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Topic today: Offline Reinforcement 
Learning, aka. Batch RL
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Example applications of Offline RL

• Medical treatment / recommender systems
• Cannot afford to run new experiments
• Need safe policy improvements

• New material discovery / Learning self-driving car
• Easy to parallelize the experiments
• But hard to have many iterations

• Connections for online RL
• Decomposing into offline epochs.
• Each epoch is an offline learning problem
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Outline of the talk

1. Notations and problem setup

2. Our contribution in OPE and OPL

3. Uniform convergence theorems

4. Key technical components + open problems
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Formal problem setup: Episodic, 
Tabular, Non-Stationary MDPs
• Number of states, actions, horizon:  S,A,H
• Number of offline trajectories:  n
• Time-varying transition kernels:  

• Time-varying expected reward:  
• Policy

• Value functions:  
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is formulated by ⇡ := (⇡1,⇡2, ...,⇡H), where ⇡t assigns each state st 2 S a probability
distribution over actions at each time t (i.e. ⇡t(·|st) 2 R|A| and

P
at
⇡t(at|st) = 1). Any

fixed policy ⇡ together with MDP M induce a distribution over trajectories of the form
(s1, a1, r1, s2, ..., sH , aH , rH , sH+1) where s1 ⇠ d1, at ⇠ ⇡t(·|st), st+1 ⇠ Pt(·|st, at) and rt
has mean rt(st, at) for t = 1, ..., H.1

In addition, we denote d⇡t (st, at) the induced marginal state-action distribution and d⇡t (st)
the marginal state distribution, satisfying d⇡t (st, at) = d⇡t (st) · ⇡(at|st). Moreover, d⇡

1
=

d1 8⇡. We use the notation P ⇡
t 2 RS·A⇥S·A to represent the state-action transition

(P ⇡
t )(s,a),(s0,a0) := Pt(s0|s, a)⇡t(a0|s0), then the marginal state-action vector d⇡t (·, ·) 2 RS⇥A

satisfies the expression d⇡
t+1

= P ⇡

t+1
d⇡t . We define the quantity v⇡t (s) = E⇡[

P
H

t0=t
rt0 |st = s]

and the Q-function Q⇡
t (s, a) = E⇡[

P
H

t0=t
rt0 |st = s, at = a] for all t = 1, ..., H. The ultimate

measure of the performance of policy ⇡ is the value function:

v⇡ = E⇡

"
HX

t=1

rt

#
.

Lastly, for the standard OPE problem, the goal is to estimate v⇡ for a given ⇡ while

assuming that n episodic data D =
n
(s(i)

t
, a(i)

t
, r(i)

t
, s(i)

t+1
)
o
t2[H]

i2[n]
are rolling from a di↵erent

behavior policy µ.

2.1 Uniform convergence problems

Uniform convergence OPE extends the ordinary OPE concept to arbitrary policy class.
Specifically, for any policy class ⇧ that is of interest, we want to ask can we obtain

sup
⇡2⇧

|bv⇡ � v⇡| < ✏, (1)

in a sample e�cient way. Here we consider two representative classes.

The global policy class. The policy class ⇧ we considered here consists of all the
non-stationary deterministic policies. By the standard results in tabular reinforcement
learning, there exists at least one deterministic policy that is optimal (Sutton & Barto,
2018). Therefore, the deterministic policy class is rich enough for evaluating any learning
algorithm (e.g. Q-value iteration in (Sidford et al., 2018)) that wants to learn to the optimal
policy.

The local policy class: in the neighborhood of empirical optimal policy. Given
empirical MDP cM (i.e. the transition kernel is replaced by bPt(st+1|st, at) := nst+1,st,at/nst,at

1Here rt without any argument is random reward and E[rt|st, at] = rt(st, at).
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V ⇡

t
(s) = E⇡[
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Logging policy:

Translation: N = nH
- Number of “steps” in online RL
- Or number of “generator calls”



A few more notations

• Trajectory data:

• Marginal state-action distribution:

• State-action transition matrix: 
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In addition, we denote d⇡t (st, at) the induced marginal state-action distribution and d⇡t (st)
the marginal state distribution, satisfying d⇡t (st, at) = d⇡t (st) · ⇡(at|st). Moreover, d⇡

1
=

d1 8⇡. We use the notation P ⇡
t 2 RS·A⇥S·A to represent the state-action transition

(P ⇡
t )(s,a),(s0,a0) := Pt(s0|s, a)⇡t(a0|s0), then the marginal state-action vector d⇡t (·, ·) 2 RS⇥A

satisfies the expression d⇡
t+1

= P ⇡

t+1
d⇡t . We define the quantity v⇡t (s) = E⇡[

P
H

t0=t
rt0 |st = s]

and the Q-function Q⇡
t (s, a) = E⇡[

P
H

t0=t
rt0 |st = s, at = a] for all t = 1, ..., H. The ultimate

measure of the performance of policy ⇡ is the value function:

v⇡ = E⇡

"
HX

t=1

rt

#
.

Lastly, for the standard OPE problem, the goal is to estimate v⇡ for a given ⇡ while

assuming that n episodic data D =
n
(s(i)

t
, a(i)

t
, r(i)

t
, s(i)

t+1
)
o
t2[H]

i2[n]
are rolling from a di↵erent

behavior policy µ.

