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What if?

• What if I had jumped?
• What if Oswald had not killed Kennedy?
• Given that the patient died, what if they had 

not been given the treatment?
• What if we stopped emitting greenhouse 

gases?
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Similarity analysis of counterfactuals

- Lewis [2] “Analysis 2” (see also Stalnaker [1]):

“A counterfactual ‘If it were that A, then it would be that C’ is (non-
vacuously) true if and only if some (accessible) world where both A and C 
are true is more similar to our actual world, overall, than is any world 
where A is true but C is false”.

“Counterfactuals are infected with vagueness… We ordinarily resolve the 
vagueness of counterfactuals in such a way that counterfactual 
dependence is asymmetric”.
à System of priorities to resolve vagueness.
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Counterfactuals and causation

• Hume [4]: “We may define a cause to be an object followed by another, 
and where all the objects similar to the first, are followed by objects 
similar to the second. Or, in other words, where, if the first object had not 
been, the second never had existed.”

• Lewis [5]: counterfactual analysis of causation
– “I take Hume’s second definition as my definition not of causation 

itself, but of causal dependence among actual events”
– assumes determinism, as does his theory of counterfactuals
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[4] D. Hume, An Enquiry concerning Human Understanding, Section VII (1748).
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Pearl’s 
ladder of 
causation
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Level 1 - Association

• Bayesian networks
– Directed Acyclic Graphs (DAGs)

Markov condition: 𝑃 𝑋!, … , 𝑋" = ∏#𝑃(𝑋#|𝑃𝑎(𝑋#))

– E.g.:

P(A,B,C) = P(A|C)P(B|C)P(C)                    P(A,B,C) = P(B|A,C)P(A)P(C)
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Level 2 - Intervention

• Causal Bayesian networks 
– Oracle for interventions

do-intervention:
𝑃$% &'( 𝐴, 𝐵, 𝐶, 𝐷 = 𝑃 𝐷 𝐴 = 𝑎, 𝐵 𝑃 𝐵 𝐶 𝑃(𝐶)
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Level 3 - Counterfactuals

• (Probabilistic) Structural Causal Model

– DAG G
– Endogenous variables V={V1,…,Vn}
– Exogenous variables U
– Functions 𝑣! = 𝑓! 𝑝𝑎!, 𝑢! !

– Probability P(u)
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Pearl’s three-step algorithm for counterfactuals

Given evidence e, what is the probability that Y would have been y 
had X been x? 

1. Abduction
– Update P(u) by the evidence e to obtain P(u|e)

2. Action 
– Replace the equations for the variables in X by X=x. (do(X=x))

3. Prediction
– Compute the probability P(Y=y) using the modified model.
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J. Pearl, Causality: Models, Reasoning and Inference, Cambridge Univ. Press (2009) 



Quantum violations of CCMs
– Bell’s theorem
• Classical causal models + relativistic causal structure 
(+ exogenous interventions)

--> contradiction with quantum correlations
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Finely-tuned Bells

Wood and Spekkens, NJP 17, 33002 (2015): 

No classical causal model can explain all instances of bipartite
Bell nonlocality without fine-tuning.
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No fine-tuning (Faithfulness): Every conditional 
independence between variables must arise as a 
consequence of the causal graph and not due to 
special choices of causal-statistical parameters.
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EGC, Phys. Rev. X 8, 021018 (2018):

No faithful classical causal model can explain bipartite Bell 
nonlocality (or Kochen-Specker contextuality in scenarios with

two measurements per context).
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J.C Pearl and EGC, Quantum 5, 518 (2021), arXiv:1909.05434:

No faithful classical causal model can explain Bell nonlocality (or 
Kochen-Specker contextuality) in arbitrary scenarios.

