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Micro- and Macro Causal Description
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P (do(I)) = MaxEnt(I)
<latexit sha1_base64="wSAW/vVruv1EwuFm/pRjG5acwMo="></latexit>

E(J) =
1

n

X

I

P (J |do(I))

<latexit sha1_base64="y4PKKdr2cRGM6ctvBlGTYhowHog=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzZBpS6fLogjiqoJ9QDuUTJppQ5OZIckIZegvuHGhiFt/yJ1/Y6atoKIHLhzOuZd77/FjzpRG6MPKra1vbG7ltws7u3v7B8XDo46KEklom0Q8kj0fK8pZSNuaaU57saRY+Jx2/ell5nfvqVQsCu/0LKaewOOQBYxgnUlX5ZvzYbGE7GrddRsViGyEqpWasyAuQg50DMlQAiu0hsX3wSgiiaChJhwr1XdQrL0US80Ip/PCIFE0xmSKx7RvaIgFVV66uHUOz4wygkEkTYUaLtTvEykWSs2EbzoF1hP128vEv7x+ooOGl7IwTjQNyXJRkHCoI5g9DkdMUqL5zBBMJDO3QjLBEhNt4imYEL4+hf+TTsV26nbttlZqXqziyIMTcArKwAEuaIJr0AJtQMAEPIAn8GwJ69F6sV6XrTlrNXMMfsB6+wRBqY2+</latexit>

E(J)
<latexit sha1_base64="ZiJP7zst9fLYtjeA3rUqKNFvyG0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK0myHTlk43QtGNuqpga6EdSiaTaUMzD5KMUMb+hhsXirj1Z9z5N2baCip64MLhnHu59x435kwqhD6M3Mrq2vpGfrOwtb2zu1fcP+jKKBGEdkjEI9FzsaSchbSjmOK0FwuKA5fTW3dynvm3d1RIFoU3ahpTJ8CjkPmMYKWlQbt8de9F5ctTVqkMiyVk1hq23axCZCJUq9atObERsqClSYYSWKI9LL4PvIgkAQ0V4VjKvoVi5aRYKEY4nRUGiaQxJhM8on1NQxxQ6aTzm2fwRCse9COhK1Rwrn6fSHEg5TRwdWeA1Vj+9jLxL6+fKL/ppCyME0VDsljkJxyqCGYBQI8JShSfaoKJYPpWSMZYYKJ0TAUdwten8H/SrZpWw6xf10uts2UceXAEjkEZWMAGLXAB2qADCIjBA3gCz0ZiPBovxuuiNWcsZw7BDxhvn23pkKg=</latexit>

P (J |do(I = i)) vs.
Difference between effect of 

specific intervention and (maxent) 
average intervention: 

intervention distribution effect distribution



Effective Information EI

I J
[Transition Probability Matrix]

finite state space same state space as I

<latexit sha1_base64="LfCudVfwPVjW6CzGYRff08b+kec=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCuxkybWm7EYoi6EKoYGuhHUomTdvQTGZIMmItxV9x40IRt/6HO//G9CGo6IELJ+fcS+49fsSZ0gh9WImFxaXlleRqam19Y3PL3t6pqzCWhNZIyEPZ8LGinAla00xz2ogkxYHP6bU/OJn41zdUKhaKKz2MqBfgnmBdRrA2Utveq2Y6YeY8m4VH8ALfngptHm07jZx8sVQq5yByEMrnCu6UlBByoWvIBGkwR7Vtv7c6IYkDKjThWKmmiyLtjbDUjHA6TrViRSNMBrhHm4YKHFDljabbj+GhUTqwG0pTQsOp+n1ihAOlhoFvOgOs++q3NxH/8pqx7pa9ERNRrKkgs4+6MYc6hJMoYIdJSjQfGoKJZGZXSPpYYqJNYCkTwtel8H9Szzlu0SlcFtKV43kcSbAPDkAGuKAEKuAMVEENEHAHHsATeLburUfrxXqdtSas+cwu+AHr7RMocJMh</latexit>

P (do(I)) = MaxEnt(I)
<latexit sha1_base64="wSAW/vVruv1EwuFm/pRjG5acwMo="></latexit>

E(J) =
1

n

X

I

P (J |do(I))

<latexit sha1_base64="y4PKKdr2cRGM6ctvBlGTYhowHog=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzZBpS6fLogjiqoJ9QDuUTJppQ5OZIckIZegvuHGhiFt/yJ1/Y6atoKIHLhzOuZd77/FjzpRG6MPKra1vbG7ltws7u3v7B8XDo46KEklom0Q8kj0fK8pZSNuaaU57saRY+Jx2/ell5nfvqVQsCu/0LKaewOOQBYxgnUlX5ZvzYbGE7GrddRsViGyEqpWasyAuQg50DMlQAiu0hsX3wSgiiaChJhwr1XdQrL0US80Ip/PCIFE0xmSKx7RvaIgFVV66uHUOz4wygkEkTYUaLtTvEykWSs2EbzoF1hP128vEv7x+ooOGl7IwTjQNyXJRkHCoI5g9DkdMUqL5zBBMJDO3QjLBEhNt4imYEL4+hf+TTsV26nbttlZqXqziyIMTcArKwAEuaIJr0AJtQMAEPIAn8GwJ69F6sV6XrTlrNXMMfsB6+wRBqY2+</latexit>

E(J)
<latexit sha1_base64="ZiJP7zst9fLYtjeA3rUqKNFvyG0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK0myHTlk43QtGNuqpga6EdSiaTaUMzD5KMUMb+hhsXirj1Z9z5N2baCip64MLhnHu59x435kwqhD6M3Mrq2vpGfrOwtb2zu1fcP+jKKBGEdkjEI9FzsaSchbSjmOK0FwuKA5fTW3dynvm3d1RIFoU3ahpTJ8CjkPmMYKWlQbt8de9F5ctTVqkMiyVk1hq23axCZCJUq9atObERsqClSYYSWKI9LL4PvIgkAQ0V4VjKvoVi5aRYKEY4nRUGiaQxJhM8on1NQxxQ6aTzm2fwRCse9COhK1Rwrn6fSHEg5TRwdWeA1Vj+9jLxL6+fKL/ppCyME0VDsljkJxyqCGYBQI8JShSfaoKJYPpWSMZYYKJ0TAUdwten8H/SrZpWw6xf10uts2UceXAEjkEZWMAGLXAB2qADCIjBA3gCz0ZiPBovxuuiNWcsZw7BDxhvn23pkKg=</latexit>

