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Minimax Optimization

min ma; T
mip max o(x,y)

Wide applications: game theory, reinforcement learning, robust optimization, and GANs, etc.
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Problem Class, Oracles, Complexity
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Smooth Minimax Optimization

mll’l ma X
min max o, y)

» Problem Class: F(Ly, Ly, Loy, fia; fby)

» Smoothness constants: for all &, z1,22 € X, y,y1,y2 € V:

IVed(1,y) = Vad(z2,y)|| < Lallzr = 225 [[Vyd(a1,y) = Vyd(@2,y)|| < Layller — zo
IVad(z,y1) = Vad(@, y2)ll < Layllyr — v2ll; [Vyd(, y1) = Vyd(, y2)ll < Lyllyr — v2ll

» Convexity constants: for all x,x1,22 € X, y,y1,y2 € V:

pal|zr = xa| < Vad(z1,y) = Vad(z2,9)ll; - pyllyr — v2ll < [Vyo(z,v1) = Vyod(z, yo)

e Ly > 0, strongly convex; u, = 0, convex; pu, < 0, weakly convex
e 1, > 0, strongly concave; i, = 0, concave; p, < 0, weakly concave
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Critical Regimes

Convex-Concave (C-C)
Strongly-Convex-Strongly-Concave (SC-SC)
(Extensive literature)
Strongly-Convex-Concave (SC-C)
[The+19; LJJ20b; WL20; Yan+20] ...
Nonconvex-Strongly-Concave (NC-SC)
[LJJ20a; LJJ20b; Zha+21; Li21] ...
Nonconvex-Concave (NC-C)

[The+19; LJJ20a; LJJ20b; OLR20; Yan+20] ...
Nonconvex-Nonconcave (NC-NC)
[Lin+18; DP18; FR20; JNJ20; DSZ21] ...
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The Classical (Balanced) Setting

» Balanced setting: iz =ty == >0, Ly=Ly=Lgy:=1L

» Variational inequalities with p-strongly-montone and L-Lipschitz operator F':

VI(Z,F) Find z* € Z : (F(z*),z—2") >0,Vz € Z
Z =X xYand F(z = [z;9]) = [Vad(z,9); =Vyo(2,y)]

> Lower bound [NY83]: O(&log 1) if p>0and O(%) if p=0
» Optimal first-order algorithms:
— Extragradient method (EG) [Kor76]: zt+1 = 2t — NF(2¢ — nF(z:))
— Optimistic GDA [Pop80]: zt41 = 2t — N(2F (2¢) — F(2¢-1))
— Reflected-Forward-Backward Splitting [Mall5]: ze41 = 2¢ — NF (22 — 2e—1)
— Accelerated dual extrapolation (DE) [NS06]
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The (Unbalanced) Strongly-Convex-Strongly-Concave Seting

» Generic setting: F(Ly, Ly, Loy, ta, fty) With iz > 0,1, >0
» Lower bound [ZHZ19]:

L, L2 L 1
Q =4+ =4 Holog -
Bz Hafly  Hy €

» Consider the bilinear coupled minimax problem:

min max o(x,y) = f(z) + (y, Az) — h(y)

Here f(x) is py-strongly-convex and L,-smooth, and similarly for h(y), and they can only
be accessed through first-order gradient oracles. Note that L, = ||A].
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The (Unbalanced) Strongly-Convex-Strongly-Concave Seting

Method Complexity for ¢ primal-dual gap # Loops
EG/OGDA/MP /Reflective FB/DE

/ /MP/Reflective FB/ O (i) log 1 Single
[MOP20] min(pe, )
Catalyst-EG/OGDA r 1

O log = T

[Yan+20; Zha+21] ( V“w”y) & we
Relative Lipschitz MP L. Loy Ly 1 .
[CST21] O(AT;» + by + ;Ty) log = Single
Proximal Best Response ~ /L ... L, 1
[WL20] Oy + iy + i) loge - Four

L = max(Lz, Ley, Ly)
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Question

Q1: Can we close the gap?
Q2: Can we achieve it by single-loop algorithms?

Po  Hally  fhy Ho  fafly

Q( ; +y+Ly.k,gl) @(V ey Lol | Ly o 1y
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Motivation

» Why do we care about achieving optimal complexity in SC-SC setting?