2.1 Uniform convergence problems

Uniform convergence OPE extends the ordinary OPE concept to arbitrary policy class.
Specifically, for any policy class ⇧ that is of interest, we want to ask can we obtain

sup
⇡2⇧

|bv⇡ � v⇡| < ✏, (1)

in a sample e�cient way. Here we consider two representative classes.

The global policy class. The policy class ⇧ we considered here consists of all the
non-stationary deterministic policies. By the standard results in tabular reinforcement
learning, there exists at least one deterministic policy that is optimal (Sutton & Barto,
2018). Therefore, the deterministic policy class is rich enough for evaluating any learning
algorithm (e.g. Q-value iteration in (Sidford et al., 2018)) that wants to learn to the optimal
policy.

The local policy class: in the neighborhood of empirical optimal policy. Given
empirical MDP cM (i.e. the transition kernel is replaced by bPt(st+1|st, at) := nst+1,st,at/nst,at

1Here rt without any argument is random reward and E[rt|st, at] = rt(st, at).
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We will not deal with exploration
in offline RL, because we can’t
• The logging policy 𝜇 is out of our control

• Need to make assumptions about it

• Assumed to simplify the discussion on optimality
• Sometimes appear only in low-order terms.
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dm := min
t,s,a

dµt (s, a) > 0 for all t, s, a

s.t. d⇡t (s, a) > 0 for some ⇡ 2 ⇧
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Observation 1: OPE is in its essence a 
statistical estimation problem.
• But is slightly non-trivial because we are estimating 

a single number, when the number of parameters 
describing the distribution are numerous.

• Find functions of the data --- estimators, such that
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with high probability|v̂⇡ � v⇡|  ✏
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E
⇥
|v̂⇡ � v⇡|2

⇤
 ✏2
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Observation 2: Offline Learning is 
a statistical learning problem
• But with a structured hypothesis class ( the policy 

class),  and structured observations (trajectories). 
• Lessons from statistical learning theory:
• ERM suffices and almost necessary. 
• In RL context this is:

• Combine with OPE:
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⇡̂ = argmax
⇡2⇧

v̂⇡
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<latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit><latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit><latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit><latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit>

w.h.pw.h.p.|v̂⇡ � v⇡|  ✏
<latexit sha1_base64="krdkTh1x+PE6RBmEXTF+G+AbQeU=">AAACEHicbZC7TsMwFIadcivlVmBksagQLFQJQoKxgoWxSPQiNaFy3JPWqnPBdipVaR6BhVdhYQAhVkY23ganzQAtv2Tp03/O0fH53YgzqUzz2ygsLa+srhXXSxubW9s75d29pgxjQaFBQx6KtkskcBZAQzHFoR0JIL7LoeUOr7N6awRCsjC4U+MIHJ/0A+YxSpS2uuXjiT0gKhml94kdsRSf4tGMJtjm8IBtiCTjWWfFrJpT4UWwcqigXPVu+cvuhTT2IVCUEyk7lhkpJyFCMcohLdmxhIjQIelDR2NAfJBOMj0oxUfa6WEvFPoFCk/d3xMJ8aUc+67u9IkayPlaZv5X68TKu3QSFkSxgoDOFnkxxyrEWTq4xwRQxccaCBVM/xXTARGEKp1hSYdgzZ+8CM2zqqX59rxSu8rjKKIDdIhOkIUuUA3doDpqIIoe0TN6RW/Gk/FivBsfs9aCkc/soz8yPn8ATpOdXQ==</latexit><latexit sha1_base64="krdkTh1x+PE6RBmEXTF+G+AbQeU=">AAACEHicbZC7TsMwFIadcivlVmBksagQLFQJQoKxgoWxSPQiNaFy3JPWqnPBdipVaR6BhVdhYQAhVkY23ganzQAtv2Tp03/O0fH53YgzqUzz2ygsLa+srhXXSxubW9s75d29pgxjQaFBQx6KtkskcBZAQzHFoR0JIL7LoeUOr7N6awRCsjC4U+MIHJ/0A+YxSpS2uuXjiT0gKhml94kdsRSf4tGMJtjm8IBtiCTjWWfFrJpT4UWwcqigXPVu+cvuhTT2IVCUEyk7lhkpJyFCMcohLdmxhIjQIelDR2NAfJBOMj0oxUfa6WEvFPoFCk/d3xMJ8aUc+67u9IkayPlaZv5X68TKu3QSFkSxgoDOFnkxxyrEWTq4xwRQxccaCBVM/xXTARGEKp1hSYdgzZ+8CM2zqqX59rxSu8rjKKIDdIhOkIUuUA3doDpqIIoe0TN6RW/Gk/FivBsfs9aCkc/soz8yPn8ATpOdXQ==</latexit><latexit sha1_base64="krdkTh1x+PE6RBmEXTF+G+AbQeU=">AAACEHicbZC7TsMwFIadcivlVmBksagQLFQJQoKxgoWxSPQiNaFy3JPWqnPBdipVaR6BhVdhYQAhVkY23ganzQAtv2Tp03/O0fH53YgzqUzz2ygsLa+srhXXSxubW9s75d29pgxjQaFBQx6KtkskcBZAQzHFoR0JIL7LoeUOr7N6awRCsjC4U+MIHJ/0A+YxSpS2uuXjiT0gKhml94kdsRSf4tGMJtjm8IBtiCTjWWfFrJpT4UWwcqigXPVu+cvuhTT2IVCUEyk7lhkpJyFCMcohLdmxhIjQIelDR2NAfJBOMj0oxUfa6WEvFPoFCk/d3xMJ8aUc+67u9IkayPlaZv5X68TKu3QSFkSxgoDOFnkxxyrEWTq4xwRQxccaCBVM/xXTARGEKp1hSYdgzZ+8CM2zqqX59rxSu8rjKKIDdIhOkIUuUA3doDpqIIoe0TN6RW/Gk/FivBsfs9aCkc/soz8yPn8ATpOdXQ==</latexit><latexit sha1_base64="krdkTh1x+PE6RBmEXTF+G+AbQeU=">AAACEHicbZC7TsMwFIadcivlVmBksagQLFQJQoKxgoWxSPQiNaFy3JPWqnPBdipVaR6BhVdhYQAhVkY23ganzQAtv2Tp03/O0fH53YgzqUzz2ygsLa+srhXXSxubW9s75d29pgxjQaFBQx6KtkskcBZAQzHFoR0JIL7LoeUOr7N6awRCsjC4U+MIHJ/0A+YxSpS2uuXjiT0gKhml94kdsRSf4tGMJtjm8IBtiCTjWWfFrJpT4UWwcqigXPVu+cvuhTT2IVCUEyk7lhkpJyFCMcohLdmxhIjQIelDR2NAfJBOMj0oxUfa6WEvFPoFCk/d3xMJ8aUc+67u9IkayPlaZv5X68TKu3QSFkSxgoDOFnkxxyrEWTq4xwRQxccaCBVM/xXTARGEKp1hSYdgzZ+8CM2zqqX59rxSu8rjKKIDdIhOkIUuUA3doDpqIIoe0TN6RW/Gk/FivBsfs9aCkc/soz8yPn8ATpOdXQ==</latexit>