Finely-tuned Bells



Quantum causal models
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• Compatible with Relativistic Causality
• Allow for causal discovery / faithfulness
• Reproduce classical causal models as a special case



Quantum causal models

• Quantum node: locus of potential interventions

– Input/output Hilbert spaces, with 

• Quantum instrument:
– Set of completely positive (CP) maps ℳ( summing to 

a completely positive trace-preserving (CPTP) map ℳ.
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• Choi-Jamiolkowski isomorphism for instruments:
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Quantum causal models



• CJ isomorphism for channels (CPTP maps) 
between nodes:
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HAin
1

<latexit sha1_base64="ziVc9S272EpYiOamgzWBhAcnrEs=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUSKuqy66bKCfUAbw2Q6aYfOZMLMRCghOzf+ihsXirj1F9z5N07SLrT1wIXDOfdy7z1BzKjSjvNtLS2vrK6tlzbKm1vbO7v23n5biURi0sKCCdkNkCKMRqSlqWakG0uCeMBIJxjf5H7ngUhFRXSnJzHxOBpGNKQYaSP59lGfIz3CiKWNzE+vfPe+ECRPRaKzzLcrTtUpABeJOyMVMEPTt7/6A4ETTiKNGVKq5zqx9lIkNcWMZOV+okiM8BgNSc/QCHGivLT4I4MnRhnAUEhTkYaF+nsiRVypCQ9MZ36kmvdy8T+vl+jw0ktpFCeaRHi6KEwY1ALmocABlQRrNjEEYUnNrRCPkERYm+jKJgR3/uVF0j6ruufV2m2tUr+exVECh+AYnAIXXIA6aIAmaAEMHsEzeAVv1pP1Yr1bH9PWJWs2cwD+wPr8AQTfmhE=</latexit>

HAout
1

<latexit sha1_base64="5aj/5Ev5Ay00MK7HuXvVPBx4nhg=">AAACB3icbVDLSsNAFJ3UV62vqEtBBovgqiSlqMuqmy4r2Ae0MUymk3boZBJmJkIJ2bnxV9y4UMStv+DOv3GSZqGtBy4czrmXe+/xIkalsqxvo7Syura+Ud6sbG3v7O6Z+wddGcYCkw4OWSj6HpKEUU46iipG+pEgKPAY6XnTm8zvPRAhacjv1CwiToDGnPoUI6Ul1zweBkhNMGJJK3WTK7d+nwsiSMJYpalrVq2alQMuE7sgVVCg7Zpfw1GI44BwhRmScmBbkXISJBTFjKSVYSxJhPAUjclAU44CIp0k/yOFp1oZQT8UuriCufp7IkGBlLPA053ZkXLRy8T/vEGs/EsnoTyKFeF4vsiPGVQhzEKBIyoIVmymCcKC6lshniCBsNLRVXQI9uLLy6Rbr9nntcZto9q8LuIogyNwAs6ADS5AE7RAG3QABo/gGbyCN+PJeDHejY95a8koZg7BHxifPwZxmhI=</latexit>

HAout
2

<latexit sha1_base64="Wue1pLQBCmToFb6512/dzGs9kPQ=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiSlqMuqmy4r2Ae0MUymk3boZBJmJkIJWbnxV9y4UMSt3+DOv3GSZqGtBwYO59zL3HO8iFGpLOvbKK2srq1vlDcrW9s7u3vm/kFXhrHApINDFoq+hyRhlJOOooqRfiQICjxGet70JvN7D0RIGvI7NYuIE6Axpz7FSGnJNY+HAVITjFjSSt3kyq3f54IIEsrT1DWrVs3KAZeJXZAqKNB2za/hKMRxQLjCDEk5sK1IOQkSimJG0sowliRCeIrGZKApRwGRTpLHSOGpVkbQD4V+XMFc/b2RoEDKWeDpyexGuehl4n/eIFb+paMDRbEiHM8/8mMGVQizTuCICoIVm2mCsKD6VognSCCsdHMVXYK9GHmZdOs1+7zWuG1Um9dFHWVwBE7AGbDBBWiCFmiDDsDgETyDV/BmPBkvxrvxMR8tGcXOIfgD4/MHEdeZhw==</latexit>

HAin
2

<latexit sha1_base64="320VPklRgEWhB8hnnEiRh3xn5cE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDrhY2S</latexit>a1

<latexit sha1_base64="Fc088v86Im6hELI3rrSiSpwc1EM="></latexit>

E : L(HAout
1

) ! L(HAin
2
)