P (J |do(I = i)) vs.
Difference between effect of 

specific intervention and (maxent) 
average intervention: 

<latexit sha1_base64="oiwe7OHcvuuUJ6KuAUiY/zd1YTQ=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8LbNJyOYY9OIxinlAsoTZyWwyZPbBzKwQlvyBFw+KePWPvPk3ziYRVLSgoajqprvLTwRXGuMPa219Y3Nru7BT3N3bPzgsHR13VJxKyto0FrHs+UQxwSPW1lwL1kskI6EvWNefXuV+955JxePoTs8S5oVkHPGAU6KNdDuYD0tlbFfrrtuoIGxjXK3UnAVxMXaQY0iOMqzQGpbeB6OYpiGLNBVEqb6DE+1lRGpOBZsXB6liCaFTMmZ9QyMSMuVli0vn6NwoIxTE0lSk0UL9PpGRUKlZ6JvOkOiJ+u3l4l9eP9VBw8t4lKSaRXS5KEgF0jHK30YjLhnVYmYIoZKbWxGdEEmoNuEUTQhfn6L/SadiO3W7dlMrNy9XcRTgFM7gAhxwoQnX0II2UAjgAZ7g2Zpaj9aL9bpsXbNWMyfwA9bbJ+wjjaM=</latexit>

} KL-divergence

intervention distribution effect distribution

<latexit sha1_base64="cz526rccf3iZVB79QCJnQ1pFXs0="></latexit>

EI(I ! J) =
X

I

P (do(I))DKL(P (J |do(I))||E(J))

*this slide has been corrected for a typo that was in the original



<latexit sha1_base64="cz526rccf3iZVB79QCJnQ1pFXs0="></latexit>

EI(I ! J) =
X

I

P (do(I))DKL(P (J |do(I))||E(J))

Effective Information EI

I J
[Transition Probability Matrix]

finite state space same state space as I

<latexit sha1_base64="LfCudVfwPVjW6CzGYRff08b+kec=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCuxkybWm7EYoi6EKoYGuhHUomTdvQTGZIMmItxV9x40IRt/6HO//G9CGo6IELJ+fcS+49fsSZ0gh9WImFxaXlleRqam19Y3PL3t6pqzCWhNZIyEPZ8LGinAla00xz2ogkxYHP6bU/OJn41zdUKhaKKz2MqBfgnmBdRrA2Utveq2Y6YeY8m4VH8ALfngptHm07jZx8sVQq5yByEMrnCu6UlBByoWvIBGkwR7Vtv7c6IYkDKjThWKmmiyLtjbDUjHA6TrViRSNMBrhHm4YKHFDljabbj+GhUTqwG0pTQsOp+n1ihAOlhoFvOgOs++q3NxH/8pqx7pa9ERNRrKkgs4+6MYc6hJMoYIdJSjQfGoKJZGZXSPpYYqJNYCkTwtel8H9Szzlu0SlcFtKV43kcSbAPDkAGuKAEKuAMVEENEHAHHsATeLburUfrxXqdtSas+cwu+AHr7RMocJMh</latexit>

P (do(I)) = MaxEnt(I)
<latexit sha1_base64="wSAW/vVruv1EwuFm/pRjG5acwMo="></latexit>

E(J) =
1

n

X

I

P (J |do(I))

<latexit sha1_base64="y4PKKdr2cRGM6ctvBlGTYhowHog=">AAAB63icdVDLSgMxFM3UV62vqks3wSLUzZBpS6fLogjiqoJ9QDuUTJppQ5OZIckIZegvuHGhiFt/yJ1/Y6atoKIHLhzOuZd77/FjzpRG6MPKra1vbG7ltws7u3v7B8XDo46KEklom0Q8kj0fK8pZSNuaaU57saRY+Jx2/ell5nfvqVQsCu/0LKaewOOQBYxgnUlX5ZvzYbGE7GrddRsViGyEqpWasyAuQg50DMlQAiu0hsX3wSgiiaChJhwr1XdQrL0US80Ip/PCIFE0xmSKx7RvaIgFVV66uHUOz4wygkEkTYUaLtTvEykWSs2EbzoF1hP128vEv7x+ooOGl7IwTjQNyXJRkHCoI5g9DkdMUqL5zBBMJDO3QjLBEhNt4imYEL4+hf+TTsV26nbttlZqXqziyIMTcArKwAEuaIJr0AJtQMAEPIAn8GwJ69F6sV6XrTlrNXMMfsB6+wRBqY2+</latexit>

E(J)
<latexit sha1_base64="ZiJP7zst9fLYtjeA3rUqKNFvyG0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK0myHTlk43QtGNuqpga6EdSiaTaUMzD5KMUMb+hhsXirj1Z9z5N2baCip64MLhnHu59x435kwqhD6M3Mrq2vpGfrOwtb2zu1fcP+jKKBGEdkjEI9FzsaSchbSjmOK0FwuKA5fTW3dynvm3d1RIFoU3ahpTJ8CjkPmMYKWlQbt8de9F5ctTVqkMiyVk1hq23axCZCJUq9atObERsqClSYYSWKI9LL4PvIgkAQ0V4VjKvoVi5aRYKEY4nRUGiaQxJhM8on1NQxxQ6aTzm2fwRCse9COhK1Rwrn6fSHEg5TRwdWeA1Vj+9jLxL6+fKL/ppCyME0VDsljkJxyqCGYBQI8JShSfaoKJYPpWSMZYYKJ0TAUdwten8H/SrZpWw6xf10uts2UceXAEjkEZWMAGLXAB2qADCIjBA3gCz0ZiPBovxuuiNWcsZw7BDxhvn23pkKg=</latexit>

P (J |do(I = i)) vs.
Difference between effect of 

specific intervention and (maxent) 
average intervention: 

