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Main motivation: data science

Data have the form of point clouds =—- graphs associated to them
« X = {x1, 29, ..., 2, } random sample i.i.d. according to ;1 € M"(R?)
= empirical measure p" = 13" |4,
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Main motivation: data science

Data have the form of point clouds =—- graphs associated to them
« X = {x1, 29, ..., 2, } random sample i.i.d. according to ;1 € M"(R?)
= empirical measure p" = 13" |5,
- a symmetric weight function n : D — [0, 00) with D := (R? x RY) \ {z =y}
= (u",n) defines an undirected discrete weighted graph
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Dynamics driven by interaction energies on graphs
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Dynamics driven by interaction energies on graphs

1
Ex(p) = 9 Z Z Ko ypapy (1)
reX yeX
On RY
==Y piVaK(z;, 1)) (2)
j=1
On finite graphs
dp. ,
CZ ==Y Jeyn(z,y) (3)
yeX
jx,y — ]<:0:137 py)vx,y (4)

Goals
« Define gradient flow of interaction energy on graph (u, n)

» Dynamics stable under graph limit n — oo (discrete-to-continuum)
- Dynamics stable for local limit: 4 = Leb(R?), n°(z,y) = e~ (=)
= limit ¢ — 0 should give 0;p = V - (pVK * p)
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Dynamics driven by interaction energies on graphs
General framework
- R? set of possible vertices, R? x R?\ {x = y} set of possible edges
en:RYx R\ {x =y} — [0, 00) symmetric weight function
« G = {R? x R\ {z = y}|n(z,y) > 0} set of edges
« 1 € MT(RY) set of vertices
* p € P(R?) distribution of mass
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Dynamics driven by interaction energies on graphs
General framework
- R? set of possible vertices, R? x R?\ {x = y} set of possible edges
en:RYx R\ {x =y} — [0, 00) symmetric weight function
« G = {R? x R\ {z = y}|n(z,y) > 0} set of edges
« 1 € MT(RY) set of vertices
* p € P(R?) distribution of mass

Evolution of interest
Gradient descent of the energy € : P(RY) — R given by

(o) =3 [, [ K.y dota) doty)

where K: R? x R? — R is symmetric.
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Dynamics driven by interaction energies on graphs
General framework
- R? set of possible vertices, R? x R?\ {x = y} set of possible edges
en:RYx R\ {x =y} — [0, 00) symmetric weight function
« G = {R? x R\ {z = y}|n(z,y) > 0} set of edges
« 1 € MT(RY) set of vertices
* p € P(R?) distribution of mass

Evolution of interest
Gradient descent of the energy € : P(RY) — R given by

(o) =3 [, [ K.y dota) doty)

where K: R? x R? — R is symmetric.

Continuum setting: NLIE
op =V - (pVK % p) is a Wasserstein gradient flow for £2

aJ.A. Carrillo, M. Di Francesco, A. Figalli, T. Laurent, D. Slep¢ev - Duke Math. J. 156 (2011)
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Dynamics driven by interaction energies on graphs
General framework
- R? set of possible vertices, R? x R?\ {x = y} set of possible edges
en:RYx R\ {x =y} — [0, 00) symmetric weight function
« G = {R? x R\ {z = y}|n(z,y) > 0} set of edges
« 1 € MT(RY) set of vertices
* p € P(R?) distribution of mass

Evolution of interest
Gradient descent of the energy € : P(RY) — R given by

(o) =3 [, [ K.y dota) doty)

where K: R? x R? — R is symmetric.

Continuum setting: NLIE
op =V - (pVK % p) is a Wasserstein gradient flow for £2

aJ.A. Carrillo, M. Di Francesco, A. Figalli, T. Laurent, D. Slep¢ev - Duke Math. J. 156 (2011)

What is the analogue of the NLIE on a graph?
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Related Literature (not exhaustive!)

» [Maas '11] / [Mielke '11] / [Chow, Huang, Li, Zhou ’12]
Diffusion on graphs as gradient flows of the entropy
= Wassertein metric on a finite graph

« [Erbar ’14] Jump processes —(—A)*/2 for a € (0,2)
» [Disser, Liero '14] Passage from Markov chains to Fokker-Planck

* [Erbar, Fathi, Laschos, Schlichting ’16] Gradient flow structure
for McKean-Vlasov on discrete spaces

* [Trillos *19] Gromov-Hausdorff convergence of random point clouds
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Related Literature (not exhaustive!)

» [Maas '11] / [Mielke '11] / [Chow, Huang, Li, Zhou ’12]
Diffusion on graphs as gradient flows of the entropy
= Wassertein metric on a finite graph

« [Erbar ’14] Jump processes —(—A)*/2 for a € (0,2)
» [Disser, Liero '14] Passage from Markov chains to Fokker-Planck

* [Erbar, Fathi, Laschos, Schlichting ’16] Gradient flow structure
for McKean-Vlasov on discrete spaces

* [Trillos *19] Gromov-Hausdorff convergence of random point clouds

Gradient flows for free energies/(relative) entropies:

F(p) = [ palog plo) du+ 5 [ [ K.y dpla) dpty)

What if 0 = 0?
Nonlocal metrics introduced above do not have a clear/well-defined limit for o — 0!

