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Wasserstein space

Definition (Wasserstein distance)
For two measures po, i1 € P2(R%),

W0, ) = _inf / = yIP ()

YEM(1o,H11)

. (Pz(Rd), W,) is a geodesic space
- when uo < A\, v = (id, THFo 7
fho v =( L/_/)#/Jo

- It is positively curved



Wasserstein barycenter

Definition (Barycenter a.k.a. Fréechet mean - Agueh and Carlier 2011)

w, -+, un probability measures on R? with associated weights A, - -, An.
Their barycenter is

n
ﬁie argminuede)ZA,-W%(M,M,-). - ?(//\)

- Barycenter always exists

- Not always unique



Wasserstein barycenter

Definition (Barycenter a.k.a. Fréechet mean - Agueh and Carlier 2011)

w, -+, un probability measures on R? with associated weights A, - -, An.
Their barycenter is

n
p* € argmin,cp ray > AWa(p, i)
=1

- Barycenter always exists

- Not always unique

How to compute p*?



Finite support vs sampling

Most studied numerical setting to compute Wasserstein barycenters
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This is NP-hard in (N, n, d) [Altschuler and Boix-Adsera 2021].
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Finite support vs sampling

Most studied numerical setting to compute Wasserstein barycenters

N
1 .
MI:NE 5X,‘J7 I=1---,n
=

This is NP-hard in (N, n, d) [Altschuler and Boix-Adsera 2021].

When the x; ; are drawn from a sampling procedure, can we do better?

l.e. how to sample directly from the barycenter p* of (u;)i=1,... » With weights
(ANi)iz1,... n?

e mdtimarginal problem



Multimarginal formulation

Theorem (Agueh and Carlier 2011)

n
inf > \Wa(wj, 1) = inf /Cd
" Iz:; I 2(#1 /~L) WEF(\@V“’@) \_/;Yé
with ‘Fy») i

n
(x5 Xn) = DAl = D Al
=1 =1

And moreover
n

IUJ* — ((X1, e ,Xn) —> ZA,‘X,‘)#’V*.



Relaxed problem

To sample using a flow gradient of the multimarginal formulation, we
penalize to account for the constraints. For a > 0, let

Foi= b [ cdya > Al (uli)
- v~

where ~; is the i-th marginal of ~.



Sampling as a Wasserstein gradient flow

n
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How to sample from the minimum of F,?

Wasserstein gradient on\P,(R?*™M)\ O
Py s
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Sampling as a Wasserstein gradient flow

n
Fo =1y /Cd7+az>\i X2 (vil),
=
How to sample from the minimum of F,?

Wasserstein gradient on P,(R?*"):

n
VwFa(’y) = VxC+ « Z )\,’VX[ (’y,-/,u,-).
= L—

Since ~; is unknown, replace V(~vi/ui) with kernelized version

w - / YV log(u) ()K(, y@.

~a 220 VyK(x:Xi ) Ao 220V log(k) (X j)KOGX] 1)

This is the Stein Variational Gradient Descent (SVGD).Liu and Wang 2016

Chewi, TLG, Lu, Maunu, and Rigollet 2020



Sampling with a Wasserstein gradient flow

Wasserstein flow

X = —Vach) + a3 AV (/) )

Implementation: choose kernel K and step size h > 0, draw N particles
X9, x5 in (RN and iterate

T t+1 t t '
[ X/,j — Xi,j ——h VC(X1,]', e 7Xﬂ,j)

interaction between marginals of particle j

[ )

n N N
1 T
+ha Y X m > VKX Xik) + N > Vlog (i) (Xir)K(Xi j, Xi k)
=1 k=1 R=1

A J/
'
K \ interaction between the same marginal i of all particles /




Numerical experiments

Samples and Density Estimate (Marginals in grey)
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Numerical experiments

Samples and Density Estimate (Marginals in grey) -- Algorithm: BARYGD-SVGD
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Variance inequality

n
Foi=v— /Cd’y + O‘Z A (il ),
=1

Denoting v5 the minimizer of F,, is the associated barycenter

n
po = (X > AX)4va
) =1

close the the true barycenter p*?