?
E
⇥
|v̂⇡ � v⇡|2

⇤
 ✏2

<latexit sha1_base64="1y/s2kgtnWsCu30tO+LKG4wEQSo="></latexit><latexit sha1_base64="1y/s2kgtnWsCu30tO+LKG4wEQSo="></latexit><latexit sha1_base64="1y/s2kgtnWsCu30tO+LKG4wEQSo="></latexit><latexit sha1_base64="1y/s2kgtnWsCu30tO+LKG4wEQSo="></latexit>

(For some estimator !𝑣!)



Not quite this easy, the learned 
policy !𝜋 depends on the data

11

sup
⇡2⇧

|v̂⇡ � v⇡|  ✏
<latexit sha1_base64="YrgwkVhH5oJ5KX5EaCCTW81/9xU=">AAACIXicbZDNSgMxFIUz/lv/qi7dBIvgxjIjgl0W3bisYG2hqSWT3rbBTCYmmUIZ51Xc+CpuXCjiTnwZM20X2nog8HHuvdzcEyrBjfX9L29hcWl5ZXVtvbCxubW9U9zduzVxohnUWSxi3QypAcEl1C23AppKA41CAY3w/jKvN4agDY/ljR0paEe0L3mPM2qd1SlWiElUJyWKEy4xqfHskQyoTYfZXW5m+AQPJ/SIiYAHTEAZLvLRkl/2x8LzEEyhhKaqdYqfpBuzJAJpmaDGtAJf2XZKteVMQFYgiQFF2T3tQ8uhpBGYdjq+MMNHzuniXqzdkxaP3d8TKY2MGUWh64yoHZjZWm7+V2sltldpp1yqxIJkk0W9RGAb4zwu3OUamBUjB5Rp7v6K2YBqyqwLteBCCGZPnofb03Lg+PqsVL2YxrGGDtAhOkYBOkdVdIVqqI4YekIv6A29e8/eq/fhfU5aF7zpzD76I+/7BxvJpK8=</latexit><latexit sha1_base64="YrgwkVhH5oJ5KX5EaCCTW81/9xU=">AAACIXicbZDNSgMxFIUz/lv/qi7dBIvgxjIjgl0W3bisYG2hqSWT3rbBTCYmmUIZ51Xc+CpuXCjiTnwZM20X2nog8HHuvdzcEyrBjfX9L29hcWl5ZXVtvbCxubW9U9zduzVxohnUWSxi3QypAcEl1C23AppKA41CAY3w/jKvN4agDY/ljR0paEe0L3mPM2qd1SlWiElUJyWKEy4xqfHskQyoTYfZXW5m+AQPJ/SIiYAHTEAZLvLRkl/2x8LzEEyhhKaqdYqfpBuzJAJpmaDGtAJf2XZKteVMQFYgiQFF2T3tQ8uhpBGYdjq+MMNHzuniXqzdkxaP3d8TKY2MGUWh64yoHZjZWm7+V2sltldpp1yqxIJkk0W9RGAb4zwu3OUamBUjB5Rp7v6K2YBqyqwLteBCCGZPnofb03Lg+PqsVL2YxrGGDtAhOkYBOkdVdIVqqI4YekIv6A29e8/eq/fhfU5aF7zpzD76I+/7BxvJpK8=</latexit><latexit sha1_base64="YrgwkVhH5oJ5KX5EaCCTW81/9xU=">AAACIXicbZDNSgMxFIUz/lv/qi7dBIvgxjIjgl0W3bisYG2hqSWT3rbBTCYmmUIZ51Xc+CpuXCjiTnwZM20X2nog8HHuvdzcEyrBjfX9L29hcWl5ZXVtvbCxubW9U9zduzVxohnUWSxi3QypAcEl1C23AppKA41CAY3w/jKvN4agDY/ljR0paEe0L3mPM2qd1SlWiElUJyWKEy4xqfHskQyoTYfZXW5m+AQPJ/SIiYAHTEAZLvLRkl/2x8LzEEyhhKaqdYqfpBuzJAJpmaDGtAJf2XZKteVMQFYgiQFF2T3tQ8uhpBGYdjq+MMNHzuniXqzdkxaP3d8TKY2MGUWh64yoHZjZWm7+V2sltldpp1yqxIJkk0W9RGAb4zwu3OUamBUjB5Rp7v6K2YBqyqwLteBCCGZPnofb03Lg+PqsVL2YxrGGDtAhOkYBOkdVdIVqqI4YekIv6A29e8/eq/fhfU5aF7zpzD76I+/7BxvJpK8=</latexit><latexit sha1_base64="YrgwkVhH5oJ5KX5EaCCTW81/9xU=">AAACIXicbZDNSgMxFIUz/lv/qi7dBIvgxjIjgl0W3bisYG2hqSWT3rbBTCYmmUIZ51Xc+CpuXCjiTnwZM20X2nog8HHuvdzcEyrBjfX9L29hcWl5ZXVtvbCxubW9U9zduzVxohnUWSxi3QypAcEl1C23AppKA41CAY3w/jKvN4agDY/ljR0paEe0L3mPM2qd1SlWiElUJyWKEy4xqfHskQyoTYfZXW5m+AQPJ/SIiYAHTEAZLvLRkl/2x8LzEEyhhKaqdYqfpBuzJAJpmaDGtAJf2XZKteVMQFYgiQFF2T3tQ8uhpBGYdjq+MMNHzuniXqzdkxaP3d8TKY2MGUWh64yoHZjZWm7+V2sltldpp1yqxIJkk0W9RGAb4zwu3OUamBUjB5Rp7v6K2YBqyqwLteBCCGZPnofb03Lg+PqsVL2YxrGGDtAhOkYBOkdVdIVqqI4YekIv6A29e8/eq/fhfU5aF7zpzD76I+/7BxvJpK8=</latexit>

