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Recovering communities in networks

Political blogs in the US, 
prior to the 2004 elections 

(Adamic, Glance, 2005)

Zachary’s karate club (1970-72; 1977)

Facebook:    2.7+ billion monthly active users
1.8+ billion daily active users

Drosophila protein-protein 
interaction network 

(Guruharsha et al., 2011)
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• 𝑛 nodes
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HLL83: (𝐺", 𝐺#$) is a “pair-dependent SBM”
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(G1, G2) ⇠ CSBM(n, p, q, s)

Main Q: 
• given (𝐺3, 𝐺4), when can we (exactly) recover the communities?
• can we do so in regimes where it is impossible to do so using only 𝐺3?
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Intuition:
• Testing multivariate Poisson distributions
• Want error probability 𝑛#$%&($)
• Error exponent given by Chernoff-Hellinger divergence

Abbé, Sandon (2015): threshold for general SBMs
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How can we use both 𝐺" and 𝐺#? Suppose that 𝝅∗ is known. 
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In particular, if 𝝅∗ is known and
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then exact community recovery is possible from 𝐺3 and 𝐺4, 
even though it is impossible from 𝐺3 alone
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• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?
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• Of significant independent interest
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Main Q: 
• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?

• Of significant independent interest
• Correlated Erdős-Rényi random graphs: 

Pedersani, Grossglauser (2011) 
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Pedersani, Grossglauser (2011) 

• Many works in probability/statistics/CS/info theory… including:
• Cullina, Kiyavash (2016, 2017)
• Barak, Chou, Lei, Schramm, Sheng (2019)
• Ding, Ma, Wu, Xu (2018) 
• Mossel, Xu (2019) 
• Fan, Mao, Wu, Xu (2019a,b)
• Ganassali, Massoulié (2020)

• Cullina, Kiyavash, Mittal, Poor (2020)
• Wu, Xu, Yu (2020, 2021)
• Mao, Rudelson, Tikhomirov (2021)
• Ganassali, Lelarge, Massoulié (2021)
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(G1, G2) ⇠ CSBM(n, p, q, s)

Main Q1 (community recovery): 
• given (𝐺3, 𝐺4), when can we (exactly) recover the communities?
• can we do so in regimes where it is impossible to do so using only 𝐺3?

Main Q2 (graph matching): 
• given (𝐺3, 𝐺4), when can we (exactly) recover the latent permutation 𝜋∗?
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Theorem (R., Sridhar, 2021)
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• ?𝜋 is the MAP estimate for the correlated Erdős-Rényi model
• Cullina, Kiyavash (2016, 2017): exact graph matching for the 

correlated Erdős-Rényi model; see also Wu, Xu, Yu (2021)
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• ?𝜋 is the MAP estimate for the correlated Erdős-Rényi model
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correlated Erdős-Rényi model; see also Wu, Xu, Yu (2021)
• Condition: the intersection graph is connected (whp)
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• ?𝜋 is the MAP estimate for the correlated Erdős-Rényi model
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parameter assumptions and assuming all community labels 
are known
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Exact graph matching – converse
Theorem (Cullina, Singhal, Kiyavash, Mittal, 2016)

<latexit sha1_base64="LRRyjG1+mPJ9EW1U0vCY/C+YMSY=">AAACD3icdZDLSgMxFIYz9VbrbdSlm2BRKkKZKdYLuCi6cVnBXqBTSybNtKGZC8kZoQx9Aze+ihsXirh16863MW1HqKI/BH6+cw4n53cjwRVY1qeRmZtfWFzKLudWVtfWN8zNrboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7uByXG/cMal4GNzAMGJtn/QC7nFKQKOOua9uk9IIO4J5UMCOJwlNyKE7mkDJe304wOfY7ph5q2hNhGdM2bLPjm1spySPUlU75ofTDWnsswCoIEq1bCuCdkIkcCrYKOfEikWEDkiPtbQNiM9UO5ncM8J7mnSxF0r9AsATOjuREF+poe/qTp9AX/2ujeFftVYM3mk74UEUAwvodJEXCwwhHoeDu1wyCmKoDaGS679i2ic6E9AR5nQI35fi/029VLTLRev6KF+5SOPIoh20iwrIRieogq5QFdUQRffoET2jF+PBeDJejbdpa8ZIZ7bRDxnvX6iymyM=</latexit>

s2
✓
a+ b

2

◆
< 1 thenIf for every estimator @𝜋

<latexit sha1_base64="W+7ER7YvvP6BWfw5GzJWWGb0JkU="></latexit>

lim
n!1

P (e⇡(G1, G2) = ⇡⇤) = 0



Exact graph matching – converse
Theorem (Cullina, Singhal, Kiyavash, Mittal, 2016)