What is a suitable metric for gradient structure of interaction energies?
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Nonlocal continuity equation

Continuity equation
Opt+V -3y =0 where  ji(x) = p(x)vi(z)
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Continuity equation
Opt+V -3y =0 where  ji(x) = p(x)vi(z)

On Graphs
(o) + (V-3 (a) = Do) + | il ) niayy) dy =0
Flux: defined on the edges!
Velocity: jump rate = v;: G — R nonlocal (antisymmetric) vector field [edge-based
quantity]
Density: vertex-based quantity
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Nonlocal continuity equation

Continuity equation
Opt+V -3y =0 where  ji(x) = p(x)vi(z)

On Graphs
(o) + (V-3 (a) = Do) + | il ) niayy) dy =0
Flux: defined on the edges!
Velocity: jump rate = v;: G — R nonlocal (antisymmetric) vector field [edge-based
quantity]
Density: vertex-based quantity

What is the flux 7;? .
gi(x,y) = I(px), p(y)) ve(, ),
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Nonlocal continuity equation

Continuity equation
Opt+V -3y =0 where  ji(x) = p(x)vi(z)

On Graphs
() + (V- 30la) = i)+ [ i, y) i) dy = 0
Flux: defined on the edges!
Velocity: jump rate = v,: G — R nonlocal (antisymmetric) vector field [edge-based
quantity]
Density: vertex-based quantity

What is the flux 7;? .
gi(z,y) = 1(pe(x), pr(y)) ve(z, y),

E.g. I(r,s) = (r —s)/(Inr — In s) = not reasonable for the resulting dynamics
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Nonlocal continuity equation

Continuity equation
Opt+V -3y =0 where  ji(x) = p(x)vi(z)

On Graphs
() + (V- 30la) = i)+ [ i, y) i) dy = 0
Flux: defined on the edges!
Velocity: jump rate = v,: G — R nonlocal (antisymmetric) vector field [edge-based
quantity]
Density: vertex-based quantity

What is the flux 7;? .
gi(z,y) = 1(pe(x), pr(y)) ve(z, y),

E.g. I(r,s) = (r —s)/(Inr — In s) = not reasonable for the resulting dynamics

Upwind interpolation: density along edges = density at the source
Set (a), = max{0,a} and (a)_ = max{0, —a} and define

Je(w,y) = p(x)ve(w, )y — p(y)ve(z, y)-
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Nonlocal continuity equation
For p < 1

Bupr(z) + / ()l ) — iy, y) )i, y) duly) =0 (NCE)
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Nonlocal continuity equation
For p < 1

Bupr(z) + / ()l ) — iy, y) )i, y) duly) =0 (NCE)

Benamou-Brenier

. 1 [t
W2(po, p) — int {5 [ [l Pota) deat (o) € oE<po,p1>}
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Nonlocal continuity equation
For p < 1

Bupr(z) + / ()l ) — iy, y) )i, y) duly) =0 (NCE)

v

Upwind nonlocal transportation metric: Benamou-Brenier

NIRE / [ (e, Pate) + o) o)t ) dute) duty) de

(p,v)€CE(po,p1)
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Nonlocal continuity equation
For p < 1

Bupr(z) + / ()l ) — iy, y) )i, y) duly) =0 (NCE)

v

Upwind nonlocal transportation metric: Benamou-Brenier

NIRE / [ (e, Pate) + o) o)t ) dute) duty) de

(p,v)€CE(po,p1)

Nonlocal interaction equation on graphs: NL?IE
If v, = V5 = —VK % p,

(o) + [ (o) pola,9)- = puly) T = ). )) e, ) ) =0
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Nonlocal continuity equation
For p, < 1

o)+ [ (payula,y)e = ply)ode. o) e dulp) =0 (NCE)

Upwind nonlocal transportation metric: Benamou-Brenier

{3 / [ ()< Pate) + ) Pody)ate,y) dute) duty) de

(p,v)€CE(po,p1)

Nonlocal interaction equation on graphs: NL?IE
If vy = =V = —VEK % p,

o)+ [ () 5 po) ) = IV ) 9):) () dly) = O

Note that:
* p might contain atoms, even if i is Lebesgue!
= measure valued framework
« Benamou-Brenier functional is not jointly convex in (p;, v;)
= flux variables

v
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Action

Definition
For 1 € M*(RY), p € P(RY) and 5 € M(G), consider A € M(G) such that p ® 1, 1 ® p, 7]
define

A =5 [ (o (G ) o (e v

Hereby, the lower semicontinuous, convex, and positively one-homogeneous function
a: R xR, — R, U{oo} is defined, forall j € R and r > 0, by

