
Bickel’s Influence on My Career

Celebrate Peter’s 82nd birthday!
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• Covariance Matrix Estimation

• Network Analysis

• Variational Inference
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Covariance Matrix Estimation

The Faculty Club
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Bandable Covariance Matrix Estimation

Model: Let X1, . . . ,Xn be iid N(0,Σp×p).

Goal: Estimate Σp×p under the spectral norm.

Parameter space: For Σ = (σij)1≤i,j≤p, assume that

|σij| ≤ M (|i− j|+ 1)−(α+1)

for some α > 0 and M > 0.

Note that for all k,

max
i

∑
j

|σij|I {|i− j| > k} ≤ Ck−α.
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Banding Estimation

Sample covariance:

Σ̃ = (σ̃ij)1≤i,j≤p =
1

n− 1

n∑
l=1

(
Xl − X̄

) (
Xl − X̄

)T
which is an unbiased estimator of Σ = (σij)1≤i,j≤p.

Banding estimator: Bickel and Levina (2008a)

Σ̂ = (σ̃ijI {|i− j| ≤ k})p×p .
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Bickel and Levina (2008a): A Fascinating Rate

Analysis: Bound the spectral norm by the matrix l1 norm

E
∥∥∥Σ̂− Σ

∥∥∥2
1

≤ 2E
∥∥∥Σ̂− EΣ̂

∥∥∥2
1
+ 2

∥∥∥EΣ̂− Σ
∥∥∥2
1

≲ k2 log p

n
+ k−2α.

Rate of convergence: Set k = ( n
log p

)
1

2+2α . We have

E
∥∥∥Σ̂− Σ

∥∥∥2
1
≲
(
log p

n

) α
α+1

= o(1),

as long as log p = o(n).

Remark: ∥A∥2 ≤ ∥A∥1 = maxj
∑

i |aij|, for A symmetric.
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Our Follow-up: Optimality of Banding Estimation

Upper bound:

E
∥∥∥Σ̂− Σ

∥∥∥2
2

≤ 2E
∥∥∥Σ̂− EΣ̂

∥∥∥2
2
+ 2

∥∥∥EΣ̂− Σ
∥∥∥2
1

≲ k

n
+

log p

n
+ k−2α.

Lower bound: Assouad and Le Cam

Reference: Cai, Zhang, Z. (2010)

8



9



Bickel and Levina (2008b)

Parameter space:

max
j

∑
i

I(σij ̸= 0) ≤ s, max
i

σii ≤ M.

Thresholding estimation:

σ̂i,j = σ̃i,jI(|σ̃i,j| > λ), with λ = c

√
log p

n
.

Upper bound:

E
∥∥∥Σ̂− Σ

∥∥∥
2

≤ E
∥∥∥Σ̂− Σ

∥∥∥
1

≲ s

√
log p

n
.
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Our Follow-up: Optimality of Thresholding Estimation

Lower bound: Assouad – Le Cam

Reference: Cai, Z. (2012) for s relatively small.
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Our Other Follow-ups

• Inference for Gaussian graphical model: Ren, Sun, Zhang, Z. (2015)

• PCA and CCA: Gao, Ma, Z. (2017)

• Bayesian estimation: Gao, Z. (2015, 2016)
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Network Analysis
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Model: 2 Communities

Partition:

z : {1, 2, ..., n} → {1, 2},

where z(i)’s are i.i.d. Bernoulli(π).

Observation: The adjacency matrix A is

Aij ∼ Bernoulli(pij), independent, for i > j

with pij = a if z(i) = z(j), and pij = b otherwise, where a > b.

Remark: All optimality results stated can be extended to k-community case.
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Questions

Global parameters estimation: π, a, and b.

Graphon estimation: P = (pij).