<latexit sha1_base64="oiwe7OHcvuuUJ6KuAUiY/zd1YTQ=">AAAB6XicdVDLSgNBEOz1GeMr6tHLYBA8LbNJyOYY9OIxinlAsoTZyWwyZPbBzKwQlvyBFw+KePWPvPk3ziYRVLSgoajqprvLTwRXGuMPa219Y3Nru7BT3N3bPzgsHR13VJxKyto0FrHs+UQxwSPW1lwL1kskI6EvWNefXuV+955JxePoTs8S5oVkHPGAU6KNdDuYD0tlbFfrrtuoIGxjXK3UnAVxMXaQY0iOMqzQGpbeB6OYpiGLNBVEqb6DE+1lRGpOBZsXB6liCaFTMmZ9QyMSMuVli0vn6NwoIxTE0lSk0UL9PpGRUKlZ6JvOkOiJ+u3l4l9eP9VBw8t4lKSaRXS5KEgF0jHK30YjLhnVYmYIoZKbWxGdEEmoNuEUTQhfn6L/SadiO3W7dlMrNy9XcRTgFM7gAhxwoQnX0II2UAjgAZ7g2Zpaj9aL9bpsXbNWMyfwA9bbJ+wjjaM=</latexit>

} KL-divergence

intervention distribution effect distribution

<latexit sha1_base64="oYiR3nT7eEdbcKfPpzvM0qshUF4="></latexit>

EI(I ! J) = I(ImaxEnt, JE)
mutual information between 

maxEnt cause and effect

*this slide has been corrected for a typo that was in the original



<latexit sha1_base64="cz526rccf3iZVB79QCJnQ1pFXs0="></latexit>

EI(I ! J) =
X

I

P (do(I))DKL(P (J |do(I))||E(J))

What is great about Effective Information?

I J
[Transition Probability Matrix]

finite state space same state space as I

<latexit sha1_base64="oYiR3nT7eEdbcKfPpzvM0qshUF4="></latexit>

EI(I ! J) = I(ImaxEnt, JE)
mutual information between 

maxEnt cause and effect

• directed information measure (defined in terms of interventions)

• connection between causality and information theory

• explores full cause space / is independent of observed P(I)

• [core feature of characterization of consciousness in Tononi’s 
Integrated Information Theory of Consciousness]

*this slide has been corrected for a typo that was in the original



Hoel’s Causal Emergence

I J
[Transition Probability Matrix]

finite state space same state space as I

C E

coarsenings of 
state space of I

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)



Hoel’s Macro Intervention

do(I=i3)
J

[Transition Probability Matrix]

same state space as I

do(C=c) E

coarsenings of 
state space of I

do(I=i2)
do(I=i1)

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)



Hoel’s Macro Intervention

do(I=i3)
J

[Transition Probability Matrix]

same state space as I

do(C=c) E

coarsenings of 
state space of I

do
(C

)
=

1 n

X i

do
(I
)

<latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit><latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit><latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit><latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit>

do(I=i2)
do(I=i1)

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)



Causal Emergence in Hoel 2017

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

C E

I J

do
(C

)
=

1 n

X i

do
(I
)

<latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit><latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit><latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit><latexit sha1_base64="q6j6ALimnxJnrOCkM4Bhk2ZuuPE="></latexit>

<latexit sha1_base64="TZT0EfB1a5zoSb+G0qoGjwmWfdI=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVoNyXTlrYboVgEN0IF+4B2KJlM2oZmMkOSEWsp/oobF4q49T/c+TemD0FFD1w4Oedecu/xIs6URujDWlpeWV1bT2wkN7e2d3btvf2GCmNJaJ2EPJQtDyvKmaB1zTSnrUhSHHicNr1hdeo3b6hULBTXehRRN8B9wXqMYG2krn1YS/thuprJwFN4iW/PhTaPrp1C2XyxVCrnIMoilM8VnBkpIeRAx5ApUmCBWtd+7/ghiQMqNOFYqbaDIu2OsdSMcDpJdmJFI0yGuE/bhgocUOWOZ9tP4IlRfNgLpSmh4Uz9PjHGgVKjwDOdAdYD9dubin957Vj3yu6YiSjWVJD5R72YQx3CaRTQZ5ISzUeGYCKZ2RWSAZaYaBNY0oTwdSn8nzRyWaeYLVwVUpWzRRwJcASOQRo4oAQq4ALUQB0QcAcewBN4tu6tR+vFep23LlmLmQPwA9bbJxXmkxU=</latexit>

P (do(C)) = MaxEnt(C)
<latexit sha1_base64="QAyDra8oEpxkC8D7B/obqFVHS7E=">AAAB8XicdVDLSgMxFM34rPVVdekmWIR2M2Ta0umyWASXFewD26Fk0kwbmskMSUYotX/hxoUibv0bd/6NmbaCih64cDjnXu69x485UxqhD2ttfWNzazuzk93d2z84zB0dt1WUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTxqp37mjUrFI3OhpTL0QjwQLGMHaSLfNwuX9MCo0isVBLo/sctV1ayWIbITKpYqzIC5CDnQMSZEHKzQHuff+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNni4jk8N8oQBpE0JTRcqN8nZjhUahr6pjPEeqx+e6n4l9dLdFDzZkzEiaaCLBcFCYc6gun7cMgkJZpPDcFEMnMrJGMsMdEmpKwJ4etT+D9pl2ynaleuK/n6xSqODDgFZ6AAHOCCOrgCTdACBAjwAJ7As6WsR+vFel22rlmrmRPwA9bbJxDsj+M=</latexit>

P (E|do(C))

<latexit sha1_base64="GKTIomm+BreTbGw3oOt1IBtZm+g=">AAAB8XicdVDLTgIxFO3gC/GFunTTSExgQzpAGJZEN+oKEwEjENLpdKCh007ajglB/sKNC41x69+4828sDxM1epKbnJxzb+69x4850wahDye1srq2vpHezGxt7+zuZfcPWlomitAmkVyqGx9rypmgTcMMpzexojjyOW37o7OZ376jSjMprs04pr0IDwQLGcHGSreN/OV9IPMXhUI/m0PFctXzaiWIigiVSxV3TjyEXOhaMkMOLNHoZ9+7gSRJRIUhHGvdcVFsehOsDCOcTjPdRNMYkxEe0I6lAkdU9ybzi6fwxCoBDKWyJQycq98nJjjSehz5tjPCZqh/ezPxL6+TmLDWmzARJ4YKslgUJhwaCWfvw4ApSgwfW4KJYvZWSIZYYWJsSBkbwten8H/SKhXdarFyVcnVT5dxpMEROAZ54AIP1ME5aIAmIECAB/AEnh3tPDovzuuiNeUsZw7BDzhvnyHHj+4=</latexit>

