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Abstract

Clustering is & fundamental problem in statistics and machine learning. Lloyd’s al-
gorithm proposed in 1957, is still possibly the most widely used clustering algorithm
in practice due to iis simplicity and empirical performance. Ilowever, there has beea
little theoretical investigetion on the statistical and computational guarantees of Lloyd’s
algorithm. This paper is an attempt to bridge this gap between practice and theory. We
investigate the performance of Lloyd’s algorithm on clustering sub-Caussian mixtures.
Under an appropriate milialization for labels ur centess, we show that Lloyd’s algorithun
converges Lo an exporentially small clustering error after an order cf logn iterations,
where n is the sample size. The error rate is shown to be minimax optimal. For the
two-mixture case, we only require the initial:zer to be slightly better than random zuass.

In addition, we extend the Lloyd’s algorivhm and s analysis Lo conurunity detection
and crowdsourcing, itwo problemns that have received & lot of atiention recently in statis-
t:cs and machine lesrning. Two varian:s of Lloyd’s a'gerithm are proposec respectively
for community detection and crowdsourcing. On the theoretical side, we provide statis-
t.cal and computational guarentees cf the two algorithies, and the results imprcve upon
some prevous signal-to-noise ratio conditions in literaturs for both problems. Experi-
mentz] resnlts on simulatec and real data sots demrorstrate competitive performance of

our algorithms to the state-of the-art methods,

1 Introduction

Lloyd’s algorithm, proposed in 1957 by Stuart Lloyd at Bell Labs |4(], is still one of the most
popular clustering algorithms used by practitioners, with a wide range of applications from
computer vision [3], ta astroromy [45] and to biology [26]. Although considerable innovations
have been made on developing new provable and efficient clustering algorithins in the past
six decaces, Lloyd’s algerithm has been consistently listed as one of the top ten data mining
algorithms in several recent surveys [55).
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MLE +
zé?i?ﬁ}n o (A © Y)Z

GPM Z§t) — 2_kefn\{s} Aﬂ'kyjkzi(f_l)
Sheph gy AmYiesy

SDP max
7—7TcRnXn r((AoY)Z) subject to diag(Z) =1 d Z
— In an >~ ()
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Theorem [G & Zhang] Assume o* =
and g5 = . Then

inf sup

1.0(2,2) > exp ( (1+0(1)5.3 )

202

'Moreover, the MLE, GPM initialized by the

'leading eigenvec
leading eigenvec

or O
or of

- AoY , and the

SDP all achieve

((z,2) < exp (—(1 = 0(1) 55 )

202
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Theorem [G & Zhang] Assume 0% =
-and oen 2. Then,

: ~ np
f 002, 2) > 1+ o(1
ze{l—n1,1}n Ze{s_ufl}n (%,2) eXp( (1 +of ))20 )

Moreover, the MLE, GPM initialized by the
leading eigenvector of AoY, and the
leading eigenvector of SDP all achieve

zgﬁ)gam(_@_oung%)

with high probability. ~ “p=1" by [Fei & Chen 20]
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max  Ir((AoY)Z)
phase Sync s.t. diag(Z) =1, and Z > 0
max Tr((AoY)Z)
Z2 sync

s.t. diag(Z) =1, and Z > 0
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max

Tr((AoY)Z)
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Tr((AoY)Z)

s.t. diag(Z) =1, and Z > 0

(1 +0(1))%



phase sync

Z2 sync

Comparison

max

max

Tr((AoY)Z)

s.t. diag(Z) =1, and Z =0

Tr((AoY)Z)

s.t. diag(Z) =1, and Z > 0

(1 +0(1))%

exp (—(1 - o(1))

np
202
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Z2 sync

Comparison

Tr((AoY)Z
_—nax___ (AoY)Z)

s.t. diag(Z) =1, and Z =0

Tr((AoY)Z
= (A0 Y)2)

s.t. diag(Z) =1, and Z > 0

(1 +0(1))%

exp (—(1 - o(1))

np
202

)
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phase sync =il (14 0(1)) 2
s.t. diag(Z) =1, and Z = 0 2np

e (4217 »

Z2 sSyncC - exp (—(1 — 0(1))27‘2

s.t. diag(Z) =1, and Z > 0

arison

For any x,y € C" such that ||y|| =1 and Re(y"z) > 0, we have

2
o M - yy™)z||? + [Im(y"z)|?
[Re(ytz)|?

)
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max
phase sync PRI
Z2 sync 2o

Tr((AoY)Z)

s.t. diag(Z) =1, and Z =0

Tr((AoY)Z)

s.t. diag(Z) =1, and Z > 0

For any x,y € C" such that ||y|| =1 and Re(y"z) > 0, we have

2

_ @ = yy)z)? +

Tm(y"z)|*

[Re(ytz)|?

(1+0(1))5—

2np

exp (—(1—o(1)) 575 )

extra term

1 _in complex

space
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MOdel }/1;]' = ZiZ} + O-Wq:j < R4 Z; € SO( ) Ajk ~ Bernoulli(p)

AN

Loss 62,2) = min —ZHZU Z;|I
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Rotation Synchronization

Model Y = ZiZ‘;-r + oW, € RXd 7. ¢ SO(d) Ajx ~ Bernoulli(p)

AN

1 e~ ~
0(Z,Z2)= min =Y ||Z;U - Zj|;
Loss (Z,7) Uéggf%d)nj_l 1Z;U — Z;||§

‘Theorem [G & Zhang]. Assume o2 =o(np)

np N

and pgn — . Then,

Cinf sup Enl(Z,Z) > (1-o0(1))
ZeS0(d)™ Z€SO(d)n 2np

I\/Ioreover, pboth MLE and GPM achieve

(d — 1)do?

(d — 1)do?

UZ,7Z) < (1+ o(1))

2np
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