» Why do we care about designing simple single-loop algorithms?
Catalyst Acceleration
<D : D
~ _—

~

~
<> | <D

[Yan+20] Yang, Zhang, Kiyavash, He. A Catalyst Framework for Minimax Optimization. NeurlPS 2020.
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Short Answer

> YES for bilinearly coupled minimax optimization (Bi-SC-SC)!
[Thekumparampil-He-Oh, AISTATS 2022] Primal-dual lifting.
i = Azx) —h
minmax ¢(x,y) = f(z) + (y, Ax) — h(y)
» Recent work: Nearly YES for separable minimax optimization!
[Jin-Sidford-Tian, ArXiv 2022]

. _ _
minmax ¢(z,y) = f(z) +g(z,y) — h(y)
» NB: distinct from existing work on linear convergence of Bi-SC-SC:

— Both f and h are proximal-friendly [CP11]
— Only h is proximal-friendly [CP16]
— Only h is strongly convex but A is full rank [DH19]
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Example: Quadratic Minimax Problems

The most prominent example is quadratic minimax problems:
minmax ¢(z,y) =z ' Br+y' Az —y' Cy
z oy

» Numerical analysis

» Constrained matrix games

> Robust least square [EGL97]

» MSPBE for policy evaluation [DH19]
>
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Inspiration I: Primal-Dual for Bilinear Problems

Consider composite blinear problems with simple terms:

mzinmyax F(z) + (y, Az) — H(y)

F,H are g, pi,-strongly convex w.r.t. Bregman divergences V., (), Vy (y) & proximal-friendly.

Primal-Dual [ |

» Can be viewed as approximation of
Uk+1 = Uk + O(yx — Yr—1) Proximal Point Algorithm

~ 1 , o
Tpyl = arg ngn <ATyk+1,x> + FV;k (z) + F(z) > |teration complexity is at most
x

o(\/‘% log ), which is optimal.

. 1 S
Yk+1 = argmyln— (Azpy1,y) + FVyk (y) + H(x)
Yy
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Inspiration Il: Primal-Dual for Convex Minimization

Consider the smooth minimization with strongly convex objective:

min f(z) <= minmax %”xHQ + (z,u) — f*(u)
where f(z) = f(z) — §llz|?, f"(u) = max, (u,z) — f(z) is the Fenchel dual.
Primal-Dual = Accelerated Gradient Descent

Vi1 = VE(ay) +0(V(zy) — V(zi_1))
i1 = (21 — 1o Vi) /(1 + nopt)
Tppr = (g + Murt1)/ (1 + M)

» Game perspective of Nesterov's
acceleration [LZ18]

> Slight variation in extrapolation
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Our Approach: Acceleration via Lifting

» Original problem of interest:

min max f(x) + (y, Az) — h(y)

» Reformulation on lifted space:

. * Hax 2
(b N = —
min, mex @, yi0,0) = [ = £1() + (u.a)+ ]

+ (y, Az)

— B2yl + (v,9) — b"(v)]

> Key feature: only bilinear coupling + proximal-friendly terms: &= -||2, £x

. ||2, i*, &h*
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Single-loop Algorithm: Lifted Primal-Dual Method

Lifted Primal-Dual (LPD)

(Tht1, Yer1) = (1 +0)(wr, yx) — O(@h—1, Yr—1)

(W1, Vrt1) = (1 4 0) (up, vi) — O(up—1,v%—1)

1 = argmin (A" Ger1 + U1, ) + |2 — 2xl* /200 + po|2]?/2
TeEX

Y+ = argmin — (A" g1 + Orr1,y) + ly — well® /2y + pyllyll?/2

w41 = argmin — (zp1,0) + £ () + Vi, (0)/7

Vg1 = argmvin— (Yrt1,v) + B (v) + va,; (v)/10
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Single-loop Algorithm: Lifted Primal-Dual Method

Simplified Implementable Lifted Primal-Dual (LPD)

Tpt1 = 2k + O (2 — 25—1)

Ukt1 = Yk + Ok (Y — Yr—1)

Vakt1 = VI(zg) +0u(V(z) — V(1))

Vyk+1 = Vh(y,)+60(Vh(y,) — Vh(y, ,))

zry1 = Pr((@r — 0o (A Grr1 + Vart1))
Yk+1 = Py((yx + 1y (ATp41 — Vye+1))
Ty = (&g + M zr1)/ (1 + 0u)

Yer = Wy Mo Yk+1) /(1 +1m0)
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Main Result for SC-SC Setting
Theorem (Informal, Bi-SC-SC [ 1)
Let kg = Ly/ie, iy = Ly/phy, kizy = | A|l/\/Bzlty. Define & = /kiz — 1+ 265y + /iy — 1.