P (J |do(I))
<latexit sha1_base64="KLG54q2AePSJ8kFmeOAyRMvmb1w=">AAAB73icdVDLSgMxFM34rPVVdekmWIR2M2Ta0umy6EZ3FewD2qFkMmkbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT1w4XDOvdx7jx9zpjRCH9ba+sbm1nZuJ7+7t39wWDg67qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15mfveeSsUicatnMfVCPBZsxAjWRuq1SkFUui6Xh4Uisqt1121UILIRqlZqzoK4CDnQMSRDEazQGhbeB0FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0ce8cnhslgKNImhIaLtTvEykOlZqFvukMsZ6o314m/uX1Ez1qeCkTcaKpIMtFo4RDHcHseRgwSYnmM0MwkczcCskES0y0iShvQvj6FP5POhXbqdu1m1qxebGKIwdOwRkoAQe4oAmuQAu0AQEcPIAn8GzdWY/Wi/W6bF2zVjMn4Aest0+lzY8U</latexit>

P (do(I))



Causal Emergence in Hoel 2017

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

C E

I J

<latexit sha1_base64="TZT0EfB1a5zoSb+G0qoGjwmWfdI=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVoNyXTlrYboVgEN0IF+4B2KJlM2oZmMkOSEWsp/oobF4q49T/c+TemD0FFD1w4Oedecu/xIs6URujDWlpeWV1bT2wkN7e2d3btvf2GCmNJaJ2EPJQtDyvKmaB1zTSnrUhSHHicNr1hdeo3b6hULBTXehRRN8B9wXqMYG2krn1YS/thuprJwFN4iW/PhTaPrp1C2XyxVCrnIMoilM8VnBkpIeRAx5ApUmCBWtd+7/ghiQMqNOFYqbaDIu2OsdSMcDpJdmJFI0yGuE/bhgocUOWOZ9tP4IlRfNgLpSmh4Uz9PjHGgVKjwDOdAdYD9dubin957Vj3yu6YiSjWVJD5R72YQx3CaRTQZ5ISzUeGYCKZ2RWSAZaYaBNY0oTwdSn8nzRyWaeYLVwVUpWzRRwJcASOQRo4oAQq4ALUQB0QcAcewBN4tu6tR+vFep23LlmLmQPwA9bbJxXmkxU=</latexit>

P (do(C)) = MaxEnt(C)
<latexit sha1_base64="QAyDra8oEpxkC8D7B/obqFVHS7E=">AAAB8XicdVDLSgMxFM34rPVVdekmWIR2M2Ta0umyWASXFewD26Fk0kwbmskMSUYotX/hxoUibv0bd/6NmbaCih64cDjnXu69x485UxqhD2ttfWNzazuzk93d2z84zB0dt1WUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTxqp37mjUrFI3OhpTL0QjwQLGMHaSLfNwuX9MCo0isVBLo/sctV1ayWIbITKpYqzIC5CDnQMSZEHKzQHuff+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNni4jk8N8oQBpE0JTRcqN8nZjhUahr6pjPEeqx+e6n4l9dLdFDzZkzEiaaCLBcFCYc6gun7cMgkJZpPDcFEMnMrJGMsMdEmpKwJ4etT+D9pl2ynaleuK/n6xSqODDgFZ6AAHOCCOrgCTdACBAjwAJ7As6WsR+vFel22rlmrmRPwA9bbJxDsj+M=</latexit>

P (E|do(C))

<latexit sha1_base64="GKTIomm+BreTbGw3oOt1IBtZm+g=">AAAB8XicdVDLTgIxFO3gC/GFunTTSExgQzpAGJZEN+oKEwEjENLpdKCh007ajglB/sKNC41x69+4828sDxM1epKbnJxzb+69x4850wahDye1srq2vpHezGxt7+zuZfcPWlomitAmkVyqGx9rypmgTcMMpzexojjyOW37o7OZ376jSjMprs04pr0IDwQLGcHGSreN/OV9IPMXhUI/m0PFctXzaiWIigiVSxV3TjyEXOhaMkMOLNHoZ9+7gSRJRIUhHGvdcVFsehOsDCOcTjPdRNMYkxEe0I6lAkdU9ybzi6fwxCoBDKWyJQycq98nJjjSehz5tjPCZqh/ezPxL6+TmLDWmzARJ4YKslgUJhwaCWfvw4ApSgwfW4KJYvZWSIZYYWJsSBkbwten8H/SKhXdarFyVcnVT5dxpMEROAZ54AIP1ME5aIAmIECAB/AEnh3tPDovzuuiNeUsZw7BDzhvnyHHj+4=</latexit>

P (J |do(I))
<latexit sha1_base64="KLG54q2AePSJ8kFmeOAyRMvmb1w=">AAAB73icdVDLSgMxFM34rPVVdekmWIR2M2Ta0umy6EZ3FewD2qFkMmkbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT1w4XDOvdx7jx9zpjRCH9ba+sbm1nZuJ7+7t39wWDg67qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15mfveeSsUicatnMfVCPBZsxAjWRuq1SkFUui6Xh4Uisqt1121UILIRqlZqzoK4CDnQMSRDEazQGhbeB0FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0ce8cnhslgKNImhIaLtTvEykOlZqFvukMsZ6o314m/uX1Ez1qeCkTcaKpIMtFo4RDHcHseRgwSYnmM0MwkczcCskES0y0iShvQvj6FP5POhXbqdu1m1qxebGKIwdOwRkoAQe4oAmuQAu0AQEcPIAn8GzdWY/Wi/W6bF2zVjMn4Aest0+lzY8U</latexit>

P (do(I))

mutual 
information

channel  
capacity

<latexit sha1_base64="wNqxa/N5HABReFvmpjxaILghzNo="></latexit>

⇡ max
P (I)

I(I, J) = Ch(I, J)



Causal Emergence in Hoel 2017

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

C E

I J

<latexit sha1_base64="TZT0EfB1a5zoSb+G0qoGjwmWfdI=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVoNyXTlrYboVgEN0IF+4B2KJlM2oZmMkOSEWsp/oobF4q49T/c+TemD0FFD1w4Oedecu/xIs6URujDWlpeWV1bT2wkN7e2d3btvf2GCmNJaJ2EPJQtDyvKmaB1zTSnrUhSHHicNr1hdeo3b6hULBTXehRRN8B9wXqMYG2krn1YS/thuprJwFN4iW/PhTaPrp1C2XyxVCrnIMoilM8VnBkpIeRAx5ApUmCBWtd+7/ghiQMqNOFYqbaDIu2OsdSMcDpJdmJFI0yGuE/bhgocUOWOZ9tP4IlRfNgLpSmh4Uz9PjHGgVKjwDOdAdYD9dubin957Vj3yu6YiSjWVJD5R72YQx3CaRTQZ5ISzUeGYCKZ2RWSAZaYaBNY0oTwdSn8nzRyWaeYLVwVUpWzRRwJcASOQRo4oAQq4ALUQB0QcAcewBN4tu6tR+vFep23LlmLmQPwA9bbJxXmkxU=</latexit>