U it >0,
a(j,r) =40 if j <0andr =0,
00 if 5 >0andr =0,

< |\|. We

with 7, = max{0, j}. If the measure p is clear from the context, we write A(p, 5) for A(u; p, 7).
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Action

Definition
For € M*(RY), p € P(RY) and 5 € M(G), consider A € M(G) such that p ® u, 1 ® p, |7] < |\]. We

define
dj d(p® ) dj  d(u®p)
Age.3) = [ (= (G ) = (i ) ) - R

Hereby, the lower semicontinuous, convex, and positively one-homogeneous function
a: R xR, — R, U{oo} is defined, forall j € R and r > 0, by

Ui >,
a(j,r) =10 if j <0andr =0, 2)
00 if 5 >0andr =0,

with 7, = max{0, j}. If the measure p is clear from the context, we write A(p, 5) for A(u; p, 7).

fp<pand g < p® p

A p, g / / ( (j (i’(zi)Q) n(z,y) du(x) du(y)
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Lemma (Finite action = upwind flux)

Let p € MT(RY), p € P(R?) and j € M(G) be such that A(p; p,j) < oo. Then there exists a measurable
v: G — R such that

dj(z,y) = v(z,y)+ dp(z) duly) — v(z, y)- du(z) dp(y), (3)
and it holds
Atip.d) =5 [ / o(a, 9)+  + o(, ) [2) (e, y) dp(w) du(y). @)

In particular, if v € V*, then

Alps p, 3 / v(z, y)+*n(x,y) dp(z) duly). (5)

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 7
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Lemma (Finite action = upwind flux)

Let p € MT(RY), p € P(R?) and j € M(G) be such that A(p; p,j) < oo. Then there exists a measurable
v: G — R such that

dj(z,y) = v(z,y)+ dp(x) duly) — v(z,y)- du(x) dp(y), (3)
and it holds
At pd) = 5 [ [ (o) P+ lotw2)-P) nla ) dota) duto). @)

In particular, if v € V*, then

Alps p, 3 / v(z, y)+*n(x,y) dp(z) duly). (5)

Corollary (Antisymmetric vector fields have lower action)

Let p € MT(RY), p € P(R?) and j € M(G) be such that A(u; p,j) < oo. Then there exists an
antisymmetric flux 3 € M7’ such that

Vi=Vj"
with lower action:
Al p,3%°) < Al p, 3)-
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Lemma (Finite action = upwind flux)

Let p € MT(RY), p € P(R?) and j € M(G) be such that A(p; p,j) < oo. Then there exists a measurable
v: G — R such that

dj(z,y) = v(z,y)+ dp(x) duly) — v(z,y)- du(x) dp(y), (3)
and it holds
At pd) = 5 [ [ (o) P+ lotw2)-P) nla ) dota) duto). @)

In particular, if v € V*, then

A p, 3 / v(z, y)+*n(x,y) dp(z) duly). (5)

Corollary (Antisymmetric vector fields have lower action)

Let p € MT(RY), p € P(R?) and j € M(G) be such that A(u; p,j) < oo. Then there exists an
antisymmetric flux 3 € M7’ such that

Vi=Vj"
with lower action:
Al p,3%°) < Al p, 3)-

Lemma (Lower semicontinuity of the action)

The action is lower semicontinuous with respect to the narrow convergence in M (RY) x P(RY) x M(QG).
That is, if u"—p in M(R?), p"—p in P(R?), and 3"—3 in M(G), then

lim inf A(u"; ", §") > A(p; p,3) -

n—oo
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Nonlocal continuity equation: measure-valued flux form

A pair (p;, Ji)iep.r) € CEr iff (pr, 4i) € P(RY) x M(G) for all ¢ € [0, T satisfies
Opr +V -Gy =0 in D'((0,T) x RY),

/OT/Q&%(@ dp(x) dt + % /OT/Gvgpt(x,y) n(x,y)dj(z,y)dt =0.

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs
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Nonlocal continuity equation: measure-valued flux form

A pair (p;, Ji)iep.r) € CEr iff (pr, 4i) € P(RY) x M(G) for all ¢ € [0, T satisfies
Opr +V -Gy =0 in D'((0,T) x RY),

/OT/Q&SOt(x) dpi(x) dt +%/OT/Gvgpt(x,y)n(x,y) dj(z,y)dt =0 .

Vo(z, y)| < llellova) 2 A |z — y|) = well-defined under integrability condition

/O //6;(2 Az —yln(x,y) d|gil(z,y) dt < +oo (IC)

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs
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Nonlocal continuity equation: measure-valued flux form

A pair (p;, Ji)iep.r) € CEr iff (pr, 4i) € P(RY) x M(G) for all ¢ € [0, T satisfies
Opr +V -Gy =0 in D'((0,T) x RY),

/OT/Q&%(x) dp(x) dt + % /OT/Gvgpt(x,y) n(x,y)dj(z,y)dt =0.