w.h.p.

v⇡
⇤
� E[v⇡̂]  2✏

<latexit sha1_base64="EqjSekqBlpl8fqETS9cNMk64uA8=">AAACHXicbVDLSgMxFM3UV62vqks3wSKIYJkpBV0WRXBZwT6gMy2Z9LYNzTxMMoUyzI+48VfcuFDEhRvxb8y0s9DWA4HDOfeQe48bciaVaX4buZXVtfWN/GZha3tnd6+4f9CUQSQoNGjAA9F2iQTOfGgopji0QwHEczm03PF16rcmICQL/Hs1DcHxyNBnA0aJ0lKvWJ10Yztk3bMEn2PbI2rkuvFN0knlEVGplyQOtjk84IoNoWQ8jZXMsjkDXiZWRkooQ71X/LT7AY088BXlRMqOZYbKiYlQjHJICnYkISR0TIbQ0dQnHkgnnl2X4BOt9PEgEPr5Cs/U34mYeFJOPVdPpvvLRS8V//M6kRpcOjHzw0iBT+cfDSKOVYDTqnCfCaCKTzUhVDC9K6YjIghVutCCLsFaPHmZNCtlS/O7aql2ldWRR0foGJ0iC12gGrpFddRAFD2iZ/SK3own48V4Nz7mozkjyxyiPzC+fgDTWaJg</latexit><latexit sha1_base64="EqjSekqBlpl8fqETS9cNMk64uA8=">AAACHXicbVDLSgMxFM3UV62vqks3wSKIYJkpBV0WRXBZwT6gMy2Z9LYNzTxMMoUyzI+48VfcuFDEhRvxb8y0s9DWA4HDOfeQe48bciaVaX4buZXVtfWN/GZha3tnd6+4f9CUQSQoNGjAA9F2iQTOfGgopji0QwHEczm03PF16rcmICQL/Hs1DcHxyNBnA0aJ0lKvWJ10Yztk3bMEn2PbI2rkuvFN0knlEVGplyQOtjk84IoNoWQ8jZXMsjkDXiZWRkooQ71X/LT7AY088BXlRMqOZYbKiYlQjHJICnYkISR0TIbQ0dQnHkgnnl2X4BOt9PEgEPr5Cs/U34mYeFJOPVdPpvvLRS8V//M6kRpcOjHzw0iBT+cfDSKOVYDTqnCfCaCKTzUhVDC9K6YjIghVutCCLsFaPHmZNCtlS/O7aql2ldWRR0foGJ0iC12gGrpFddRAFD2iZ/SK3own48V4Nz7mozkjyxyiPzC+fgDTWaJg</latexit><latexit sha1_base64="EqjSekqBlpl8fqETS9cNMk64uA8=">AAACHXicbVDLSgMxFM3UV62vqks3wSKIYJkpBV0WRXBZwT6gMy2Z9LYNzTxMMoUyzI+48VfcuFDEhRvxb8y0s9DWA4HDOfeQe48bciaVaX4buZXVtfWN/GZha3tnd6+4f9CUQSQoNGjAA9F2iQTOfGgopji0QwHEczm03PF16rcmICQL/Hs1DcHxyNBnA0aJ0lKvWJ10Yztk3bMEn2PbI2rkuvFN0knlEVGplyQOtjk84IoNoWQ8jZXMsjkDXiZWRkooQ71X/LT7AY088BXlRMqOZYbKiYlQjHJICnYkISR0TIbQ0dQnHkgnnl2X4BOt9PEgEPr5Cs/U34mYeFJOPVdPpvvLRS8V//M6kRpcOjHzw0iBT+cfDSKOVYDTqnCfCaCKTzUhVDC9K6YjIghVutCCLsFaPHmZNCtlS/O7aql2ldWRR0foGJ0iC12gGrpFddRAFD2iZ/SK3own48V4Nz7mozkjyxyiPzC+fgDTWaJg</latexit><latexit sha1_base64="EqjSekqBlpl8fqETS9cNMk64uA8=">AAACHXicbVDLSgMxFM3UV62vqks3wSKIYJkpBV0WRXBZwT6gMy2Z9LYNzTxMMoUyzI+48VfcuFDEhRvxb8y0s9DWA4HDOfeQe48bciaVaX4buZXVtfWN/GZha3tnd6+4f9CUQSQoNGjAA9F2iQTOfGgopji0QwHEczm03PF16rcmICQL/Hs1DcHxyNBnA0aJ0lKvWJ10Yztk3bMEn2PbI2rkuvFN0knlEVGplyQOtjk84IoNoWQ8jZXMsjkDXiZWRkooQ71X/LT7AY088BXlRMqOZYbKiYlQjHJICnYkISR0TIbQ0dQnHkgnnl2X4BOt9PEgEPr5Cs/U34mYeFJOPVdPpvvLRS8V//M6kRpcOjHzw0iBT+cfDSKOVYDTqnCfCaCKTzUhVDC9K6YjIghVutCCLsFaPHmZNCtlS/O7aql2ldWRR0foGJ0iC12gGrpFddRAFD2iZ/SK3own48V4Nz7mozkjyxyiPzC+fgDTWaJg</latexit>