<latexit sha1_base64="bWD2JGyhBJFZ4+he1/mEF+qp61U=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsxIUZdFEVxWsA+YDiWTZtrQTDIkGaEM/Qw3LhRx69e482/MtLPQ1gOBwzn3knNPmHCmjet+O6W19Y3NrfJ2ZWd3b/+genjU0TJVhLaJ5FL1QqwpZ4K2DTOc9hJFcRxy2g0nt7nffaJKMykezTShQYxHgkWMYGMlvx9jMyaYZ3ezQbXm1t050CrxClKDAq1B9as/lCSNqTCEY619z01MkGFlGOF0VumnmiaYTPCI+pYKHFMdZPPIM3RmlSGKpLJPGDRXf29kONZ6God2Mo+ol71c/M/zUxNdBxkTSWqoIIuPopQjI1F+PxoyRYnhU0swUcxmRWSMFSbGtlSxJXjLJ6+SzkXdu6w3Hhq15k1RRxlO4BTOwYMraMI9tKANBCQ8wyu8OcZ5cd6dj8VoySl2juEPnM8feVCRZA==</latexit>

E
<latexit sha1_base64="w7QpG1Ymij34OS87DLpTEBpfLaU="></latexit>

⇢A2|A1
=

X

i,j

E(|iihj|)Ain
2

⌦ |iiAout
1

hj|

Quantum causal models

( Compare to                                                                 ) 
<latexit sha1_base64="xxn10ceLIiGyc6Fuc9+ToyW9C4I="></latexit>

⌧a|zA =
X

i,j

Ma|z(|iihj|)TAout
⌦ |jiAinhi|



A quantum process operator 𝝈𝑨𝟏,…,𝑨𝒏 over nodes A1 , … , An is a positive 
semi-definite operator:

such that for all choices of instruments z = (z1 , … , zn) at the nodes,

Probabilities are given by the generalized Born rule:

Where we use the shorthand notation:
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Quantum causal models

<latexit sha1_base64="ey4dTWcmYxVsZXcnJjYOte6flCw="></latexit>

�A1,··· ,An 2 L(
O

i

HAin
i

⌦HAout
i

)

<latexit sha1_base64="g2GcewCbDzRK+Gez8QUBCTsBEy4="></latexit>

P (a1, · · · , an|z1, · · · , zn) = TrA1···An [�A1,··· ,An⌧
a1|z1
A1

⌦ · · ·⌦ ⌧an|zn
An

]

<latexit sha1_base64="HaLrYZJw3Wdfinct8EuC+BgTajw="></latexit>

TrA1···An [�A1,··· ,An⌧
z1
A1

⌦ · · ·⌦ ⌧znAn
] = 1

<latexit sha1_base64="e2FvQRJXlgAvTQ80K4XlMZlkYpY=">AAACJXicbVDLSgMxFM34rPVVdekmWAQXUmakqAuFVjcuK/QF7TBk0rQNzUyG5I5QhvkZN/6KGxcWEVz5K6YPobZeCDmccy/3nuNHgmuw7S9rZXVtfWMzs5Xd3tnd288dHNa1jBVlNSqFVE2faCZ4yGrAQbBmpBgJfMEa/uB+rDeemNJchlUYRswNSC/kXU4JGMrL3bQDAn0VJFWVeuVWm3YkaBff4nk+KXsJD9Nz88kY0vS3zcvl7YI9KbwMnBnIo1lVvNyo3ZE0DlgIVBCtW44dgZsQBZwKlmbbsWYRoQPSYy0DQxIw7SYTlyk+NUwHd6UyLwQ8YecnEhJoPQx80zm+XS9qY/I/rRVD99o1BqMYWEini7qxwCDxODLc4YpREEMDCFXc3IppnyhCwQSbNSE4i5aXQf2i4FwWio/FfOluFkcGHaMTdIYcdIVK6AFVUA1R9Ixe0TsaWS/Wm/VhfU5bV6zZzBH6U9b3D8wdprM=</latexit>

TrA[· · · ] = TrAin,Aout [· · · ]



A quantum causal model is specified by 

1) a DAG G with quantum nodes A1 , … , An as vertices

2) A quantum channel 𝜌&#|-((&#) for each node such that

[𝜌&#|-((&#), 𝜌&$|-((&$)] = 0 for all i, j.

The process operator is then given by 

This is the quantum causal Markov condition.

19

Quantum causal models

<latexit sha1_base64="dnRyvnk2Q2Yy2NXSCIQtGPt+7bo="></latexit>

�A1,··· ,An =
Y

i

⇢Ai|Pa(Ai).