P (do(C)) = MaxEnt(C)
<latexit sha1_base64="QAyDra8oEpxkC8D7B/obqFVHS7E=">AAAB8XicdVDLSgMxFM34rPVVdekmWIR2M2Ta0umyWASXFewD26Fk0kwbmskMSUYotX/hxoUibv0bd/6NmbaCih64cDjnXu69x485UxqhD2ttfWNzazuzk93d2z84zB0dt1WUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTxqp37mjUrFI3OhpTL0QjwQLGMHaSLfNwuX9MCo0isVBLo/sctV1ayWIbITKpYqzIC5CDnQMSZEHKzQHuff+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNni4jk8N8oQBpE0JTRcqN8nZjhUahr6pjPEeqx+e6n4l9dLdFDzZkzEiaaCLBcFCYc6gun7cMgkJZpPDcFEMnMrJGMsMdEmpKwJ4etT+D9pl2ynaleuK/n6xSqODDgFZ6AAHOCCOrgCTdACBAjwAJ7As6WsR+vFel22rlmrmRPwA9bbJxDsj+M=</latexit>

P (E|do(C))

<latexit sha1_base64="GKTIomm+BreTbGw3oOt1IBtZm+g=">AAAB8XicdVDLTgIxFO3gC/GFunTTSExgQzpAGJZEN+oKEwEjENLpdKCh007ajglB/sKNC41x69+4828sDxM1epKbnJxzb+69x4850wahDye1srq2vpHezGxt7+zuZfcPWlomitAmkVyqGx9rypmgTcMMpzexojjyOW37o7OZ376jSjMprs04pr0IDwQLGcHGSreN/OV9IPMXhUI/m0PFctXzaiWIigiVSxV3TjyEXOhaMkMOLNHoZ9+7gSRJRIUhHGvdcVFsehOsDCOcTjPdRNMYkxEe0I6lAkdU9ybzi6fwxCoBDKWyJQycq98nJjjSehz5tjPCZqh/ezPxL6+TmLDWmzARJ4YKslgUJhwaCWfvw4ApSgwfW4KJYvZWSIZYYWJsSBkbwten8H/SKhXdarFyVcnVT5dxpMEROAZ54AIP1ME5aIAmIECAB/AEnh3tPDovzuuiNeUsZw7BDzhvnyHHj+4=</latexit>

P (J |do(I))
<latexit sha1_base64="KLG54q2AePSJ8kFmeOAyRMvmb1w=">AAAB73icdVDLSgMxFM34rPVVdekmWIR2M2Ta0umy6EZ3FewD2qFkMmkbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT1w4XDOvdx7jx9zpjRCH9ba+sbm1nZuJ7+7t39wWDg67qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15mfveeSsUicatnMfVCPBZsxAjWRuq1SkFUui6Xh4Uisqt1121UILIRqlZqzoK4CDnQMSRDEazQGhbeB0FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0ce8cnhslgKNImhIaLtTvEykOlZqFvukMsZ6o314m/uX1Ez1qeCkTcaKpIMtFo4RDHcHseRgwSYnmM0MwkczcCskES0y0iShvQvj6FP5POhXbqdu1m1qxebGKIwdOwRkoAQe4oAmuQAu0AQEcPIAn8GzdWY/Wi/W6bF2zVjMn4Aest0+lzY8U</latexit>

P (do(I))

mutual 
information

channel  
capacity

causal  
capacity

<latexit sha1_base64="wNqxa/N5HABReFvmpjxaILghzNo="></latexit>

⇡ max
P (I)

I(I, J) = Ch(I, J)



Causal Emergence in Hoel 2017

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

C E

I J

<latexit sha1_base64="TZT0EfB1a5zoSb+G0qoGjwmWfdI=">AAAB/XicdVDLSgMxFM34rPU1PnZugkVoNyXTlrYboVgEN0IF+4B2KJlM2oZmMkOSEWsp/oobF4q49T/c+TemD0FFD1w4Oedecu/xIs6URujDWlpeWV1bT2wkN7e2d3btvf2GCmNJaJ2EPJQtDyvKmaB1zTSnrUhSHHicNr1hdeo3b6hULBTXehRRN8B9wXqMYG2krn1YS/thuprJwFN4iW/PhTaPrp1C2XyxVCrnIMoilM8VnBkpIeRAx5ApUmCBWtd+7/ghiQMqNOFYqbaDIu2OsdSMcDpJdmJFI0yGuE/bhgocUOWOZ9tP4IlRfNgLpSmh4Uz9PjHGgVKjwDOdAdYD9dubin957Vj3yu6YiSjWVJD5R72YQx3CaRTQZ5ISzUeGYCKZ2RWSAZaYaBNY0oTwdSn8nzRyWaeYLVwVUpWzRRwJcASOQRo4oAQq4ALUQB0QcAcewBN4tu6tR+vFep23LlmLmQPwA9bbJxXmkxU=</latexit>

P (do(C)) = MaxEnt(C)
<latexit sha1_base64="QAyDra8oEpxkC8D7B/obqFVHS7E=">AAAB8XicdVDLSgMxFM34rPVVdekmWIR2M2Ta0umyWASXFewD26Fk0kwbmskMSUYotX/hxoUibv0bd/6NmbaCih64cDjnXu69x485UxqhD2ttfWNzazuzk93d2z84zB0dt1WUSEJbJOKR7PpYUc4EbWmmOe3GkuLQ57TjTxqp37mjUrFI3OhpTL0QjwQLGMHaSLfNwuX9MCo0isVBLo/sctV1ayWIbITKpYqzIC5CDnQMSZEHKzQHuff+MCJJSIUmHCvVc1CsvRmWmhFO59l+omiMyQSPaM9QgUOqvNni4jk8N8oQBpE0JTRcqN8nZjhUahr6pjPEeqx+e6n4l9dLdFDzZkzEiaaCLBcFCYc6gun7cMgkJZpPDcFEMnMrJGMsMdEmpKwJ4etT+D9pl2ynaleuK/n6xSqODDgFZ6AAHOCCOrgCTdACBAjwAJ7As6WsR+vFel22rlmrmRPwA9bbJxDsj+M=</latexit>