Vo(z, y)| < llellova) 2 A |z — y|) = well-defined under integrability condition

/O //6;(2 Az —yln(x,y) d|gil(z,y) dt < +oo (IC)

Assuming moment bound
* Jle@ Az =yl n(z,y)dlil(z,y) < /CpA(p:p, 5)

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 8
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Nonlocal continuity equation: measure-valued flux form

A pair (p;, Ji)iep.r) € CEr iff (pr, 4i) € P(RY) x M(G) for all ¢ € [0, T satisfies
Opr +V -Gy =0 in D'((0,T) x RY),

/OT/Q&%(x) dp(x) dt + % /OT/Gvgpt(x,y) n(x,y)dj(z,y)dt =0.

Vo(z, y)| < llellova) 2 A |z — y|) = well-defined under integrability condition

/O //6;(2 Az —yln(x,y) d|gil(z,y) dt < +oo (IC)

Assuming moment bound
 J@ N |z =y 0z, y) dljl(@,y) < V/CAlw p.3) = (C)if [ Al pr, 3i) dt < oo

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 8
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Nonlocal continuity equation: measure-valued flux form

A pair (p;, Ji)iep.r) € CEr iff (pr, 4i) € P(RY) x M(G) for all ¢ € [0, T satisfies
Opr +V -Gy =0 in D'((0,T) x RY),

/OT/Q&%%(SU) dpy() dt+%/0T/Gvgpt(x,y)n(xyy) djy(a,y) dt =0

Vo(z, y)| < llellova) 2 A |z — y|) = well-defined under integrability condition

/0 //G(2 Az —yln(x,y) d|gil(z,y) dt < +o0 (IC)

Assuming moment bound

* JIa@ N e =yl y) dlj|(e,y) < /CA p, 3) = (IC) i [ Alp; pr, 5i) dt < o0
 Existence of measure valued narrowly continuous solutions
 Uniformly boundedness of second order moments
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Compactness

Compactness of solutions to NCE
Let 1" satisfy moment bound and local blow-up control and ;" — u. Let (p",3") €
CEq for each n € N such that

T
sup Ms(py) < oo and sup/ A" pi, 34) dt < 4o00.
n Jo

neN

Then, there exists (p, j) € CEr such that, up to pass to a subsequence,

pi — py forallt e[0,T],
J" =7 inM(G x [0,T]),

with p; € P»(RY) for any ¢ € [0, T]. Moreover, the action is lower semicontinuous

T T
1iminf/ A(u”;p?,j?)dtZ/ A(w; pr, Jr) dt.
0 0

n—o0
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Nonlocal upwind transportation quasi-metric

Definition
For 1 € M*(R?) satisfying Assumptions moment bound and local blow-up control, and pg, p1 € Po(R?), the
nonlocal upwind transportation cost between py and p; is defined by

1
T (o, pr)? = inf { [ Aoegidn: (5.3) € CE<po,p1>} . ©)

If 1 is clear from the context, the notation 7T is used in place of 7J),.

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 10
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Nonlocal upwind transportation quasi-metric

Definition
For 1 € M*(R?) satisfying Assumptions moment bound and local blow-up control, and pg, p1 € Po(R?), the
nonlocal upwind transportation cost between py and p; is defined by

1
T (o, pr)? = inf { [ Aoegidn: (5.3) € CE<po,p1>} . ©)

If 1 is clear from the context, the notation 7T is used in place of 7J),.

Properties (see Dejan’s talk)
* The infimum is attained for (p, j) € CE(po, p1) with A(i; pr, 1) = Tu(po, p1)?

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 10
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Nonlocal upwind transportation quasi-metric

Definition
For 1 € M*(R?) satisfying Assumptions moment bound and local blow-up control, and pg, p1 € Po(R?), the
nonlocal upwind transportation cost between py and p; is defined by

1
T (o, pr)? = inf { [ Aoegidn: (5.3) € CE<po,p1>} . ©)

If 1 is clear from the context, the notation 7T is used in place of 7J),.

Properties (see Dejan’s talk)
* The infimum is attained for (p, j) € CE(po, p1) with A(i; pr, 1) = Tu(po, p1)?

* Comparison with Wasserstein W (o, p') < /2C,\/T(p°, p")
= topology is stronger than

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 10
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Nonlocal upwind transportation quasi-metric

Definition
For 1 € M*(R?) satisfying Assumptions moment bound and local blow-up control, and pg, p1 € Po(R?), the
nonlocal upwind transportation cost between py and p; is defined by

1
T (o, pr)? = inf { [ Aoegidn: (5.3) € CE<po,p1>} . ©)

If 1 is clear from the context, the notation 7T is used in place of 7J),.

Properties (see Dejan’s talk)
* The infimum is attained for (p, j) € CE(po, p1) with A(i; pr, 1) = Tu(po, p1)?