A1

A2A3

A4



Consider the CJ operator for a unitary quantum channel

We say that A does not influence D (𝐴 ↛ 𝐷) iff for any state 𝜌0 it is not 
possible to send signals from A to D by varying 𝜌&.

20

Signalling in unitary processes

<latexit sha1_base64="1KVC7JglJn8/VbPvcqOJvxW3Ub0=">AAAB+XicbVBNT8JAEN3iF+JX1aOXjcTEE2kNUY8IHjxiYoEEarNdFtiw3W12tySk9p948aAxXv0n3vw3LtCDgi+Z5OW9mczMC2NGlXacb6uwtr6xuVXcLu3s7u0f2IdHLSUSiYmHBROyEyJFGOXE01Qz0oklQVHISDscN2Z+e0KkooI/6GlM/AgNOR1QjLSRAtvuyZEI0sbt0009e0y9LLDLTsWZA64SNydlkKMZ2F+9vsBJRLjGDCnVdZ1Y+ymSmmJGslIvUSRGeIyGpGsoRxFRfjq/PINnRunDgZCmuIZz9fdEiiKlplFoOiOkR2rZm4n/ed1ED679lPI40YTjxaJBwqAWcBYD7FNJsGZTQxCW1NwK8QhJhLUJq2RCcJdfXiWti4p7WaneV8u1eh5HEZyAU3AOXHAFauAONIEHMJiAZ/AK3qzUerHerY9Fa8HKZ47BH1ifP2A4k4E=</latexit>

⇢UCD|AB

U
A B

C D

<latexit sha1_base64="K2Doz3csYeImPCW5ArBBV7Fe/Bg=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRPJVEinqs9eKxgrWFJoTNdtMu3WTD7kYooeBf8eJBEa/+Dm/+G7dtDtr6YOHNezPM7AtTzpR2nG+rtLK6tr5R3qxsbe/s7tn7Bw9KZJLQNhFcyG6IFeUsoW3NNKfdVFIch5x2wtHN1O88UqmYSO71OKV+jAcJixjB2kiBfeTJoQiukSc0i6lCs7IZ2FWn5syAlolbkCoUaAX2l9cXJItpognHSvVcJ9V+jqVmhNNJxcsUTTEZ4QHtGZpgs8vPZ+dP0KlR+igS0rxEo5n6eyLHsVLjODSdMdZDtehNxf+8XqajKz9nSZppmpD5oijjSAs0zQL1maRE87EhmEhmbkVkiCUm2iRWMSG4i19eJg/nNfeiVr+rVxvNIo4yHMMJnIELl9CAW2hBGwjk8Ayv8GY9WS/Wu/Uxby1Zxcwh/IH1+QOQeJU+</latexit>

⇢A ⌦ ⇢B



Quantum structural models
• A quantum structural model is specified by:

1) A DAG G over a set of quantum nodes A = { A1 , … , An}
2) A set of exogenous nodes 𝜦 = {Λ!, … , Λ"}
3) A final node F (not shown in figure)
4) A 𝜌𝑨1|𝑨𝚲3 that satisfies the no-influence conditions

5) A set of preparation instruments

21

<latexit sha1_base64="hg31giffmdaH6TqdUZDO/ViriD0="></latexit>

{Aj 9 Ai}Aj /2Pa(Ai) and {⇤j 9 Ai}j 6=i

<latexit sha1_base64="9EV8/yCBUV38tOuvSLqHY8j8O7E="></latexit>

{⌧�i
⇤i
}�i ⌘ {p(�i)(⇢

�i

⇤out
i

)T ⌦ I⇤in
i
}�i A1

A2A3

A4

Λ!

Λ"
Λ#

Λ$

<latexit sha1_base64="AsSpI2ihL0Rig7RcZUPRpvF9giw=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VwVRKpj41QdOPCRQX7gCaGyWTSDp1kwsxEKKFf4sZfceNCEcGV/o3TNIK2Xhg495x7uHOPnzAqlWV9GaWFxaXllfJqZW19Y3PL3N5pS54KTFqYMy66PpKE0Zi0FFWMdBNBUOQz0vGHlxO9c0+EpDy+VaOEuBHqxzSkGClNeeaxo1B654gB95xrbQvQuSPTyHNY3sBczopu/DPjmVWrZuUF54FdgCooqumZH07AcRqRWGGGpOzZVqLcDAlFMSPjipNKkiA8RH3S0zBGEZFulp83hgeaCWDIhX6xgjn725GhSMpR5OvJCKmBnNUm5H9aL1XhmZvROEkVifF0UZgyqDicZAUDKghWbKQBwoLqv0I8QAJhpROt6BDs2ZPnQfuoZp/U6jf1auOiiKMM9sA+OAQ2OAUNcAWaoAUweABP4AW8Go/Gs/FmvE9HS0bh2QV/yvj8BmkMo0o=</latexit>