P (E|do(C))

<latexit sha1_base64="GKTIomm+BreTbGw3oOt1IBtZm+g=">AAAB8XicdVDLTgIxFO3gC/GFunTTSExgQzpAGJZEN+oKEwEjENLpdKCh007ajglB/sKNC41x69+4828sDxM1epKbnJxzb+69x4850wahDye1srq2vpHezGxt7+zuZfcPWlomitAmkVyqGx9rypmgTcMMpzexojjyOW37o7OZ376jSjMprs04pr0IDwQLGcHGSreN/OV9IPMXhUI/m0PFctXzaiWIigiVSxV3TjyEXOhaMkMOLNHoZ9+7gSRJRIUhHGvdcVFsehOsDCOcTjPdRNMYkxEe0I6lAkdU9ybzi6fwxCoBDKWyJQycq98nJjjSehz5tjPCZqh/ezPxL6+TmLDWmzARJ4YKslgUJhwaCWfvw4ApSgwfW4KJYvZWSIZYYWJsSBkbwten8H/SKhXdarFyVcnVT5dxpMEROAZ54AIP1ME5aIAmIECAB/AEnh3tPDovzuuiNeUsZw7BDzhvnyHHj+4=</latexit>

P (J |do(I))
<latexit sha1_base64="KLG54q2AePSJ8kFmeOAyRMvmb1w=">AAAB73icdVDLSgMxFM34rPVVdekmWIR2M2Ta0umy6EZ3FewD2qFkMmkbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT1w4XDOvdx7jx9zpjRCH9ba+sbm1nZuJ7+7t39wWDg67qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15mfveeSsUicatnMfVCPBZsxAjWRuq1SkFUui6Xh4Uisqt1121UILIRqlZqzoK4CDnQMSRDEazQGhbeB0FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0ce8cnhslgKNImhIaLtTvEykOlZqFvukMsZ6o314m/uX1Ez1qeCkTcaKpIMtFo4RDHcHseRgwSYnmM0MwkczcCskES0y0iShvQvj6FP5POhXbqdu1m1qxebGKIwdOwRkoAQe4oAmuQAu0AQEcPIAn8GzdWY/Wi/W6bF2zVjMn4Aest0+lzY8U</latexit>

P (do(I))

mutual 
information

channel  
capacity

BUT, the EI-maximization is 
subject to:

• subset of possible 
intervention distributions

• identical state spaces for 
I and J that change with 
the coarsening

causal  
capacity

<latexit sha1_base64="wNqxa/N5HABReFvmpjxaILghzNo="></latexit>

⇡ max
P (I)

I(I, J) = Ch(I, J)



Example 1

I J

2

66666666664

1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
0 0 0 0 0 0 0 1

3

77777777775

<latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit><latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit><latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit><latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit>

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)



Example 1

I J

2

66666666664

1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
0 0 0 0 0 0 0 1

3

77777777775

<latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit><latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit><latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit><latexit sha1_base64="PoY7DNOdVGGKcKkL72TcOsSoL3k="></latexit>

C E
1 0
0 1

�

<latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit>

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)



Example 2

I J

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

2

66666666664

1/5 1/5 1/5 1/5 1/5 0 0 0
1/7 3/7 1/7 0 1/7 0 1/7 0
0 1/6 1/6 1/6 1/6 1/6 1/6 0
1/7 0 1/7 1/7 1/7 1/7 2/7 0
1/9 2/9 2/9 1/9 0 2/9 1/9 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/6 1/6 0 1/6 1/6 1/6 1/6 0
0 0 0 0 0 0 0 1

3

77777777775

<latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit>



Example 2

I J

C E
1 0
0 1

�

<latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit>

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

2

66666666664

1/5 1/5 1/5 1/5 1/5 0 0 0
1/7 3/7 1/7 0 1/7 0 1/7 0
0 1/6 1/6 1/6 1/6 1/6 1/6 0
1/7 0 1/7 1/7 1/7 1/7 2/7 0
1/9 2/9 2/9 1/9 0 2/9 1/9 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/6 1/6 0 1/6 1/6 1/6 1/6 0
0 0 0 0 0 0 0 1

3

77777777775

<latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit>



Example 2

I J

C E
1 0
0 1

�

<latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit>

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

2

66666666664

1/5 1/5 1/5 1/5 1/5 0 0 0
1/7 3/7 1/7 0 1/7 0 1/7 0
0 1/6 1/6 1/6 1/6 1/6 1/6 0
1/7 0 1/7 1/7 1/7 1/7 2/7 0
1/9 2/9 2/9 1/9 0 2/9 1/9 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/6 1/6 0 1/6 1/6 1/6 1/6 0
0 0 0 0 0 0 0 1

3

77777777775

<latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit>



Ambiguous Manipulation

Total Cholesterol

Heart Disease

Spirtes & Scheines (2002)



Ambiguous Manipulation

Total Cholesterol

Heart Disease
HDL

LDL

+

-

Spirtes & Scheines (2002)



Ambiguous Manipulation

Total Cholesterol

Heart Disease
HDL

LDL

+

-

• the causal effect of Total Cholesterol on Heart Disease is 
ambiguous

➡ Total Cholesterol is over-aggregated, it cannot be described as a 
cause of Heart Disease

Spirtes & Scheines (2002)



Example 2

I J

C E
1 0
0 1

�

<latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit><latexit sha1_base64="lXf14N45DBe1a2WlN7GDjoJ4dUQ="></latexit>

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

2

66666666664

1/5 1/5 1/5 1/5 1/5 0 0 0
1/7 3/7 1/7 0 1/7 0 1/7 0
0 1/6 1/6 1/6 1/6 1/6 1/6 0
1/7 0 1/7 1/7 1/7 1/7 2/7 0
1/9 2/9 2/9 1/9 0 2/9 1/9 0
1/7 1/7 1/7 1/7 1/7 1/7 1/7 0
1/6 1/6 0 1/6 1/6 1/6 1/6 0
0 0 0 0 0 0 0 1