v⇡
⇤
� v⇡̂  2✏

<latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit><latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit><latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit><latexit sha1_base64="wyJudFNFrTZIevsEPRXrdMIBWPY=">AAACEXicbZDLSsNAFIYnXmu9VV26GSxCESxJEXRZdOOygr1Ak5bJ9KQdOrk4MymUkFdw46u4caGIW3fufBsnbRba+sPAx3/O4cz53YgzqUzz21hZXVvf2CxsFbd3dvf2SweHLRnGgkKThjwUHZdI4CyApmKKQycSQHyXQ9sd32T19gSEZGFwr6YROD4ZBsxjlCht9UuVSS+xI9Y7S/E5znhEVGakKbY5POCaDZFkPGstm1VzJrwMVg5llKvRL33Zg5DGPgSKciJl1zIj5SREKEY5pEU7lhAROiZD6GoMiA/SSWYXpfhUOwPshUK/QOGZ+3siIb6UU9/VnT5RI7lYy8z/at1YeVdOwoIoVhDQ+SIv5liFOIsHD5gAqvhUA6GC6b9iOiKCUKVDLOoQrMWTl6FVq1qa7y7K9es8jgI6Rieogix0ieroFjVQE1H0iJ7RK3oznowX4934mLeuGPnMEfoj4/MHEWSdKQ==</latexit>

w.h.p

In standard statistical learning: 𝜖 ≍ 𝑑/𝑛

E
⇥
sup
⇡2⇧

|v̂⇡ � v⇡|2
⇤
 ✏2

<latexit sha1_base64="RJYdNgW/2rGJ3sAyGHky6MR4sKU="></latexit><latexit sha1_base64="RJYdNgW/2rGJ3sAyGHky6MR4sKU="></latexit><latexit sha1_base64="RJYdNgW/2rGJ3sAyGHky6MR4sKU="></latexit><latexit sha1_base64="RJYdNgW/2rGJ3sAyGHky6MR4sKU="></latexit>

Where 𝑑 is VC-dimension / metric entropy
log Π , or implied by Rademacher complexity, etc.
( Much older Empirical process theory , Glivenko-Cantelli style)

What is a natural complexity measure for the policy class in RL?
Vapnik (1995)



1. Characterizing the OPE for any fixed policy: 

2. Advances in Uniform OPE that allows for near optimal 
offline learning 
The ERM solution:

Obeys that

TL;DR:  Our main contributions are: 
Optimal OPE and near optimal OPL
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2014). Therefore in this sense MIS-type estimators are
essentially model-based estimators with the model of
interactive environment M = (S,A, r, T, d1, H).

3 Main Results

We now show that our Tabular-MIS estimator achieves
the asymptotic Cramer-Rao lower bound for DAG-
MDP (Jiang and Li, 2016) and therefore is asymp-
totically sample e�cient. To formalize our state-
ment, we pre-specify the following boundary conditions:

r0(s0) ⌘ 0, �0(s0, a0) ⌘ 0,d
⇡
0 (s0)

d
µ
0 (s0)

⌘ 1, ⇡(a0|s0)
µ(a0|s0) ⌘ 1,

V ⇡

H+1 ⌘ 0, and, as a reminder, ⌧a := maxt,st,at

⇡(at|st)
µ(at|st)

and ⌧s := maxt,st
d
⇡
t (st)

d
µ
t (st)

.