⌧⇢⇤ =
X

�

⌧�⇤ prepares state
<latexit sha1_base64="JGlVwb8rRULypU06cGsdFgOCA8M=">AAACFnicbVDNS8MwHE3n15xfVY9egkOYB0crQ70IQy8eJ7gPWGtJ03QLS9qSpMIo+yu8+K948aCIV/Hmf2O69aCbDwIv7/0eye/5CaNSWda3UVpaXlldK69XNja3tnfM3b2OjFOBSRvHLBY9H0nCaETaiipGeokgiPuMdP3Rde53H4iQNI7u1DghLkeDiIYUI6UlzzxxxDCGl9CRKfccpoMBgkmtYMcwt++z4jrxzKpVt6aAi8QuSBUUaHnmlxPEOOUkUpghKfu2lSg3Q0JRzMik4qSSJAiP0ID0NY0QJ9LNpmtN4JFWAhjGQp9Iwan6O5EhLuWY+3qSIzWU814u/uf1UxVeuBmNklSRCM8eClMGVQzzjmBABcGKjTVBWFD9V4iHSCCsdJMVXYI9v/Ii6ZzW7bN647ZRbV4VdZTBATgENWCDc9AEN6AF2gCDR/AMXsGb8WS8GO/Gx2y0ZBSZffAHxucPRvie2w==</latexit>

⇢ =
X

�

p(�)⇢�



Quantum structural models

We say that a process operator 𝜎𝑨 is compatible* with a DAG G iff
there exists a quantum structural model associated with G that 
recovers 𝜎𝑨 as a marginal:

It can be shown**  that: 

𝜎𝑨 is compatible with G ⟺𝜎𝑨 is Markov for G

22

A1

A2A3

A4

Λ!

Λ"
Λ#

Λ$

* See also slightly different definition in Barrett et al, arXiv:1906.10726.

** Follows straightforwardly from proof in Barrett et al.

<latexit sha1_base64="NtSJ6EvjWUnx4jJKk0ab+ADKGfQ="></latexit>

�A = TrFin⇤[⇢
U
AF |A⇤⌧

⇢1

⇤1
⌦ · · ·⌦ ⌧⇢n

⇤n
]



Given information about a particular set of outcomes λ = (λ1, · · · ,λn) 
for the exogenous instruments, we can define a conditional process 
operator *

This can be used to calculate the conditional probability for 
a set of outcomes a = (a1, …, an) for instruments z = (z1, …, zn), 
given λ:

where
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A1

A2A3

A4

Λ!

Λ"
Λ#

Λ$

* Following Costa and Shrapnel (2016).

<latexit sha1_base64="u3xsQXU5MpirjAxTfQNITKv3uAc="></latexit>

�
~�
A = TrFin⇤

h
⇢UAF |A⇤⌧

�1
⇤1

⌦ · · ·⌦ ⌧�n
⇤n

i

p(�1, · · · ,�n)

<latexit sha1_base64="jLES4SEu8ASLsLhdlMC5jKXmZd4="></latexit>

pz(a|~�) = TrA[�
~�
A⌧a|za ]

<latexit sha1_base64="qs7K3nGnXdC8aaV7Twsp0hjbhdM="></latexit>

⌧a|zA = ⌧a1|z1
A1

⌦ · · ·⌦ ⌧an|zn
An

Quantum structural models



Evaluation of counterfactuals

• Standard counterfactual query:

Given that the set of instruments 𝒛 = (𝑧!, … , 𝑧") has been implemented 
and outcomes a = (a1, …, an) obtained, what is the probability 𝑝𝒛5%

𝒂|7(𝒄|𝒃)
that outcomes c would have obtained for a subset of nodes C, had 
instruments 𝒛’ = (𝑧’!, … , 𝑧’") been implemented and outcomes b
obtained at nodes B?