* Comparison with Wasserstein W (o, p') < /2C,\/T(p°, p")
= topology is stronger than

* 7, is narrowly lower semicontinuous

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 10
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Nonlocal upwind transportation quasi-metric

Definition
For 1 € M*(R?) satisfying Assumptions moment bound and local blow-up control, and pg, p1 € Po(R?), the
nonlocal upwind transportation cost between py and p; is defined by

1
T (o, pr)? = inf { [ Aoegidn: (5.3) € CE<po,p1>} . ©)

If 1 is clear from the context, the notation 7T is used in place of 7J),.

Properties (see Dejan’s talk)
* The infimum is attained for (p, j) € CE(po, p1) with A(i; pr, 1) = Tu(po, p1)?

* Comparison with Wasserstein W (o, p') < /2C,\/T(p°, p")
= topology is stronger than

* 7, is narrowly lower semicontinuous

* T is a quasi-metric on Po(R?): non-symmetric!

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 10
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Nonlocal upwind transportation quasi-metric

Definition
For 1 € M*(R?) satisfying Assumptions moment bound and local blow-up control, and pg, p1 € Po(R?), the
nonlocal upwind transportation cost between py and p; is defined by

1
T,.(po, p1)° = inf {/0 A pe, Ji) dt = (p,3) € CE(po,m)} : (6)

If 1 is clear from the context, the notation 7T is used in place of 7J),.

Properties (see Dejan’s talk)
* The infimum is attained for (p, j) € CE(po, p1) with A(i; pr, 1) = Tu(po, p1)?

* Comparison with Wasserstein W (o, p') < /2C,\/T(p°, p")
= topology is stronger than

* 7, is narrowly lower semicontinuous

* T is a quasi-metric on Po(R?): non-symmetric!
* {pi}ticpm € AC([0,T7; (Po(RY), T ,)) iff 3 (3¢)tepo,r) such that (p, ) € CE7 and fOT VA pr, i) dt < 00

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 10
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Nonlocal upwind transportation quasi-metric

Definition
For 1 € M*(R?) satisfying Assumptions moment bound and local blow-up control, and pg, p1 € Po(R?), the
nonlocal upwind transportation cost between py and p; is defined by

1
T,.(po, p1)° = inf {/0 A pe, Ji) dt = (p,3) € CE(po,m)} : (6)

If 1 is clear from the context, the notation 7T is used in place of 7J),.

Properties (see Dejan’s talk)
* The infimum is attained for (p, j) € CE(po, p1) with A(i; pr, 1) = Tu(po, p1)?

* Comparison with Wasserstein W (o, p') < /2C,\/T(p°, p")
= topology is stronger than

* 7, is narrowly lower semicontinuous

* T is a quasi-metric on Po(R?): non-symmetric!

* {pi}iepr) € AC([0, TT; (Po(RY), T,.)) iff 3 (Ji)sepo.r) such that (p, j) € CEr and foT VA1 prs 3i) dE < o0
* For p € Py(RY) it holds that j € 7,P»(R?) if and only if j© < 71, 5~ < 72, and v := 4= and

v o= % satisfy, for v := v+ — v, the relation

= L2(n7") .
ve{Vpipe CoRY)} 7 where  d7" = x{0) Y1+ X{uco) 2.

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 10
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Two-point space

Q= {0,1}, with n(0,1) = n(1,0) = a > 0, u(0) = p > 0 and u(l) = ¢ > 0. Let
p,V TQ(Q) such that p = p050 + ,0151 and v = V050 -+ V151. It holds

%(\/ﬁ— Vi) if po <,

T(p,v) = -
(o — ) <

0.8~

L L I 1 ! I 1 I
- n w » o (o]

0.6 -

0.4+

0.2

0.0~

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 11
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(NL°IE) as gradient flow w.r.t. the quasi-metric T

For 1 € M*(RY) satisfying moment bound and local blow-up control, and p < x,

Opr(z) + /R d (pe(2)V (I * py)(, y) - — pe(y) V(K * pi)(z,y) 1) n(z,y) du(y) =0

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs

12



4 ==

FRIEDRICH-ALEXANDER
— UNIVERSITAT
Department —— A — ERLANGEN-NURNBERG

MATH EMATI K NATURWISSENSCHAFTLICHE
FAKULTAT

(NL°IE) as gradient flow w.r.t. the quasi-metric T

For 1 € M*(RY) satisfying moment bound and local blow-up control, and p < x,

Opr(z) + /R d (pe(2)V (I * py)(, y) - — pe(y) V(K * pi)(z,y) 1) n(z,y) du(y) =0

A curve p: [0,T] — Po(R?) is a weak solution to (NL2IE) if, for the flux 5: [0,7] —
M(G) defined by

, —d& =0¢&
the pair (p, 7) is a weak solution to the continuity equation

Opr +V -3 =0 on [0, 7] x R?