Theorem 3.1. Suppose the n episodic historical data

D =
n
(s(i)

t
, a(i)

t
, r(i)

t
)
ot=1,...,H

i=1,...,n
is obtained by running a

logging policy µ and ⇡ is the new target policy which

we want to test. If the number of episodes n satisfies

n > max


16 log n

mint,st,at d
µ

t
(st, at)

,
4H⌧a⌧s

mint,st max{d⇡
t
(st), d

µ

t
(st)}

�
,

then under Assumption 2.1-2.3 our Tabular-MIS es-

timator bv⇡TMIS has the following Mean-Square-Error

upper bound:

E[(bv⇡TMIS � v⇡)2]  1

n

HX

h=0

X

sh,ah

d⇡
h
(sh)2

dµ
h
(sh)

⇡(ah|sh)2

µ(ah|sh)

·Var
h
(V ⇡

h+1(s
(1)
h+1) + r(1)

h
)
���s(1)

h
= sh, a

(1)
h

= ah
i

·
 
1 +

s
16 log n

nmint,st d
µ

t
(st)

!
+O(

⌧2
a
⌧sH3

n2 · dm
),

(10)
where the value function under ⇡ is defined

as: V ⇡

h
(sh) := E⇡

hP
H

t=h
r(1)
t

���s(1)
h

= sh
i
, 8h 2

{1, 2, ..., H}.

The proof of this theorem, and all the other technical
results we present in this section, are deferred to the
appendix due to the space constraint. We summarize
the novel ingredients in the proof in Section 3.1. Before
that, we make a few remarks about a few interesting
aspects of this result.
Remark 3.2 (Asymptotic e�ciency and local mini-
maxity). The error bound implies that

limn!1 n · E[(bv⇡TMIS � v⇡)2]

HX

t=0

Eµ

"
d
⇡
(s

(1)
t

, a
(1)
t

)
2

dµ(s
(1)
t

, a
(1)
t

)2
Var

h
V

⇡

t+1(s
(1)
t+1) + r

(1)
t

���s(1)t
, a

(1)
t

i#
.

This exactly matches the CR-lower bound in Jiang and

Li (2016, Proposition 3) for DAG-MDP
5
. In contrast,

5
Jiang and Li (2016) focused on the special case with

the State-MIS estimator in (Xie et al., 2019) achieves

an asymptotic MSE of

HX

t=0

Eµ

"
d
⇡
(s

(1)
t

)
2

dµ(s
(1)
t

)2
Var

h
⇡(a

(1)
t

|s(1)
t

)

µ(a
(1)
t

|s(1)
t

)

(V
⇡

t+1(s
(1)
t+1) + r

(1)
t

)

���s(1)t

i#
.

(11)

We note that while in classical literature CR-lower
bound is often used to lower bound the variance of
unbiased estimators, the modern theory of estimation
establishes that it is also the correct asymptotic min-
imax lower bound for the MSE of all estimators in
every local neighborhood of the parameter space (see,
e.g., Van der Vaart, 2000, Chapter 8). In other words,
our results imply that Tabular-MIS estimator is asymp-
totically, locally, uniformly minimax optimal, namely,
optimal for every problem instance separately.

It is worth pointing out that while asymptotically ef-
ficient estimators for this problem in related settings
have been proposed in independent recent work (Kallus
and Uehara, 2019a,b), our estimator is the first that
comes with finite sample guarantees with an explicit
expression on the low-order terms. Moreover, our es-
timator demonstrates that doubly robust estimation
techniques is not essential for achieving asymptotic
e�ciency.
Remark 3.3 (Simplified finite sample error bound).
The theory implies that there is universal constants

C1, C2 such that for all n � C1H
⌧a
dm

, i.e., when we

have a just visited every state-action pair for ⌦(H)
times, E[(bv⇡TMIS � v⇡)2] = C2H2⌧a⌧sR2

max/n.

In deriving the above remark, we used the somewhat
surprising observation that

HX

t=1

E⇡

h
Var
h
V ⇡

t+1(s
(1)
t+1) + r(1)

t

���s(1)t
, a(1)

t

ii
 H2R2

max.

Note that we are summing H quantities that are po-
tentially on the order of H2R2

max, yet no additional
factors of H shows up. This observation is folklore and
has been used in deriving tight results for tabular RL
in (e.g., Azar et al., 2017). It can be proven using the
following decomposition of the variance of the empiri-
cal mean estimator and the fact that it is bounded by
H2R2

max/4.
Lemma 3.4. For any policy ⇡ and any MDP.

Var⇡

"
HX

t=1

r
(1)
t

#
=

HX

t=1

⇣
E⇡

h
Var

h
r
(1)
t

+ V
⇡

t+1(s
(1)
t+1)

���s(1)t
, a

(1)
t

ii

+ E⇡

h
Var

h
E[r(1)

t
+ V

⇡

t+1(s
(1)
t+1)|s

(1)
t

, a
(1)
t

]

���s(1)t

ii ⌘
.

The proof, which applies the law-of-total-variance re-
cursively, is deferred to the appendix.

deterministic reward only at t = H. It is straightforward

to show that the above expression is the CR-lower bound

in the general tabular setting.
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the novel ingredients in the proof in Section 3.1. Before
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unbiased estimators, the modern theory of estimation
establishes that it is also the correct asymptotic min-
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every local neighborhood of the parameter space (see,
e.g., Van der Vaart, 2000, Chapter 8). In other words,
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totically, locally, uniformly minimax optimal, namely,
optimal for every problem instance separately.