Denote
Az, y) = Kay(pollz — |12 + pylly — y*11?).
LPD with T iterations sastisfies

A(zr,yr) < O(e™=)A(wo, Yo)
» The gradient complexity is

o2 -1+ e 1) (1)

» Optimal as it matches exactly with lower bound in [ZHZ19].
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Extension to C-SC Setting

» LPD + Smoothing: setting p,, = O(e) leads to gradient complexity of
L. A L 1
@ — + 14] +4/—2 | log <7)
€ /g€ fhy €

Near-optimal up to logarithmic term.
> LPD + Decaying Stepsize: attains (’)(

+z) convergence rate and gradient complexity of

L, A L, —
O(/7+II [ uy).
€ \/Hy€ €

Improve over O (\/% log %) achieved by Catalyst-EG/OGDA [Yan+20]
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Summary and Open Questions

Single-loop and (near-)optimal algorithm for bilinearly coupled minimax optimization in

(strongly—)convex—strongly—concave setting

Open Question: Can we extend the success to
» General non-separable minimax optimization?
» Other settings: NC-SC, NC-C?

» Stochastic and finite-sum settings?

21/35



Nonconvex-PL (NC-PL) Minimax Optimization

: , L EIF ,Y; .
xrél[gill yrgﬂ%‘i f(z,y) [F(2,y; )]

Setting:
» fis L-Lipschitz smooth

» —f(x,-) satisfies u-PL inequality, i.e., |

Vo f(x,y)|? > 2u[max, f(z,y) — f(z,y)], Yz,y.

Note 10 Plot of x~2 + 3*sin(x)*2

» Does not require concavity nor strong concavity in y. s
» PL inequality holds in many nonconvex applications

— Linear-quadratic regulator [Faz-+18];
— Over-parametrized neural networks [LZB20];

— Reinforcement learning [Mei+20]. 2
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A Single-loop Algorithm: Smoothed AGDA

Smoothed GDA

At each iteration ¢: draw two i.i.d. samples &, £&

Tiy1 = Tt — T1 [va($t7yt7§i) + (2t — 21)]
Yer1 = Y + T2V, (Ter1, Y2, E5)

Zep1 = 2 + B(Tiq1 — 2t).

» Smoothed AGDA was first introduced in [Zha+20] for deterministic nonconvex-concave

minimax problems

» Mimics the primal-dual method with stochastic gradients
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Convergence of Smoothed AGDA

Theorem (informal, | )

Under the NC-PL setting, Smoothed AGDA can find an e-stationary point with
» Deterministic case: O(re~?) iteration complexity

» Stochastic case: O(k?e~*) sample complexity

» No need for mini-batch to achieve O(e~*) complexity unlike Stoc-GDA [LJJ20a]
» Improved dependence on k compared to other single-loop algorithms

» Much weaker assumption
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NC-PL Problems: Deterministic Case

Table: Oracle complexity to find e-stationary point of ®.

Algorithms Complexity | Loops | Additional assumptions
GDA [LJJ202] O(k%Ale™?) 1 strong concavity in y
Multi-GDA [Nou-+19] O(KAleH| 2

Catalyst-AGDA[Yan +22] O(kAle™?) 2

Smoothed-AGDA [Yan+22] | O(kAle™?) 1

! The complexity is derived by translating from another stationary measure.
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NC-PL Problems: Stochastic Case

Table: Sample complexity to find e-stationary point of ®.