1. Abduction
2. Action
3. Prediction.

24



Evaluation of counterfactuals

Given that the set of instruments 𝒛 = (𝑧!, … , 𝑧%) have been implemented and 
outcomes a obtained, what is the probability 𝑝𝒛!

𝒂|𝒛(𝒄|𝒃) that outcomes c would have 
obtained for a subset of nodes C, had instruments 𝒛’ = (𝑧’!, … , 𝑧’%) been 
implemented and outcomes b obtained at nodes B?

1. Abduction
- Infer “stable facts”*:
- Given observed outcomes:
- Bayesian update:

- Updated process operator:

25

<latexit sha1_base64="gmLlV+BL4l7ghxA/gkGhvxJ+oSM=">AAACC3icbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6rLoxoWLCvYBTQyTyaQdOnkwcyOU0L0bf8WNC0Xc+gPu/BunbQRtPTBwOOce7tzjp4IrsKwvo7S0vLK6Vl6vbGxube+Yu3ttlWSSshZNRCK7PlFM8Ji1gINg3VQyEvmCdfzh5cTv3DOpeBLfwihlbkT6MQ85JaAlz6w6uQMku8sdoUMB8fjYy53rH+6MPe6ZNatuTYEXiV2QGirQ9MxPJ0hoFrEYqCBK9WwrBTcnEjgVbFxxMsVSQoekz3qaxiRiys2nt4zxoVYCHCZSvxjwVP2dyEmk1Cjy9WREYKDmvYn4n9fLIDx3cx6nGbCYzhaFmcCQ4EkxOOCSURAjTQiVXP8V0wGRhIKur6JLsOdPXiTt47p9Wj+5Oak1Loo6yugAVdERstEZaqAr1EQtRNEDekIv6NV4NJ6NN+N9Nloyisw++gPj4xsdaZu9</latexit>

{⌧�i
⇤i
}i

<latexit sha1_base64="XhyvGjd0KoGyOzOfqGeYNwy7sZY=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBbBVUmkqMuqG5cV7AOaGG6m03bo5MHMRKgx4MZfceNCEbf+hDv/xmmbhbYeuJfDOfcyc48fcyaVZX0bhYXFpeWV4mppbX1jc8vc3mnKKBGENkjEI9H2QVLOQtpQTHHajgWFwOe05Q8vx37rjgrJovBGjWLqBtAPWY8RUFryzD0ndRQktyl47OHeY5mXnuvuZB7zzLJVsSbA88TOSRnlqHvml9ONSBLQUBEOUnZsK1ZuCkIxwmlWchJJYyBD6NOOpiEEVLrp5IYMH2qli3uR0BUqPFF/b6QQSDkKfD0ZgBrIWW8s/ud1EtU7c1MWxomiIZk+1Es4VhEeB4K7TFCi+EgTIILpv2IyAAFE6dhKOgR79uR50jyu2CeV6nW1XLvI4yiifXSAjpCNTlENXaE6aiCCHtEzekVvxpPxYrwbH9PRgpHv7KI/MD5/ABQGmHM=</latexit>

{⌧ai|zi
Ai

}i

<latexit sha1_base64="J/OXgapbHwYD47Ev5c1f3JFLI/E="></latexit>

pz(~�|a) =
pz(a|~�)pz(~�)

pz(a)
=

TrA
h
�
~�
A⌧a|zA

i
p(�1, · · · ,�n)

TrA
h
�A⌧a|zA

i

<latexit sha1_base64="sOjTpgqh0dr++BaTsJEIEiqBVbk="></latexit>

�a|z
A =

X

�1,··· ,�n

pz(~�|a)�
~�
A

* Di Biagio and Rovelli, Foundations of Physics 51, 30 (2021)



Evaluation of counterfactuals

Given that the set of instruments 𝒛 = (𝑧!, … , 𝑧%) have been implemented and 
outcomes a obtained, what is the probability 𝑝𝒛!

𝒂|𝒛(𝒄|𝒃) that outcomes c would have 
obtained for a subset of nodes C, had instruments 𝒛’ = (𝑧’!, … , 𝑧’%) been 
implemented and outcomes b obtained at nodes B?