It is worth pointing out that while asymptotically ef-
ficient estimators for this problem in related settings
have been proposed in independent recent work (Kallus
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comes with finite sample guarantees with an explicit
expression on the low-order terms. Moreover, our es-
timator demonstrates that doubly robust estimation
techniques is not essential for achieving asymptotic
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The proof, which applies the law-of-total-variance re-
cursively, is deferred to the appendix.

deterministic reward only at t = H. It is straightforward

to show that the above expression is the CR-lower bound

in the general tabular setting.

Or if in a simplified expression:  𝝐 ≍ 𝑯𝟐

𝒏 𝒅𝒎
𝝁 ≍

𝑯𝟐𝑺𝑨
𝒏

+ 𝑂 𝑛"#.%

𝒗𝝅∗ − 𝒗$𝝅 ≲ 𝑯𝟑

𝒏 𝒅𝒎
𝝁 ≍

𝑯𝟑𝑺𝑨
𝒏

(Xie, Ma & W., NeurIPS’19)

(Yin & W., AISTATS-20)

(Yin, Bai & W., on arxiv)

⇡̂ = argmax
⇡2⇧

v̂⇡TMIS
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Comparing with prior results

Simulation 
lemma

(Kearns and 
Singh, 1998)

IS / DR
(Jiang and Li, 2016)

MIS
(Xie, Ma, W.,2019)

TMIS
(Yin & W. 2020)

Fitted Q-
Iteration

(Duan and Wang, 
2020)

𝐻&𝑆'

𝑛𝑑(
𝑒)𝑝𝑜𝑙𝑦(𝑆, 𝐴)

𝑛
𝐻*

𝑛 𝑑(
𝐻'

𝑛 𝑑(
𝐻'

𝑛 𝑑(
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Offline Policy Evaluation
Per-instance optimal.

Simulation 
lemma

(Kearns and Singh, 
1998)

MSBO
(Xie and Jiang, 

2020)

Variance-
Reduction 
(Sidford et al, 19),  
(Wainwright, 19)

Model-based 
(Agarwal, Kakade, Yang, 

20)

Model-based 
Ours

𝐻&𝑆'

𝑛𝑑(
𝐻&

𝑛𝑑(
𝐻*𝑆𝐴
𝑛

𝐻*𝑆𝐴
𝑛 + 𝐻 ⋅ 𝜖+,-

𝐻*

𝑛 𝑑(
+ 𝜖+,-

Offline Policy Learning Assume generative model 

Converted from infinite horizon case…



Our result is the first that achieves 
optimal rates in the offline setting 

• And also the first that achieves the optimal rates via a
(local) uniform convergence argument
• So it is not specific to one algorithm

• On the side: we also include a lower bound  

• Idea: If faster rate => ERM breaks learning lower bounds.
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Theorem 3.8: Any estimator, exists (MDP, μ),  s.t., with constant probability

sup
⇡2⇧

|v̂⇡ � v
⇡| &

p
H3/dmn
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Some simulation results: 𝐻! is
the right scaling

101 102 103

Horizon H
10−4

10−3

10−2

10−1

100

101

R
oo

t M
SE

 

TMIS
VI
PI

O(√H3/dm ) Scaling
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Why is uniform convergence in RL 
a nontrivial problem?
• Even pointwise convergence is nontrivial

• Union bound is not tight
• Discrete policy class:  log Π = 𝐻𝑆 log𝐴
• But we expect .𝑂 𝐻

• Most standard approaches lead to suboptimal 
dependence in S and H

16



Obtaining optimal dependence in
H is usually quite tricky…

• You are adding 𝐻 terms that are potentially 𝑂 𝐻#

• How do you see that the total is 𝑂 𝐻# ?

• See Lemma 3.4 in (Yin and W., 2020) for a cute
proof.
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Ming Yin
†⇤
, Yu-Xiang Wang

⇤

2014). Therefore in this sense MIS-type estimators are
essentially model-based estimators with the model of
interactive environment M = (S,A, r, T, d1, H).

3 Main Results

We now show that our Tabular-MIS estimator achieves
the asymptotic Cramer-Rao lower bound for DAG-
MDP (Jiang and Li, 2016) and therefore is asymp-
totically sample e�cient. To formalize our state-
ment, we pre-specify the following boundary conditions:

r0(s0) ⌘ 0, �0(s0, a0) ⌘ 0,d
⇡
0 (s0)

d
µ
0 (s0)

⌘ 1, ⇡(a0|s0)
µ(a0|s0) ⌘ 1,

V ⇡

H+1 ⌘ 0, and, as a reminder, ⌧a := maxt,st,at

⇡(at|st)
µ(at|st)

and ⌧s := maxt,st
d
⇡
t (st)

d
µ
t (st)

.

Theorem 3.1. Suppose the n episodic historical data

D =
n
(s(i)

t
, a(i)

t
, r(i)

t
)
ot=1,...,H

i=1,...,n
is obtained by running a

logging policy µ and ⇡ is the new target policy which

we want to test. If the number of episodes n satisfies

n > max


16 log n

mint,st,at d
µ

t
(st, at)

,
4H⌧a⌧s

mint,st max{d⇡
t
(st), d

µ

t
(st)}

�
,

then under Assumption 2.1-2.3 our Tabular-MIS es-

timator bv⇡TMIS has the following Mean-Square-Error

upper bound:

E[(bv⇡TMIS � v⇡)2]  1

n

HX

h=0

X

sh,ah

d⇡
h
(sh)2

dµ
h
(sh)

⇡(ah|sh)2

µ(ah|sh)

·Var
h
(V ⇡

h+1(s
(1)
h+1) + r(1)

h
)
���s(1)

h
= sh, a

(1)
h

= ah
i

·
 
1 +

s
16 log n

nmint,st d
µ

t
(st)

!
+O(

⌧2
a
⌧sH3

n2 · dm
),

(10)
where the value function under ⇡ is defined

as: V ⇡

h
(sh) := E⇡

hP
H

t=h
r(1)
t

���s(1)
h

= sh
i
, 8h 2

{1, 2, ..., H}.