Algorithms Complexity | Batch size Additional assumptions
Stoc-GDA [LJJ20a] O(k3Ale™) O(e7?) strong concavity in y
Stoc-GDA [LJJ20a] O(k*Ale™?) O(1) strong concavity in y
PDSM [Guo+21] O(k3Ale™) o0(1) strong concavity in y
ALSET [CSY21] O(r*Ale™™) 0(1) strong concavity in y, Lipschitz!
Stoc-AGDA[Yan+22] O(k*Ale™™) 0(1)

Stoc-Smoothed-AGDA[Yan+22] | O(k*Ale™™) o(1)

It assumes [ is Lipschitz continuous about x and its Hessian is Lipschitz continuous.
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Toy WGAN with linear generator

> Linear generator G, ,(z) = p1 + 0z and quadratic discriminator Dy(z) = ¢1x + ¢oz?

min max E(mrealaz)ND P1Treal + ¢2x72~eal —¢1- (,u' + UZ) — ¢ - (p, + 02)2 - /\||¢||2

Hy0 1,02
(1= )2 = (Jo| = |6])? 100 Vi, 0) F(i, 0, 91, $2)11 V1. 920 F(kt, 0, 61, 62)|
10!
10°
10 107t 100
107 103 107t
a
107° 102
10-°
Jo-12] A AGDA
~M~ Smooth-AGDA 1073
1o-15] ~® Adam 1077
~#— RMSprop 10-4
0 5000 10000 15000 20000 0 5000 10000 15000 20000 0 5000 10000 15000 20000
Number of seen examples Number of seen examples Number of seen examples
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» One hidden layer neural network generator Gy and quadratic discriminator

min max E

0 91,02

1071

1072

1073

1074

Toy WGAN with Neural Generator

(b= f1)* = (lo] = |6])?

—&— AGDA

—{= Smooth-AGDA
~@— Adam

=& RMSprop

0 10000 20000 30000
Number of seen examples

10°

107t

1072

1073

[[Vo F(B, ¢1, $2)

(reats oD P1Treat + 022200 — b1 - Go(2) — d2 - (Go(2))* — Al|o|%.

0

10000 20000
Number of seen examples

30000
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Supplementary: Catalyst Acceleration

[ sc-sc | scc | NC-SC | Ncc
2 3 ‘ _
GDA O (thay o5 1) ? 0 (fc) O (L°¢e )
[FPO7] [LJJ20a] [LJJ20a]
L 3 L 7043 L2 9 2 O (L?¢*log” )
SOTA O(kmlog’t) | O(Llogt) | O(L7 e 210g? ) [LJJ20b]
(before ours) [LJJ20b] [LJJ20b] [LJJ20b] [The-+19]
L jpgt L e
Lower bound o (W o 6> ¢ <\/E) @ (%Fd) !
[zZHZ19] [HXZ21] !
Catalyst-EG/OGDA | O (L=logt) | 0(Klogl) | O(L7c?) O (L *logt)
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Proximal Best Response [WL20]

Algorithm 4 Proximal Best Response
Require: Initial point zy = [Xo;yo]
1: By  max{muy, Lxy}, My

80L?
mLSmis
2 x0<—xg,n<—,31/mx,6<— zf/%’ Mﬁ
3:fort=1,---,T do
4: (xtht) « APPA- -ABR(f(x,y) + B1x — Re-1|?, [x¢—1,¥e-1], M1)
5 Xy < X¢ + 0(x — %x-1) + 7(%; — X¢-1)
6.

_6: endfor A rithm 3 APPA-ABR
Require: g(-, -), Initial point zy = [Xo; yo), precision parameter M;

35
1: B2 + max{my, Lxy}, M3 + :Lif‘";s

2: Jo ¢ Yo, k < B2/my, 0 ZJ\/%,T(— syt €0

3: repeat

4: t—t+1

5 (%4, ¥t) <ABR(g(%,y) — Ba|ly — F1—1]|?, [Xe—1;¥1-1], 1/Ma, 281, 265, 3L, 3L)
6; Vi < ye +0(ye — yi-1) +7(¥e — Fe1

7

- until | Vg(x,, y,)|| < 2} |96 (xo, yo) |

Algorithm 1 Alternating Best Response (ABR)

Require: g(-, -), Initial point zg = [Xo; yo), precision €, parameters my, my, Ly, Ly
kx := Lyx/Mx, ky := Ly /my, T + ’Vlogz (47'2‘%)“

fort =0,---,Tdo
Run AGD on g(-, y¢) from x; for ©(y/kx In(kx)) steps to get x;11
Run AGD on —g(x¢41, -) from y; for ©(, /&y In(ky)) steps to get y; 11
end for
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