3

77777777775

<latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit><latexit sha1_base64="WCxAGYashQ7fQpjbXhKcdVuqQqQ="></latexit>

1/14

1/14

1/14
1/14

1/14
1/14
1/14

<latexit sha1_base64="dwGxhS5ISAkTM6HGLhkP67mopu4=">AAAB6HicdVDLSsNAFJ3UV62vqks3g0VwFSZtabosunHZgn1AGspkOmnHTiZhZiKU0C9w40IRt36SO//GSVtBRQ9cOJxzL/feEyScKY3Qh1XY2Nza3inulvb2Dw6PyscnPRWnktAuiXksBwFWlDNBu5ppTgeJpDgKOO0Hs+vc799TqVgsbvU8oX6EJ4KFjGBtpI43KleQXWu4brMKkY1QrVp3lsRFyIGOITkqYI32qPw+HMckjajQhGOlPAcl2s+w1IxwuigNU0UTTGZ4Qj1DBY6o8rPloQt4YZQxDGNpSmi4VL9PZDhSah4FpjPCeqp+e7n4l+elOmz6GRNJqqkgq0VhyqGOYf41HDNJieZzQzCRzNwKyRRLTLTJpmRC+PoU/k96Vdtp2PVOvdK6WsdRBGfgHFwCB7igBW5AG3QBARQ8gCfwbN1Zj9aL9bpqLVjrmVPwA9bbJwfrjRs=</latexit>

[
1/2

1/2
<latexit sha1_base64="KLG54q2AePSJ8kFmeOAyRMvmb1w=">AAAB73icdVDLSgMxFM34rPVVdekmWIR2M2Ta0umy6EZ3FewD2qFkMmkbmsmMSUYoQ3/CjQtF3Po77vwbM20FFT1w4XDOvdx7jx9zpjRCH9ba+sbm1nZuJ7+7t39wWDg67qgokYS2ScQj2fOxopwJ2tZMc9qLJcWhz2nXn15mfveeSsUicatnMfVCPBZsxAjWRuq1SkFUui6Xh4Uisqt1121UILIRqlZqzoK4CDnQMSRDEazQGh beB0FEkpAKTThWqu+gWHsplpoRTuf5QaJojMkUj2nfUIFDqrx0ce8cnhslgKNImhIaLtTvEykOlZqFvukMsZ6o314m/uX1Ez1qeCkTcaKpIMtFo4RDHcHseRgwSYnmM0MwkczcCskES0y0iShvQvj6FP5POhXbqdu1m1qxebGKIwdOwRkoAQe4oAmuQAu0AQEcPIAn8GzdWY/Wi/W6bF2zVjMn4Aest0+lzY8U</latexit>

P (do(I))

<latexit sha1_base64="yVPrbKjGdzYHLKa19WKT1xSMtC4=">AAAB73icdVBNTwIxEO3iF+IX6tFLIzGBC+kCYTkSuXjERJAENqTb7UJDd7u2XROy4U948aAxXv073vw3dgETNfqSSV7em8nMPC/mTGmEPqzcxubW9k5+t7C3f3B4VDw+6SuRSEJ7RHAhBx5WlLOI9jTTnA5iSXHocXrrzTqZf3tPpWIiutHzmLohnkQsYARrIw26ZV+UO5XKuFhC1XrTcVo1iKoI1WsNe0kchGxoG5KhBNbojovvI1+QJKSRJhwrNbRRrN0US80Ip4vCKFE0xmSGJ3RoaIRDqtx0ee8CXhjFh4GQpiINl+r3iRSHSs1Dz3SGWE/Vby8T//KGiQ5absqiONE0IqtFQcKhFjB7HvpMUqL53BBMJDO3QjLFEhNtIiqYEL4+hf+Tfq1qN6uN60apfbmOIw/OwDkoAxs4oA2uQBf0AAEcPIAn8GzdWY/Wi/W6as1Z65lT8APW2yecqY8O</latexit>

P (do(C))
1/2

1/2
How different can the causal 
effects of two micro states 
be such that they still get 
mapped to the same macro 
state?



Example 3: collapsing micro states with different causal effects

I J

C E

<latexit sha1_base64="e7V6I0zgPUiztmAp3wPAMKa5NkE="></latexit>

max
C(I)

EI(I ! J)

<latexit sha1_base64="aZNVKNtMNeOHd/Jmz+zvLImq5yc="></latexit>2

4
0.7 0.1 0.2
0.4 0.5 0.1
0 0 1

3

5

<latexit sha1_base64="99fvlKPXQTZaRGZX4xZ6CmTvqi8="></latexit>
0.85 0.15
0 1

�
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max
C(I)
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<latexit sha1_base64="aZNVKNtMNeOHd/Jmz+zvLImq5yc="></latexit>2

4
0.7 0.1 0.2
0.4 0.5 0.1
0 0 1

3

5
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0.85 0.15
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�

• worst case examples 
obviously depend on 
distance metric for 
distinct states

• importantly, if the first 
entry had been 0.8, then 
the first two states would 
not have been collapsed

➡ what is the difference 
between mixtures and 
macro variables?



Marginalization

I J
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Marginalization
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C EC’



Abstraction and Marginalization should commute

I JI’

C EC’

abstraction abstraction 

marginalization

marginalization



I JI’

C EC’

Abstraction and Marginalization DO NOT commute in Hoel 2017

<latexit sha1_base64="PJP/hghho5540tXRbyO1LefLdQ0="></latexit>2

4
0.3 0.2 0.5
0.4 0.1 0.5
0.5 0.5 0

3

5

<latexit sha1_base64="PJP/hghho5540tXRbyO1LefLdQ0="></latexit>2

4
0.3 0.2 0.5
0.4 0.1 0.5
0.5 0.5 0

3

5

<latexit sha1_base64="YOQuoq54zMdr+rMqp4PEM1eKVno="></latexit>
0.5 0.5
1 0

� <latexit sha1_base64="YOQuoq54zMdr+rMqp4PEM1eKVno="></latexit>
0.5 0.5
1 0

�
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0.75 0.25
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�



I JI’

Abstraction and Marginalization DO NOT commute in Hoel 2017
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Abstraction and Marginalization DO NOT commute in Hoel 2017