2. Action

- Change instruments to

- Some may be do-interventions:
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<latexit sha1_base64="mhEwh8lzICmK27Yv6gOcU8R/BTw=">AAACAHicbVC7TsMwFHV4lvIKMDCwWFQIpipBFTAWWBiLRB9SEyLHdVqrzkP2DVKJsvArLAwgxMpnsPE3uG0GaDnSvTo6517Z9/iJ4Aos69tYWFxaXlktrZXXNza3ts2d3ZaKU0lZk8Yilh2fKCZ4xJrAQbBOIhkJfcHa/vB67LcfmFQ8ju5glDA3JP2IB5wS0JJn7juZAyS9zx6PPZ572aXuTu5xz6xYVWsCPE/sglRQgYZnfjm9mKYhi4AKolTXthJwMyKBU8HyspMqlhA6JH3W1TQiIVNuNjkgx0da6eEglroiwBP190ZGQqVGoa8nQwIDNeuNxf+8bgrBhZvxKEmBRXT6UJAKDDEep4F7XDIKYqQJoZLrv2I6IJJQ0JmVdQj27MnzpHVatc+qtdtapX5VxFFCB+gQnSAbnaM6ukEN1EQU5egZvaI348l4Md6Nj+noglHs7KE/MD5/AEBxltc=</latexit>

{⌧z
0
i

Ai
}i

<latexit sha1_base64="H8RCjTxcXz4Mr5ADE4SBdGGjGiU="></latexit>

⌧do(⇢)A ⌘ (⇢Aout)
T ⌦ IAin



Evaluation of counterfactuals

Given that the set of instruments 𝒛 = (𝑧!, … , 𝑧%) have been implemented and 
outcomes a obtained, what is the probability 𝑝𝒛!

𝒂|𝒛(𝒄|𝒃) that outcomes c would have 
obtained for a subset of nodes C, had instruments 𝒛’ = (𝑧’!, … , 𝑧’%) been 
implemented and outcomes b obtained at nodes B?

2. Prediction

where
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Interpretation of counterfactual queries
• Classical structural model:

– All endogenous variables determined by background variables u.
⟹ The only way the antecedent could have been different, while keeping 
u fixed, is if some intervention had occurred.
“To model an action do(X = x) one performs a “minisurgery” on the causal model, that is, a 
minimal change necessary for establishing the antecedent X = x, while leaving the rest of 
the model intact… This mini-surgery (not unlike Lewis’s “little miracle”), makes precise the 
idea of using a “minimal deviation from actuality” to define counterfactuals.” [J. Pearl, 
Causal and Counterfactual Inference, TECHNICAL REPORT R-485 (2019)]

• Quantum structural model:
– Complete knowledge of the exogenous variables 𝜆 does not in 

general determine all instrument outcomes.
⟹ The antecedent could have been different, even keeping all 𝜆′𝑠 fixed 
and the rest of the model intact, if z = z’ and
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Interpretation of counterfactual queries
• Passive counterfactuals

The antecedent could have been different, even keeping all 𝜆′𝑠 fixed and the rest of 
the model intact, if z = z’ and

– E.g. 

• 𝜏& = {'( 0 &!"# ⊗ 𝕀&$%,
'
( 1 &!"# ⊗ 𝕀&$%}

• 𝜏) = { + )!"# ⊗ + )$%, − )!"# ⊗ − )$%}

• 𝜏* = { + *!"# ⊗ + *$%, − *!"# ⊗ − *$%}

• 𝜌+,|+&. = 𝜌,|+/0 𝜌+|&/0

• Q: Given that b = +, what’s the probability that c = + had it been that b = - ?

– 𝑝𝒛 𝜆 𝑏 = + > 0 for all 𝜆,  𝑝𝒛 𝑏 = + 𝜆 > 0 for all 𝜆.

– Answer to passive CF query: 𝑝𝒛
#$%|𝒛 𝑐 = + 𝑏 = − = 0.
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Interpretation of counterfactual queries
• Active counterfactuals

Not
E.g.:

• 𝜏& = {'( + &!"# ⊗ 𝕀&$%,
'
( − &!"# ⊗ 𝕀&$%}

• 𝜏) = { + )!"# ⊗ + )$%, − )!"# ⊗ − )$%}

• 𝜏* = { + *!"# ⊗ + *$%, − *!"# ⊗ − *$%}

• 𝜌+,|+&
. = 𝜌,|+

/0 𝜌+|&
/0

• Q: Given that b = +, what’s the probability that c = + had it been that b = -?
𝑝𝒛 𝜆 = − 𝑏 = + = 0 ,  𝑝𝒛 𝑏 = − 𝜆 = + = 0.