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 12
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(NL°IE) as gradient flow w.r.t. the quasi-metric T

For 1 € M*(RY) satisfying moment bound and local blow-up control, and p < x,

Opr(z) + /R d (pe(2)V (I * py)(, y) - — pe(y) V(K * pi)(z,y) 1) n(z,y) du(y) =0

A curve p: [0,T] — Po(R?) is a weak solution to (NL2IE) if, for the flux 5: [0,7] —
M(G) defined by
: —0¢& —d€E

the pair (p, 7) is a weak solution to the continuity equation

Opr +V -3 =0 on [0, 7] x R?

Nonlocal-interaction energy

()= [ [ Kla)dpla) diy),

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 12
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(NL°IE) as gradient flow w.r.t. the quasi-metric T

For 1 € M*(RY) satisfying moment bound and local blow-up control, and p < x,

Opr(z) + /R d (pe(2)V (I * py)(, y) - — pe(y) V(K * pi)(z,y) 1) n(z,y) du(y) =0

A curve p: [0,T] — Po(R?) is a weak solution to (NL2IE) if, for the flux 5: [0,7] —
M(G) defined by

, —d& =0¢&
the pair (p, 7) is a weak solution to the continuity equation

Opr +V -3 =0 on [0, 7] x R?

Nonlocal-interaction energy

()= [ [ Kla)dpla) diy),

T is a quasi-metric = underlying structure of Py(R?) is Finslerian
= T,P5(R?) is not a Euclidean space, but rather a manifold in its own right!

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 12
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Gradient descent in Finsler geometry’

'[Ohta-Sturm ’09, ’12] and [Agueh '12]
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Gradient descent in Finsler geometry’
Inner product

7 € T,P2(R?), we define an inner product g, ;: T,Ps(RY) x T,P5(R?) — R by

gpatdied) = 3 [ o) oy o) (R XUV ) ),

'[Ohta-Sturm ’09, ’12] and [Agueh '12]
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Gradient descent in Finsler geometry’
Inner product

7 € T,P2(R?), we define an inner product g, ;: T,Ps(RY) x T,P5(R?) — R by

gpatdied) = 3 [ o) oy o) (R XUV ) ),

Goal: direction of steepest discent from p!

'[Ohta-Sturm ’09, ’12] and [Agueh '12]
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Gradient descent in Finsler geometry’
Inner product

7 € T,P2(R?), we define an inner product g, ;: T,Ps(RY) x T,P5(R?) — R by

gpatdied) = 3 [ o) oy o) (R XUV ) ),

Goal: direction of steepest discent from p!

Gradient vector: Diff, €[§] = g, amae(y) (grad E(p), )  forall j € T,P(RY)

'[Ohta-Sturm ’09, ’12] and [Agueh '12]
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Gradient descent in Finsler geometry’
Inner product

7 € T,P2(R?), we define an inner product g, ;: T,Ps(RY) x T,P5(R?) — R by

gpatdied) = 3 [ o) oy o) (R XUV ) ),

Goal: direction of steepest discent from p!

Gradient vector: Diff, €[] = g, graa () (grad E(p), 7) for all j € T,P5(R?)

Direction steepest descent is in general NOT — grad €(p)
It is the tangent flux denoted by grad™ E(p) s. t

_ Dlﬁp 8[.7] = gp,grad_ E(p) (grad_ 8<p)7 .7) VJ S TprQ(Rd>

'[Ohta-Sturm '09, ’12] and [Agueh '12]
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Gradient descent in Finsler geometry’
Inner product

7 € T,P2(R?), we define an inner product g, ;: T,Ps(RY) x T,P5(R?) — R by

gpatdied) = 3 [ o) oy o) (R XUV ) ),

Goal: direction of steepest discent from p!

Gradient vector: Diff, €[§] = g, amae(y) (grad E(p), )  forall j € T,P(RY)

Direction steepest descent is in general NOT — grad €(p)
It is the tangent flux denoted by grad™ E(p) s. t

— DIH,O 8[.7] — gp,grad_ E(p) (grad_ 8<p)7 .7) VJ S TpTQ(Rd>

Gradient flows in (Po(R?), T): Oypr = V - grad™ &(p)

'[Ohta-Sturm '09, ’12] and [Agueh '12]
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Gradient descent in Finsler geometry’
Inner product

7 € T,P2(R?), we define an inner product g, ;: T,Ps(RY) x T,P5(R?) — R by

gpatdied) = 3 [ o) oy o) (R XUV ) ),

Goal: direction of steepest discent from p!