Community detection and spectral clustering: z.
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Global Parameters Estimation
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Global Parameters Estimation

Global parameters estimation:

Under an assumption a
b
≥ 1 + c for some fixed constant c > 0, b ≍ 1, and

π ̸= 1/2, we have

E(â− a)2 ≲ 1

n
.
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Graphon Estimation

Graphon estimation:

E
1

n2
∥P̂ − P∥2F ≲ n

n2
=

1

n
.

Global parameters estimation as a corollary:

E(â− a)2 ≲ 1

n
,

without the assumption a
b
≥ 1 + c for some fixed constant c > 0, b ≍ 1, and

π ̸= 1/2.

Reference: Gao, Yu, Z. (2015)
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An Unpublished Result

Global parameters estimation: Bickel, Feng, Z.

Under an assumption a
b
≥ 1 + c for some fixed constant c > 0, b ≍ 1, and

π ̸= 1/2, we have

E(â− a)2 ≲ 1

n2
.
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Community Detection

Optimality: Under the assumption nI → ∞,

inf
ẑ
sup
Θ

EL(ẑ, z) = exp (−(1 + o(1))nI/2) .

Key quantity:

I = −2 log
(√

a
√
b+

√
1− a

√
1− b

)
.

Remark: L(ẑ, z) is the proportion of mislabeling.

Reference: Zhang and Z. (2016).
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Our Other Follow-ups

• Community detection and spectral clustering: Gao, Ma, Zhang, Z.

(2017, 2018).

• Bayesian estimation: Gao, van der Vaart, Z. (2020)
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Variational Inference
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Bayesian Framework

Likelihood function:

L(A|Z) =
∏
i<j

P
Ai,j

i,j (1− Pi,j)
1−Ai,j .

Multinomial prior:

P(Zi,· = em) = ρm,∀m = 1, 2,

where {e1, e2} are the coordinate vectors.

Posterior:

p(Z|A) = p(Z,A)∫
Z
p(Z,A)

,

which is computationally intractable.
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Mean Field Method

Basic idea:

Approximate p(Z|A) by a product distribution qπ(Z) =
∏

i qπi,·(Zi) in terms of

KL(qπ(Z)∥p(Z|A)), where

P(Zi,· = em) = πi,m,∀m = 1, 2,
∑
m

πi,m = 1

Mean field method:

q̂MF : π̂MF = argmin
π∈Π1

KL(qπ(Z)∥p(Z|A)),

where Π1 = {π ∈ [0, 1]n×2, ∥πi,·∥1 = 1}.

Remark: The objective is not convex in π:

π̂MF = argmax
π∈Π1

⟨A+ λIn − λ1n1
T
n , ππ

T ⟩ − 1

t

n∑
i=1

KL(πi,·∥ρ),

where λ = log 1−b
1−a

/ log a(1−b)
b(1−a)

and t = 1
2
log a(1−b)

b(1−a)
.
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Batch Coordinate Ascent Variational Inference (BCAVI)

CAVI: For any π ∈ Π1, we have

[h(π)]i,m ∝ ρm exp

(
2t
∑
j ̸=i

πj,m (Ai,j − λ)

)
.

Batch coordinate ascent variational inference (BCAVI):

Input: Initializer π̂0, prior ρ, adjacency matrix A and parameter λ

Output: π̂

1 Denote π̂(0) = π̂0;

2 Start from s = 0, do it recursively π̂(s+1) = h(π̂(s)).

Computational and statistical guarantees: Rate optimal after an order of

log n steps if the error of initializer is smaller than 1/2− ϵ, for some fixed ϵ > 0.

Reference: Zhang and Z. (2020).
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Global Convergence of EM with Random Initialization

• Two-component Gaussian mixtures: Wu, Z. (2022)

• General Gaussian mixtures (ongoing): Overparametrization +

Optimal transport
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Summary

• Covariance Matrix Estimation

• Network Analysis

• Variational Inference

In the past 10 to 15 years, we have been following some of Peter’s

groundbreaking ideas very closely, and will continue to do so.
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