– The only way to accommodate the antecedent is via an intervention. We use the do-
intervention:

– Answer to active CF query: 𝑝02 345
346 (𝑐 = +) = 0.
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Passive vs Active?

• Principle of Similarity:

If it is ambiguous whether a CF query is intended as a passive or active CF 
and it can be interpreted passively, then it should be interpreted as a 
passive CF query.

• “minimal modification”, “closest possible world”
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• Example: Bell scenario

• 𝜏* = Φ6
*!"# ⊗ 𝕀*$% , where Φ6 = 77 6|''⟩

√(

• 𝜌:+|,
. = 𝜌:|,

/0 𝜌+|,
/0

• 𝜏; = { 0 ;!"# ⊗ 0 ;$%, 1 ;!"# ⊗ 1 ;$%}

• 𝜏) = { 0 )!"# ⊗ 0 )$%, 1 )!"# ⊗ 1 )$%}

Q: Given that a = 0, what’s the probability that b = 1 had it been that a = 1?

• Principle of similarity à interpret as a passive CF.
– Ans.: 𝑝𝒛<47 𝑏 = 1 𝑎 = 1 = 1

à CF dependence does not in general imply causation

• If we were to interpret as an active CF: “Given that a = 0, what’s the probability that b = 1 
had we set a = 1”?

– Ans.: 𝑝02 <4'
<47 (𝑏 = 1) = '

( = 𝑝=(𝑏 = 1)
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• “Active-observational” CF

• 𝜏' = Φ%
'!"# ⊗ 𝕀'$% , where Φ% = (( %|))⟩

√,

• 𝜌-.|/0 = 𝜌-|/12 𝜌.|/12

• 𝜏3 = { 0 3!"# ⊗ 0 3$% , 1 3!"# ⊗ 1 3$%}

• 𝜏4 = { 0 4!"# ⊗ 0 4$% , 1 4!"# ⊗ 1 4$%}

• 𝜏′3 = { + 3!"# ⊗ + 3$% , − 3!"# ⊗ − 3$%}

Q: What’s the probability that b = 1 had it been that a = 1?
– Ans.: 𝑝𝒛 𝑏 = 1 𝑎 = 1 = 1

Q: What’s the probability that b = 1 had it been that a = +?
– Ans.: 𝑝𝒛& 𝑏 = 1 𝑎 = + = )

,

Q: What’s the probability that b = 1 had instrument 𝜏-5 been used?
– Ans.: 𝑝𝒛& 𝑏 = 1 = )

,
= 𝑝𝒛 𝑏 = 1

à Conditioning on outcomes can create CF dependence without causal 
dependence, if the CF instrument does not block the input to the node (as in a 
do-intervention). 
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Summary

• Defined a quantum structural model
• Semantics for counterfactuals
• CF dependence and causation
– CF dependence may occur without causation
– CF dependence is associated with causal 

dependence only for active CFs
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Limitations
• Not intended as a general theory of counterfactuals

• Different interpretations of QM would give different answers
– E.g. Bohmian mechanics

• QCMs do not resolve the measurement problem*
– Classical and quantum causal models are both effective theories, pragmatically useful at 

different levels of description:
Classical causal models à Classical limit
Quantum causal models à Fixed Heisenberg cut
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* EGC, J. Phys.: Conf. Ser. 701 012002, arXiv:1602.07404
Bong et al, A strong no-go theorem on the Wigner’s friend paradox, Nature Physics 16, 1199–1205 (2020)], arXiv:1907.05607
EGC, H. Wiseman, Implications of Local Friendliness violation for quantum causality, Entropy 2021, 23(8), 925 arXiv:2106.04065
https://www.youtube.com/watch?v=4KKZzqTmqBE

https://www.youtube.com/watch?v=4KKZzqTmqBE


Further questions

• Violations of “Counterfactual definiteness”

• More interesting applications? 
– E.g. cryptographic scenarios: “Would I have 

observed something different had there been an 
eavesdropper?”

– More general causal networks
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