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Signal Channel Observation

Inverse problems

x ∈ ℝd y ∈ ℝn
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Signal Channel Observation

Inverse problems

x ∈ ℝd y ∈ ℝn

Questions:  How many samples?

 How to do it efficiently?

 What is the role of structure?



Examples

Denoising Matrix factorisation

y = x + ξ Y = xx⊺ + Z

Compressed sensing 
Phase retrieval

y = |Ax | + ξ
y = Φx + ξ



Sparsity

Structure helps!

If there is a basis (possibly learned) for which signal is sparse:

Efficient reconstruction might be possible both statistically (NP-hard?) and 
algorithmically, e.g. L1-minimisation in CS.

x = (−z − 0⋯0
⏟

d−k

)



Learning a basis

Deep generative networks: VAEs, GANs, etc.

Latent  
representation Signal

x = σ(L) (W(L)σ(L−1) (W(L−1)⋯σ(1) (W(1)z)⋯)) ∈ ℝd

z ∈ ℝk x ∈ ℝd

[Ulyanov et al. 17, 
Bora et al. 17’,  
Hecklel, Hand 18’ ]



Deep generative networks: VAEs, GANs, etc.

https://www.thispersondoesnotexist.com/

z ∼ 𝒩(0, Ik)

Learning a basis [Ulyanov et al. 17, 
Bora et al. 17’,  
Hecklel, Hand 18’ ]



Someone, somewhere

Setting



Prior on signal

f
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Signal Channel Observation

Setting

y ∈ ℝnx ∈ ℝd

P (x |{W(l)}
L

l=1)



Matrix factorisation

Denoising Matrix factorisation Compressed sensing 
Phase retrieval

y = x + ξ Y = xx⊺ + Z
y = |Ax | + ξ
y = Φx + ξ



Signal 
“Spike” Observation

Y ∈ ℝp×p

Matrix factorisation

x⋆ ∼ Px
x⋆x⋆⊤

p

ΔZ
Channel

AWGN



Signal 
“Spike” Observation

Y ∈ ℝp×p

Matrix factorisation

x⋆ ∼ Px
x⋆x⋆⊤

p

ΔZ
Channel

AWGN

Goal: reconstruct  from knowledge of    
in the high-dimensional regime  

 and 

x⋆ Px, Δ

p → ∞ Δ = O(1)



Consider a sparse spike

x? ⇠
pY

i=1

[(1� ⇢)�0 + ⇢N (0, 1)]
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[Lesieur et al. 17’]

⇢ = 0.1
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Sparse case



Sparse case

Large sparsity leads to  
statistical-to-algorithmic gap



i.i.d. Gaussian ,

x = σ(L) (W(L)σ(L−1) (W(L−1)⋯σ(1) (W(1)z)⋯))
z ∼ 𝒩(0, Ik)W(l) ∈ ℝkl+1×kl

Generative networks



Theorem 
(informal)  

q?x = arginf
0qx⇢

iRS(�, qx)
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MMSE = ⇢x � q?x
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⇢x = lim
p!1

EPx


x · x
p

�
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where: 

iRS(�, qv) =
(⇢x � qx)2

4�
+ lim

p!1

I
⇣
x;x+

q
�
qx
⇠
⌘

p
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,

Statistical guarantee
In the high-dimensional limit,



Statistical guarantee

Remark:

Mutual information density for 
a denonising problem.

1

p
I

 
x;x+

s
�

qx
⇠

!
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Has been rigorously computed for

Px(x) =
pY

i=1

Px(xi)
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Uncorrelated  
signal

2-layer NN with  
random weights

x = '(2)
⇣
W 2'(1)

⇣
W (1)z

⌘⌘
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Role of depth
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Generative layers estimation 
layer

Compositional Principle

A compositional  
principle for AMP

z
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Generative layers estimation 
layer

A compositional  
principle for AMP

Compositional Principle



AMP for one-layer prior



TRAMP

https://sphinxteam.github.io/tramp.docs
arXiv2004.01571

https://arxiv.org/abs/2004.01571


Surprise

x = sign (Wz)

m
se

No statistical-to-algorithmic gap!
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Non-asymptotic: [Cocola, Hand, Voroninski 21’]



Spectral method

PCA

Input: Y ∈ ℝp×p

Output: v̂ = σmax(Y)



Spectral method

PCA

Kp =
WW>

p
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for a linear layer

for a sign layer Kp =

✓
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Input: Y ∈ ℝp×p

Output: v̂ = σmax(Y)

L-AMP

Input: , prior Y ∈ ℝp×p Pv

Output: v̂ = σmax (Kp (Y − Ip))
 Kp = 𝔼Pv [vv⊤]

Example:



L-AMP

x = sign (Wz)
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Same recovery threshold!