10



Variance inequality

n
Fa i=7 /Cd’y +ay XX (i),
=
Denoting v5 the minimizer of F,, is the associated barycenter
n
poc= (XK= > Xixi)gva
=1

close the the true barycenter p*?

Theorem (Uniqueness Agueh and Carlier 2011; Daaloul, TLG, Liandrat, and
Tournus 2021)

If one the u;’s is absolutely continuous w.rt, then p* and pl are unique.

Jolgespit
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Variance inequality

n
Fo =7 /Cd’y + O‘Z (il ),
=1

Denoting v5 the minimizer of F,, is the associated barycenter
n
poc= (XK= > Xixi)gva
=]

close the the true barycenter p*?

Assumption (Variance inequality)
There exists kR > 0 such that

n n
D AW, i) = Y NWa (i, i) = RWA (i, )
izt (i=1

TS

- This is also known as quadratic growth in the optimization literature.
- Implies uniqueness of the barycenter.

Note that this is always true for k = 0.
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Variance inequality controls relaxation

Theorem (Daaloul, TLG, Liandrat, and Tournus 2021)

Suppose each ua, . .., un Satisfy a Poincaré inequality with constant Cp and
that > A\id,, satisfies a variance inequality with constant R, Denote

pa = (06, 1 %n) = D).

Then,

RW(u*, p) < 16CP/Cd7*-
— &

1



Variance inequality

When does it hold?
QL(
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Variance inequality

Theorem (Variance inequality - Ahidar-Coutrix, TLG, and Paris 2020)

Let x* be the barycenter of x4, --- , X, with weights A, --- , X\n On a positively
curved geodesic space. Denote

=D (e )\)fx,- — x*).

If x* is still the barycenter of X, - -+ , Xy, then x4, - -+ , X, satisfies a

(m variance inequality.
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Variance inequality

Theorem (Variance inequality - Ahidar-Coutrix, TLG, and Paris 2020)

Let x* be the barycenter of x4, --- , X, with weights A, --- , X\n On a positively
curved geodesic space. Denote

MEN=DC R A=)

If x* is still the barycenter of X, - -+ , Xy, then x4, - -+ , X, satisfies a

A _ . . .
x-variance inequality.

What does it mean in the Wasserstein space?
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Variance inequality

Theorem (Variance inequality - Ahidar-Coutrix, TLG, and Paris 2020)

Let x* be the barycenter of x4, --- , X, with weights A, --- , X\n On a positively
curved geodesic space. Denote

MEN=DC R A=)

If x* is still the barycenter of X, - -+ , Xy, then x4, - -+ , X, satisfies a

A _ . . .
x-variance inequality.

What does it mean in the Wasserstein space?

Theorem (Variance inequality in P,(R?) — Chewi, Maunu, Rigollet, and
Stromme 2020)

Suppose the support of u* < X is R% If for all i, the Kantorovitch potential
" i s ay-strongly convex, then a k-variance inequality holds with

n
kR = )\,‘Oé,'.
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Numerical experiments

; Samples and Density Estimate (a =1.000000e + 00, h =5.000000e — 03)
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Numerical experiments

s Samples and Density Estimate (a = 1.000000e + 01, h =5.000000e — 04)

@ Estimated Barycenter Samples
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Numerical experiments

Samples and Density Estimate (a =1.000000e + 03, h =1.000000e — 05)
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Closing remarks

¢

Open questions:

* What rate of convergence?
- What dependence on the dimension?

- Other costs for relaxed/unbalanced multimarginal problem?

15



Numerical experiments

Samples and Density Estimate (a =1.000000e + 03, h =1.000000e — 03)
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