<latexit sha1_base64="LRRyjG1+mPJ9EW1U0vCY/C+YMSY=">AAACD3icdZDLSgMxFIYz9VbrbdSlm2BRKkKZKdYLuCi6cVnBXqBTSybNtKGZC8kZoQx9Aze+ihsXirh16863MW1HqKI/BH6+cw4n53cjwRVY1qeRmZtfWFzKLudWVtfWN8zNrboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7uByXG/cMal4GNzAMGJtn/QC7nFKQKOOua9uk9IIO4J5UMCOJwlNyKE7mkDJe304wOfY7ph5q2hNhGdM2bLPjm1spySPUlU75ofTDWnsswCoIEq1bCuCdkIkcCrYKOfEikWEDkiPtbQNiM9UO5ncM8J7mnSxF0r9AsATOjuREF+poe/qTp9AX/2ujeFftVYM3mk74UEUAwvodJEXCwwhHoeDu1wyCmKoDaGS679i2ic6E9AR5nQI35fi/029VLTLRev6KF+5SOPIoh20iwrIRieogq5QFdUQRffoET2jF+PBeDJejbdpa8ZIZ7bRDxnvX6iymyM=</latexit>

s2
✓
a+ b

2

◆
< 1 thenIf for every estimator @𝜋

<latexit sha1_base64="W+7ER7YvvP6BWfw5GzJWWGb0JkU="></latexit>

lim
n!1

P (e⇡(G1, G2) = ⇡⇤) = 0

• Condition: the intersection graph is disconnected (whp)

2

1

6

3

4

5

7

12 11

10

8
9

2

1

6

3

4

5

7

12 11

10

8
9

2 (2)

1 (8)

6 (6)

3 (12)

4 (7)

5 (11)

7 (10)

12 (9)
11 (1)

10 (5)

8 (3)
9 (4)G ⇠ SBM(n, p, q)

G1 G0
2 (G2)

⇡⇤ = (8, 2, 12, 7, 11, 6, 10, 3, 4, 5, 1, 9)

subsamplesubsample

in 𝐺" and 𝐺#



Exact graph matching – converse
Theorem (Cullina, Singhal, Kiyavash, Mittal, 2016)

<latexit sha1_base64="LRRyjG1+mPJ9EW1U0vCY/C+YMSY=">AAACD3icdZDLSgMxFIYz9VbrbdSlm2BRKkKZKdYLuCi6cVnBXqBTSybNtKGZC8kZoQx9Aze+ihsXirh16863MW1HqKI/BH6+cw4n53cjwRVY1qeRmZtfWFzKLudWVtfWN8zNrboKY0lZjYYilE2XKCZ4wGrAQbBmJBnxXcEa7uByXG/cMal4GNzAMGJtn/QC7nFKQKOOua9uk9IIO4J5UMCOJwlNyKE7mkDJe304wOfY7ph5q2hNhGdM2bLPjm1spySPUlU75ofTDWnsswCoIEq1bCuCdkIkcCrYKOfEikWEDkiPtbQNiM9UO5ncM8J7mnSxF0r9AsATOjuREF+poe/qTp9AX/2ujeFftVYM3mk74UEUAwvodJEXCwwhHoeDu1wyCmKoDaGS679i2ic6E9AR5nQI35fi/029VLTLRev6KF+5SOPIoh20iwrIRieogq5QFdUQRffoET2jF+PBeDJejbdpa8ZIZ7bRDxnvX6iymyM=</latexit>

s2
✓
a+ b

2

◆
< 1 thenIf for every estimator @𝜋

<latexit sha1_base64="W+7ER7YvvP6BWfw5GzJWWGb0JkU="></latexit>

lim
n!1

P (e⇡(G1, G2) = ⇡⇤) = 0

• Condition: the intersection graph is disconnected (whp)
• In particular: the intersection graph has many isolated vertices
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Phase diagrams

𝑠 = 0.25 𝑠 = 0.75𝑠 = 0.5

Exact community recovery 
possible from 𝐺$

Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
unknown from (𝐺$, 𝐺))