LAMP on Fashion MNIST

{xµ}
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Spikes drawn from fashion MNIST

Use empirical covariance: Kp = E
⇥
xx>⇤ ⇡ 1

m

mX

µ=1

xµxµ>
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Other problems

Denoising Matrix factorisation Compressed sensing 
Phase retrieval

y = x + ξ Y = xx⊺ + Z
y = |Ax | + ξ
y = Φx + ξ



Activation

y ∈ ℝn

Generalised linear estimation

x⋆ ∼ Px Ax⋆

Linear channel

φ(Ax⋆)

Signal



Signal

y ∈ ℝn

Generalised linear estimation

x⋆ ∼ Px Ax⋆

Linear channel

φ(Ax⋆)

Goal: reconstruct  from knowledge of    
in the high-dimensional regime  

 and 

x⋆ Px, A, σ

n, p → ∞ n/p = O(1)

Activation



[Barbier et al. 16’]

Sparse case
x? ⇠

pY

i=1

[(1� ⇢)�0 + ⇢N (0, 1)]
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y = |Ax⋆ |
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Sparse case
x? ⇠

pY

i=1

[(1� ⇢)�0 + ⇢N (0, 1)]
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y = |Ax⋆ |

Hard even for 
 ρ → 0+



[Barbier et al. 16’]

Sparse case
x? ⇠

pY

i=1

[(1� ⇢)�0 + ⇢N (0, 1)]

<latexit sha1_base64="UJ7TqSjLPVnNQTSjGkKjwp07Cas="></latexit>

y = |Ax⋆ |

Hard even for 
 ρ → 0+

[Song, Zadik, Bruna 21’]



Generative network
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x⋆ = σ(L) (W(L)σ(L−1) (W(L−1)⋯σ(1) (W(1)z)⋯))
σ(x) = x σ(x) = relu(x)
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Generative priors have a smaller algorithmic gap!

c.f. [Hand, Leong, Voroninski 18’]



Conclusions
Generative priors have comparatively smaller  
algorithmic gaps than their sparse counterparts

Algorithmic gap can be reduced with both  
depth and compression



Conclusions
Generative priors have comparatively smaller  
algorithmic gaps than their sparse counterparts

Algorithmic gap can be reduced with both  
depth and compression

Are generative priors the new sparsity?

or

Generative priors are better than sparsity?



Thank you

Based on:
arXiv: 1905.12385, 

1912.02008
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Recent development

See also [Andoni, Hsu, Shi, Sun 17’]



AMP for one-layer prior

Aubin, BL, Maillard, Krzakala, Zdeborova, arXiv:1905.12385



Replica symmetric formula

Φ = extr
qx, ̂qx,{ql, ̂ql} {−

1
2

̂qxqx −
ρ
2

L

∑
l=1

βlql ̂ql + αΨy (qx) + ρ
L

∑
l=2

βlΨ(l)
out ( ̂ql, ql−1) + Ψ(L+1)

out ( ̂qx, qL) + ρΨz ( ̂qz)}

For a L-layer deep, feed-forward, random 
generative prior, the free entropy

Ψ(l)
out(r, s) = 𝔼ξ,η [𝒵(l)

out( rξ, r, sξ, ρl−1 − s)log 𝒵(l)
out( rξ, r, sξ, ρl−1 − s)]

Ψz(t) = 𝔼ξ [𝒵z( tξ, t)log 𝒵z( tξ, t)]
Q(l)

out(x, z; B, A, ω, V ) =
e− A

2 x2+Bx

𝒵out(B, A, ω, V )
e− 1

2V (z − ω)2

2πV
P(l)

out(x |z)

Qz (z; B, A) =
e− A

2 z2+Bz

𝒵z(B, A)
Pz(z)



Message Passing

This problem screams for a Approximated 
Message Passing algorithm!

Key facts about AMP:

- Polynomial time iterative algorithm that 
approximate marginals from the 
posterior

- Can be derived systematically from 
Belief propagation.

- Its performance can be tracked 
analytically.

- Best well-known polynomial time 
algorithm for a large class of 
random problems.
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x⋆ = relu (Wz)y = |Ax⋆ |
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Role of depth / width

x⋆ = relu (Wz)y = |Ax⋆ |

Gap can be made smaller with increasing depth and compression
[Hand et al 18’][Bora et al 17’]