Gradient vector: Diff, €[§] = g, amae(y) (grad E(p), )  forall j € T,P(RY)

Direction steepest descent is in general NOT — grad €(p)
It is the tangent flux denoted by grad™ E(p) s. t

— DIH,O 8[.7] — gp,grad_ E(p) (grad_ 8<p)7 .7) VJ S TpTQ(Rd>

Gradient flows in (Po(R?), T): Oypr = V - grad™ &(p)

Nonlocal interaction energy
grad” €(p)(,y) = =V (K 5 p)(x,y) (P2 Trapon) (@ 9) + WX Trape0)(@:9))

'[Ohta-Sturm '09, ’12] and [Agueh '12]

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 13
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Towards the variational characterisation for (NL*IE)
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Towards the variational characterisation for (NL*IE)

Euclidean case: :1;( ) = —V.F(z

Fla(s)) / _VF(2(2)) - ' (2) dz < / VE((2)] - |2/(2)| d

< [ (3IVFGEr + 5 eP)

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 14



4 ==

FRIEDRICH-ALEXANDER

= UNIVERSITAT
Department = ERLANGEN-NURNBERG

MATH EMATI K NATURWISSENSCHAFTLICHE

FAKULTAT

Towards the variational characterisation for (NL*IE)

For any p € AC([0,T);(P2(RY),T)), 3! antisymmetric (w;)icpnr) such that
(pt, 3t )eepo,r) € CEr and

dji(z,y) = wi(z,y)+ dp(x) du(y) — wi(x,y)- du(z) dp(y)

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 14
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Towards the variational characterisation for (NL*IE)

For any p € AC([0,T);(P2(RY),T)), 3! antisymmetric (w;)icpnr) such that
(pt, 3t )eepo,r) € CEr and

dji(z,y) = wi(w,y)4 dp(x) du(y) — wi(z, y)- du(z) dp(y)
Finsler product

Gy, v) / / u(z, ) v(, ) (2, ) Ogusoy (2 9) A1 (2, 9)+ Xqueoy (2, 1) dya(z, ).
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Towards the variational characterisation for (NL*IE)

For any p € AC([0,T);(P2(RY),T)), 3! antisymmetric (w;)icpnr) such that
(pt, 3t )eepo,r) € CEr and

dji(z,y) = wi(w,y)4 dp(x) du(y) — wi(z, y)- du(z) dp(y)
Finsler product

Gy, v) / / u(z, ) v(, ) (2, ) Ogusoy (2 9) A1 (2, 9)+ Xqueoy (2, 1) dya(z, ).

Chain rule from CE

% ( )dpt( / VSO T y) (ZC y) th(x y) gpt wt(wt,Vgo)
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Towards the variational characterisation for (NL*IE)

For any p € AC([0,T);(P2(RY),T)), 3! antisymmetric (w;)icpnr) such that
(pt, 3t )eepo,r) € CEr and

dji(z,y) = wi(w,y)4 dp(x) du(y) — wi(z, y)- du(z) dp(y)
Finsler product

Gy, v) / / u(z, ) v(, ) (2, ) Ogusoy (2 9) A1 (2, 9)+ Xqueoy (2, 1) dya(z, ).

Chain rule from CE

% ( )dpt( / VSO T y) (5’3 y) th(x y) gpt wt(wt,Vgo)

One-sided Cauchy—Schwarz inequality

Gpar(0,0) < /G0, 9) Gy (w0, ),

Berkeley, 25/10/21 | Antonio Esposito | Nonlocal-interaction equation on graphs 14
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Chain rule

Interaction potential
(K1) K € C(R? x R%);
(K2) K is symmetric, i.e., K (z,y) = K(y,x) for all (z,y) € R? x RY,;
(K3) |K(z,y) — K(',y)| < L(|(z,y) — (") V |(z,9) — (', 4)).
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Chain rule

Interaction potential
(K1) K € C(R? x R%);
(K2) K is symmetric, i.e., K(z,y) = K(y,x) for all (z,y) € R? x RY;
(K3) |K(2,y) — K(2',y)| < L(|(z,y) — («',¢)| V |(z,y) — (', 4)]*).

Proposition
For all p € AC([0, T; (Po(R?),T)) and 0 < s < t < T we have the chain-rule identity

E(pr) — = /// V58 (o), y) n(z,y) dj-(z, y) dr

0&
/SngwT(wﬂvép( )) dr,

where (wy);cpo,7 is the antisymmetric vector field associated to (p, j) € CEr.
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Curve of maximal slope

g —0& T —0¢&
£(or) — &) = | ngwT(wT,v(S( D)dr == [ G (w5 00 ) ar

—58 —(58
> — g 55 ~ ) 9psw, wTawT dr
/ \/ p,—V52 ,0 \/ p )

—0& 0& 1 [t
> - — - — a
> 2/0 gp e p( V5p V5p> dt 2/0 Gppw, (W, wy) AT,
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Local slope & De Giorgi Functional
For any p € AC([0, T]; (Po(R%), T)), the De Giorgi functional at p is defined as

1

Sr(p) = E(pr) = Elpw) + 5 | (Dlp) +[6}?) dr 2 0.
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Local slope & De Giorgi Functional
For any p € AC([0, T]; (Po(R%), T)), the De Giorgi functional at p is defined as

1

Sr(p) = E(pr) = Elpw) + 5 | (Dlp) +[6}?) dr 2 0.
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Variational characterisation of (NL°IE)

Nonlocal-nonlocal interaction equation
8t10 + v ) .7 — 07

where the flux j is given by

dj(z,y) = V(K * p)(z,y)-n(z,y) dp(x) dp(y) — V(K * p)(z,y)sn(z,y) dply) dp(x) .