Phase diagrams

𝑏 = 2 𝑏 = 20𝑏 = 10

Exact community recovery 
possible from 𝐺$

Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
unknown from (𝐺$, 𝐺))



Phase diagrams

𝑎/𝑏 = 2 𝑎/𝑏 = 6𝑎/𝑏 = 4

Exact community recovery 
possible from 𝐺$

Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
unknown from (𝐺$, 𝐺))



Proof (graph matching)
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Permutations
Let 𝑆&!,&" denote the set of lifted permutations such that
• 𝑘" vertices are mismatched in 𝑉(
• 𝑘# vertices are mismatched in 𝑉)
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Let 𝑆&!,&" denote the set of lifted permutations such that
• 𝑘" vertices are mismatched in 𝑉(
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From vertex mismatches to edge mismatches:
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Assume that the communities are 
approximately balanced (this happens whp).
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When 𝑘" ≤
*
#
|𝑉(| and 𝑘# ≤

*
#
|𝑉)|:

Assume that the communities are 
approximately balanced (this happens whp).

In general:

Let 𝑆&!,&" denote the set of lifted permutations such that
• 𝑘" vertices are mismatched in 𝑉(
• 𝑘# vertices are mismatched in 𝑉)
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Generating function

Joint generating function

The PGF of only 𝑋 𝜏 only works when 𝑠) 𝑎 + 𝑏 /2 > 2
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Generating function

Joint generating function

The PGF of only 𝑋 𝜏 only works when 𝑠) 𝑎 + 𝑏 /2 > 2

Lemma

For any 𝜀 ∈ 0,1 and 1 ≤ 𝜔, 𝜁 ≤ 3, and for all 𝑛 large enough:

Analysis:
• Decompose according to cycles of 𝜏∗)" ∘ 𝜏; 

independence across cycles
• For correlated Erdős-Rényi: explicit formulas
• For correlated SBM: recursive bounds



Open problems / future directions



Closing the gap for exact community recovery

𝑠 = 0.25

What happens in this region?

• Exact graph matching is impossible
• Q: is exact community recovery from 𝐺3, 𝐺4 possible?

Exact community recovery 
possible from 𝐺$
Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))
Exact community recovery 
impossible from 𝐺$, 
unknown from (𝐺$, 𝐺))



Closing the gap for exact community recovery

𝑠 = 0.25

What happens in this region?

• Exact graph matching is impossible
• Q: is exact community recovery from 𝐺3, 𝐺4 possible?
• Conjecture: in part of the region yes, in part of it no

Exact community recovery 
possible from 𝐺$
Exact community recovery 
impossible from (𝐺$, 𝐺))

Exact community recovery 
impossible from 𝐺$, 
possible from (𝐺$, 𝐺))
Exact community recovery 
impossible from 𝐺$, 
unknown from (𝐺$, 𝐺))



Efficient algorithms

• Current algorithm for exact graph matching is not efficient
• Do there exist efficient algorithms for graph matching?
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Efficient algorithms

• Current algorithm for exact graph matching is not efficient
• Do there exist efficient algorithms for graph matching?
• If not:

• Is it possible to recover communities exactly using a 
polynomial time relaxation of the graph matching subroutine?
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General correlated SBMs

𝑘 communities, general parameters:
• graph matching?
• (exact) community recovery?

2

1

6

3

4

5

7

12 11

10

8
9

2

1

6

3

4

5

7

12 11

10

8
9

2 (2)

1 (8)

6 (6)

3 (12)

4 (7)

5 (11)

7 (10)

12 (9)
11 (1)

10 (5)

8 (3)
9 (4)G ⇠ SBM(n, p, q)

G1 G0
2 (G2)

⇡⇤ = (8, 2, 12, 7, 11, 6, 10, 3, 4, 5, 1, 9)

subsamplesubsample



Beyond exact community recovery
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• Partial recovery? 
• Community detection?

Challenge: in these regimes 
exact graph matching is impossible; 
cannot use as a black box



Summary

Photo: Tara Brown / UW

• Correlated SBMs: determined the fundamental limits of exact graph matching

• Exact community recovery possible in regimes where it is not possible from 𝐺3 alone

• Correlated random graphs: many challenges and applications
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Summary

Photo: Tara Brown / UW

• Correlated SBMs: determined the fundamental limits of exact graph matching

• Exact community recovery possible in regimes where it is not possible from 𝐺3 alone

• Correlated random graphs: many challenges and applications

Thank you!
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