5))2 1 ($)\2
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Step Z: Bound on the normalized margins by tracking rterates of GD
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Step Z: Bound on the normalized margins by tracking rterates of GD
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Loss Ratio Bound
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e Robustness interventions behave differently in the interpolation regime

Cross Entropy: No IW Cross Entropy: IW Poly-tailed Loss: No IW Poly-tailed Loss: IW

e (areful theoretical analysis leads us to new non-inturtive interventions

Test Error vs. Imbalance Ratio (7)
10 w=1
- =
* w=T1°
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Test Error (%)

S N O O
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Imbalance Ratio (7)
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s sparsity incompatible with interpolation?

Training / Test Error

ResNet20 trained on CIFARITO
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Sparsity seems to hurt the test error
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Q: How does the excess risk of a sparse interpolator behave!
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Construction for the Lower bound

Given n datapoints, (x;, y;), ..., (X, y,), where x; € R% and y, = (x,, 0*) + &,

Under the following assumptions:

(k, €) Model

/1]{+1:“‘:/1d:€

y Ikxk 0
3. The true model 8% is k-sparse 10 el

|. The coordinates of x drawn from N(0,2)

2. The noise drawn independently & ~ N(0,6?)
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Lower bound for Any Sparse Linear Interpolator

Theorem: For any o € (0,1/2) if
9 Z ”H*H, d Z nand n Z logz(l/ﬁ) + k1+C

then with probability 1 — o, any s-sparse interpolator 0, satisfies

azn

s log2(d/s)

R(G,) := 116, - 0|15 2

(Similar bound in the isotropic case by Muthukumar et al. 2020)
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What about the Min £’;-norm Interpolant?

Sparsity |
BasIs
k < n < d
Gzn > 62 > 0'27’1
klog2(d/n) log(d/n) d

39

ursurit out

RO, 2

DUTS 71-S

DAI'SE MOC

02

log?(d/n)

el a.s.

(0, = argmin [|6],,st. y = X0)

9cR¢
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What about the Min Z;-norm Interpolant?
Why s this bad?

Consider the case where ® Ot ﬁ
o d=n"
e £=1/n"

¢ o2 =0*|2 =1

1 1
o) ren-a()

(Bartlett et al. 2019) Dense Min. £,-norm (OLS) Sparse Min. £ {-norm (BP)

Exponential Slowdown!




What about the Min Z;-norm Interpolant?

Consic

(Bartlett et al. 2019)

VWhy Is this bad:

er the case where

1

n

Dense Min. £,-norm (OLS)

Ex

bonentlal Slowc

39

?

k=1/n
d = n”
e=1/n?

o> = [|0*]> =1

1
Rbe) =55 (logzn)

Sparse Min. £ {-norm (BP)

own!

Nearly matching upper bounds
(Koehler et al., Wang et al., Li and Weil 2021,
Donhauser et al. 202 1)



Intuition

40



Intuition

Energy of the noise scales as ||y||* > ¢°n

40



Intuition

Energy of the noise scales as ||y||* > ¢°n

Dense Inter

bolators like the OLS can s

40

DIFrEeadcC

this over d ¢

rections



Intuition

Energy of the noise scales as ||y||* > ¢°n

Dense interpolators like the OLS can spread this over d directions

X117 XYk X1k+1r 0t Xig 0,

v = X0 = Xop 0 Xk Xoppr o Xog| | O

Anl 7 Xk Akl Tt And Qd

40



Intuition

Energy of the noise scales as ||y||* > ¢°n

Dense interpolators like the OLS can spread this over d directions

A1 XMk Mkl 0t X1d 0,
v = X0 = Xo1 ot Xop Xopy1 o Xoq| | 65
Anl 7 Xk Mkl 0t Xud Qd

Including many unimportant directions

40
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Energy of the noise scales as ||y||* > ¢°n

Dense interpolators like the OLS can s

DIFrEeadcC

X1k *k+1
Xk X2k+1

Ak Xnk+1

this over d ¢
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However, s

INg many unimportant c

barse estimators like BP can only s

rections
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|. Importance Weighting with Interpolators

 Robustness interventions behave differently in the interpolation regime

e (areful theoretical analysis leads us to new non-inturtive interventions

2. Sparsity and Interpolation

* Are other properties are aligned/misaligned with generalization?

e (an we analyze NINs and also understand it sparsity 1s harmful?
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