Theorem
A curve (pi)icior) C Po(RY) is a weak solution to (NL2IE) if and only if p belongs to
AC([0,T); (P2(RY),T)) and is a curve of maximal slope for & with respect to v/D, that
is, satisfies

Sr(p) = 0.
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Variational characterisation of (NL°IE)

Nonlocal-nonlocal interaction equation
8t10 + v ) .7 — 07
where the flux j is given by

dj(x,y) = V(K * p)(x,y)-n(z,y) dp(x) du(y) — V(K * p)(x,y)n(z,y) dply) du(z)
Theorem
A curve (pi)icior) C Po(RY) is a weak solution to (NL2IE) if and only if p belongs to

AC([0, T; (Po(R?), T)) and is a curve of maximal slope for € with respect to v/D, that
is, satisfies

.
v

Sr(p) = 0.

What about existence?

» Minimisers exist by direct method, however not necessarily global!
* Possibility: minimising movement scheme in quasi-metric spaces
* Instead: Show existence via finite-dimensional approximation and stability



4 -

FRIEDRICH-ALEXANDER

= = UNIVERSITAT
Department = ERLANGEN-NURNBERG

MATHEMATIK NATURWISSENSCHAFTLICHE
FAKULTAT

Stability with respect to graph approximations

Stability of gradient flows

Let ("), C M*(RY) and suppose that ("),, narrowly converges to ;.. Assume that the
base measures 1" and p satisfy (MB) and (LBC) uniformly in n, and let the interaction
potential K satisfy (K1)—(K3). Suppose that p" is a gradient flow of £ with respect to
p' for all n € N, that is,

Gr(p"; p")=0 foralln e N,

such that (py),, satisfies sup,, ey Ma(p) < oo and pi — p;asn — oo forallt € [0, 7] for
some curve (p;)icior) C Po(RY). Then, p € AC([0, T7; (P2(R?),T,)) and p is a gradient
flow of € with respect to u, that is,

Sr(p; p) = 0.
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Stability with respect to graph approximations

Stability of gradient flows

Let ("), C M*(RY) and suppose that ("),, narrowly converges to ;.. Assume that the
base measures 1" and p satisfy (MB) and (LBC) uniformly in n, and let the interaction
potential K satisfy (K1)—(K3). Suppose that p" is a gradient flow of £ with respect to
p' for all n € N, that is,

Gr(p"; p")=0 foralln e N,

such that (py),, satisfies sup,, ey Ma(p) < oo and pi — p;asn — oo forallt € [0, 7] for
some curve (p;)icior) C Po(RY). Then, p € AC([0, T7; (P2(R?),T,)) and p is a gradient
flow of € with respect to u, that is,

Sr(p; p) = 0.

Corollary
Existence of weak solution to (NL2IE) via finite-dimensional approximation.




4 =

FRIEDRICH-ALEXANDER

E = UNIVERSITAT
Department = ERLANGEN-NURNBERG

MATH EMATI K NATURWISSENSCHAFTLICHE

FAKULTAT

Strong measure solutions and nonlocal conservation laws

More general flux

dj‘b[u;p,v}—cp(d(p@“) d(n®p). )dA.

T dh )

Nonlocal conservation law

A curve p : [0, T] — M+, (R?) is said to be a strong solution to the nonlocal conserva-
tion law

0ip+V - 3w p,v(p)] =0, (NCL)
provided that, for any A € B(R%), it holds that
1. (pt)iep.) € AC([0, TT; Mgy (RY));
2.t = V- 3%u; prvi(py)][A] € LN[0, T));
3. p satisfies

pil Al + /Otv’jq)[u; ps, Us(ps)][Alds = polA]  forallt €0, T]. (8)

—> fixed point argument
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Final remarks: open questions / future works

* convexity - contractivity - stability
= in Finslerian geometry these become different concepts [Ohta-Sturm ’12]
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* local limit 0 — 0 to obtain interaction equation
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Final remarks: open questions / future works

 convexity - contractivity - stability

= in Finslerian geometry these become different concepts [Ohta-Sturm ’12]
* local limit 0 — 0 to obtain interaction equation
» diagonal limits: N — oo and o — 0 to obtain even different PDEs

* minimising movement schemes (JKO)
= extend classical theory to quasi-metric setting and beyond

 Free energies including entropies

1
F(p) =0 [ log pla) dpla) + 5 [ K(a,y) dola) do(y)
* strong measure-valued solutions

« A. E., F. S. Patacchini, A. Schlichting, D. Slepcev, Nonlocal-interaction equation
on graphs: gradient flow structure and continuum limit - ARMA (2021).

« A. E., F. S. Patacchini, A. Schlichting, D. Slepcev, Strong solutions to nonlocal
conservation laws on graphs - in preparation.

Thank you for your attention!