<latexit sha1_base64="Kx75mMEcT8O1iLlXRyBN8IfG3sw="></latexit>2

4
0.42 0.33 0.25
0.41 0.34 0.25
0.35 0.15 0.5

3
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C E
➡effective information 

is already maximized 
at the micro level

C E
<latexit sha1_base64="bt8cH/ERrfIOlflpQgQTMUuD2J0="></latexit>
0.75 0.25
0.5 0.5

�

<latexit sha1_base64="vLjrzLSw4gyzwv8VSUJAuIarJKI=">AAAB63icdVDLSsNAFJ3UV62vqks3g0VwFTJtbHVXdOOygn1AG8pkOmmHTiZxZiKU0F9w40IRt/6QO//GSVpBRQ9cOJxzL/fe48ecKe04H1ZhZXVtfaO4Wdra3tndK+8fdFSUSELbJOKR7PlYUc4EbWumOe3FkuLQ57TrT68yv3tPpWKRuNWzmHohHgsWMIJ1Jg0EvRuWK45du0Co2oCO7aAz5Lo5qbn1KkS2k6MClmgNy++DUUSSkApNOFaqj5xYeymWmhFO56VBomiMyRSPad9QgUOqvDS/dQ5PjDKCQSRNCQ1z9ftEikOlZqFvOkOsJ+q3l4l/ef1EB+deykScaCrIYlGQcKgjmD0OR0xSovnMEEwkM7dCMsESE23iKZkQvj6F/5NO1UZ1271xK83LZRxFcASOwSlAoAGa4Bq0QBsQMAEP4Ak8W6H1aL1Yr4vWgrWcOQQ/YL19AmlIjoE=</latexit>

6=



The Problem: Introducing MaxEnt distributions

I JI’

C EC’

<latexit sha1_base64="LfCudVfwPVjW6CzGYRff08b+kec=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCuxkybWm7EYoi6EKoYGuhHUomTdvQTGZIMmItxV9x40IRt/6HO//G9CGo6IELJ+fcS+49fsSZ0gh9WImFxaXlleRqam19Y3PL3t6pqzCWhNZIyEPZ8LGinAla00xz2ogkxYHP6bU/OJn41zdUKhaKKz2MqBfgnmBdRrA2Utveq2Y6YeY8m4VH8ALfngptHm07jZx8sVQq5yByEMrnCu6UlBByoWvIBGkwR7Vtv7c6IYkDKjThWKmmiyLtjbDUjHA6TrViRSNMBrhHm4YKHFDljabbj+GhUTqwG0pTQsOp+n1ihAOlhoFvOgOs++q3NxH/8pqx7pa9ERNRrKkgs4+6MYc6hJMoYIdJSjQfGoKJZGZXSPpYYqJNYCkTwtel8H9Szzlu0SlcFtKV43kcSbAPDkAGuKAEKuAMVEENEHAHHsATeLburUfrxXqdtSas+cwu+AHr7RMocJMh</latexit>

P (do(I)) = MaxEnt(I)

<latexit sha1_base64="SE32JePQF72yYbeoWL9XQ3jW2bc=">AAAB/3icdVDLSgMxFM3UV62vquDGTbCI7WaYacdWF0JRBF0IFawttEPJZNI2NJMZkoxYahf+ihsXirj1N9z5N6YPQUUPXDg5515y7/EiRqWyrA8jMTM7N7+QXEwtLa+srqXXN65lGAtMqjhkoah7SBJGOakqqhipR4KgwGOk5vVORn7thghJQ36l+hFxA9ThtE0xUlpqpbcqWT/Mnu/lcvAIXqDbU65Gr1Y6Y5mFQ9vOl6BlWva+7ThjUnCKeWib1hgZMEWllX5v+iGOA8IVZkjKhm1Fyh0goShmZJhqxpJECPdQhzQ05Sgg0h2M9x/CXa34sB0KXVzBsfp9YoACKfuBpzsDpLrytzcS//IasWofuAPKo1gRjicftWMGVQhHYUCfCoIV62uCsKB6V4i7SCCsdGQpHcLXpfB/cp037aLpXDqZ8vE0jiTYBjsgC2xQAmVwBiqgCjC4Aw/gCTwb98aj8WK8TloTxnRmE/yA8fYJ9hWThg==</latexit>

P (do(I 0)) = MaxEnt(I 0)
<latexit sha1_base64="6NUXVHkUOs4GdAThK9lKEQqaOHY=">AAAB+XicdVDLTsJAFJ3iC/FVdelmIjHCpmmhgu6IbmSHiTwSIGQ6DDBhOq0zUxJS+RM3LjTGrX/izr9xKJio0ZPc5OSce3PvPV7IqFS2/WGkVlbX1jfSm5mt7Z3dPXP/oCGDSGBSxwELRMtDkjDKSV1RxUgrFAT5HiNNb3w195sTIiQN+K2ahqTroyGnA4qR0lLPNDuc3MFarnp63w9y1Xy+Z2Ztq3jhOIUytC3bOXNcNyFFt1SAjmUnyIIlaj3zvdMPcOQTrjBDUrYdO1TdGAlFMSOzTCeSJER4jIakrSlHPpHdOLl8Bk+00oeDQOjiCibq94kY+VJOfU93+kiN5G9vLv7ltSM1OO/GlIeRIhwvFg0iBlUA5zHAPhUEKzbVBGFB9a0Qj5BAWOmwMjqEr0/h/6RRsJyS5d642crlMo40OALHIAccUAYVcA1qoA4wmIAH8ASejdh4NF6M10VryljOHIIfMN4+AXT1kkQ=</latexit>

6= P (I 0|do(I))
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Upshots

• it is worth distinguishing between macro level causes (or causal 
representations) and mixtures of causal effects

• whether or not there are macro-level causal descriptions is an 
empirical question determined by P(E | do(C)), independent of  
P(do(C))

➡ this also ensures that abstraction and marginalization 
commute

• (although I have not discussed this in detail here) there is a 
distinction between how one determines the macro cause and 
how one determines the macro effect, though of course they 
are related
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best



Specifically for Hoel’s account

• the suggested relation between information theory and 
causality via effective information is tenuous and suggestive at 
best

• channel capacity is a normative concept; whether or not it is 
exhausted is an empirical question; so the described causal 
emergence here is a possible emergence that may never be 
exhibited by the system in question

• effective information is uniquely maximized, but it is not clear 
that the implied partition of the state space is unique; this cuts 
both ways: either one wants uniqueness, or one wants non-
uniqueness but not in the way implied by this theory: one 
wants many very different levels of aggregation
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