



































































































































We gradient flowsandPDI dpapadx
Motivation plx.tl 0 Sptx tldx1Xiltlxnlt elRd
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Fokker Planck equi

PDE Otp P pop off Eiffel
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Particles d Xt 52dB t V Heldt
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Moral Wa perspective brings new tools
that complement pure PDE particle perspective

Plan
1Warmup GF on IRd

2 GF and PDE
3 GF on metricspaces
4 Wasserstein GF

Wap GF on IRd

Consider E Rd IR Xo E IR

Def A gradientflow of E with
initial conditions xo is a solution of
XH TEAM t 0

x 0 Xo



x2

EXISTENCE
o E ECACRd at least for short time

UNIQUENESS to

one sided Lipschitz F XE IR sit

Mx y
TECH DE ly Atx yr FayeRd
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above tangent line ineq 3 Rst

Ely EG DEA y
x H yl Hyerfor wix cts increasing wa o

w lx yl
o X convex F TER Sit
Elli alxtay ta EG a Elyl aktzlx ytx.geRswlxlxlogXwhIIp

p
dead

Why does this imply uniqueness
Suppose xlt and yt are gradient flows

of E

Et xlt yh
2
2614 yet DEGRADE yall

E 221 11 yh 12

Ixittylt Ee athlo glo t20 dealt 2k

WH xlogxrits wg.gg

talttaloe 2hwIx

xP p71 RHS p 1 zattlxco ycojpa.pl p



IM EE DEZ X Ideo
o Eo is X convex Ea is Xi convex then
Eo E is Roth convex

ox 0 E is strongly convex
o G alxtay is thegeodesic from x toy

GENERALIZE TO METRIC SPACE

Energydissipationequality EDE

XHF TEGH S III ITEGLAD
It EHH ITEM I INI

ab z E E It EGEDE EMERINE IXIA
with only if a b

Time discretization

Suppose E lower semicts A convex

XH TEGAN ERE TIM DEAD u

x 0 Xo Xo Xo



Given Xn 1

xn arginine ftp IfEi5e
proximal
map

energydissipation Elxnt Exn.ie lxn xn i

FEET e Xt

contraction kn yn
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GF and PDE

EI
metric Lard l Ile Pala Wa

gradient PEEK SE Tweeps D post

energy EFFI 17ft Elp Spmtsupttstopp
me

SplogP
GF Jtf Of 2tp Dpm D outwit

GF structure helps with ElpfVp



GF on metric spaces

X d complete metric space

What is analogue of XIE DECK
Rd

E EN E EIDEGIHIREIICHI

Consider x O T X E X IRU to

o metric derivative Ix It sling dHIII
St Max 0 s

o metric slope DE lx lingup EG Elyht
day

ox EAC COTJ X in case Ix'llHELLO T

Def x EACH TJ x is the curve of maximal slope
of E with initial data xo if x lol x and

Ekiti EINE TIJERINA ETH Mrldr
energydecreasing

s
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uniqueness
key properties
coincide w Wz GF for X d PERd Wd

Def x 0,1 7 is a geodesic if
dkk xp 1a BI daco xcel

Def E X RUED is A convet if t xox EX

F geodesic XK from Toto x sit V Leo B

Elka ECI DEACON EACH 11 a Edta xD

TIME DISCRETIZATION

Given Xn 1

xn argzinEEEIE.IE
Minimizing Movements DG 93 TKO Esko 98

Well defined y
Non positive curvature

metric space
o if xt Idk xot is 1 convex AXE X then
E X convex is sufficient

o what about if at Idk xd is nonconvex







References
1 Villani Topics in Optimal Transportation

2 Ambrosio Gigli Savaré Gradient
Flows in Metric spaces and the
Space of Probability measures

3 Ambrosio Savard Gradient Flows of

Probability measures

4 Santambrogio Optimal Transport
for Applied Mathematicians

5 Santambrogio Euclidean Metric
and Wasserstein Gradient Flows

6 Peyre and Cuturi Computational
Optimal Transport

7 Figalli Glau do An Invitation to

OptimalTransport W Distances and Gfs

8 Brezis Functional Analysis SobolevSpaces and PDEs