The proof of this theorem, and all the other technical
results we present in this section, are deferred to the
appendix due to the space constraint. We summarize
the novel ingredients in the proof in Section 3.1. Before
that, we make a few remarks about a few interesting
aspects of this result.
Remark 3.2 (Asymptotic e�ciency and local mini-
maxity). The error bound implies that

limn!1 n · E[(bv⇡TMIS � v⇡)2]

HX

t=0

Eµ

"
d
⇡
(s

(1)
t

, a
(1)
t

)
2

dµ(s
(1)
t

, a
(1)
t

)2
Var

h
V

⇡

t+1(s
(1)
t+1) + r

(1)
t

���s(1)t
, a

(1)
t

i#
.

This exactly matches the CR-lower bound in Jiang and

Li (2016, Proposition 3) for DAG-MDP
5
. In contrast,

5
Jiang and Li (2016) focused on the special case with

the State-MIS estimator in (Xie et al., 2019) achieves

an asymptotic MSE of

HX

t=0

Eµ

"
d
⇡
(s

(1)
t

)
2

dµ(s
(1)
t

)2
Var

h
⇡(a

(1)
t

|s(1)
t

)

µ(a
(1)
t

|s(1)
t

)

(V
⇡

t+1(s
(1)
t+1) + r

(1)
t

)

���s(1)t

i#
.

(11)

We note that while in classical literature CR-lower
bound is often used to lower bound the variance of
unbiased estimators, the modern theory of estimation
establishes that it is also the correct asymptotic min-
imax lower bound for the MSE of all estimators in
every local neighborhood of the parameter space (see,
e.g., Van der Vaart, 2000, Chapter 8). In other words,
our results imply that Tabular-MIS estimator is asymp-
totically, locally, uniformly minimax optimal, namely,
optimal for every problem instance separately.

It is worth pointing out that while asymptotically ef-
ficient estimators for this problem in related settings
have been proposed in independent recent work (Kallus
and Uehara, 2019a,b), our estimator is the first that
comes with finite sample guarantees with an explicit
expression on the low-order terms. Moreover, our es-
timator demonstrates that doubly robust estimation
techniques is not essential for achieving asymptotic
e�ciency.
Remark 3.3 (Simplified finite sample error bound).
The theory implies that there is universal constants

C1, C2 such that for all n � C1H
⌧a
dm

, i.e., when we

have a just visited every state-action pair for ⌦(H)
times, E[(bv⇡TMIS � v⇡)2] = C2H2⌧a⌧sR2

max/n.

In deriving the above remark, we used the somewhat
surprising observation that

HX

t=1

E⇡

h
Var
h
V ⇡

t+1(s
(1)
t+1) + r(1)

t

���s(1)t
, a(1)

t

ii
 H2R2

max.

Note that we are summing H quantities that are po-
tentially on the order of H2R2

max, yet no additional
factors of H shows up. This observation is folklore and
has been used in deriving tight results for tabular RL
in (e.g., Azar et al., 2017). It can be proven using the
following decomposition of the variance of the empiri-
cal mean estimator and the fact that it is bounded by
H2R2

max/4.
Lemma 3.4. For any policy ⇡ and any MDP.

Var⇡

"
HX

t=1

r
(1)
t

#
=

HX

t=1

⇣
E⇡

h
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r
(1)
t
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⇡

t+1(s
(1)
t+1)

���s(1)t
, a

(1)
t
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+ E⇡

h
Var

h
E[r(1)

t
+ V

⇡

t+1(s
(1)
t+1)|s

(1)
t

, a
(1)
t

]

���s(1)t

ii ⌘
.

The proof, which applies the law-of-total-variance re-
cursively, is deferred to the appendix.

deterministic reward only at t = H. It is straightforward

to show that the above expression is the CR-lower bound

in the general tabular setting.

Ming Yin
†⇤
, Yu-Xiang Wang

⇤

2014). Therefore in this sense MIS-type estimators are
essentially model-based estimators with the model of
interactive environment M = (S,A, r, T, d1, H).

3 Main Results

We now show that our Tabular-MIS estimator achieves
the asymptotic Cramer-Rao lower bound for DAG-
MDP (Jiang and Li, 2016) and therefore is asymp-
totically sample e�cient. To formalize our state-
ment, we pre-specify the following boundary conditions:

r0(s0) ⌘ 0, �0(s0, a0) ⌘ 0,d
⇡
0 (s0)

d
µ
0 (s0)

⌘ 1, ⇡(a0|s0)
µ(a0|s0) ⌘ 1,

V ⇡

H+1 ⌘ 0, and, as a reminder, ⌧a := maxt,st,at

⇡(at|st)
µ(at|st)

and ⌧s := maxt,st
d
⇡
t (st)

d
µ
t (st)

.

Theorem 3.1. Suppose the n episodic historical data

D =
n
(s(i)

t
, a(i)

t
, r(i)

t
)
ot=1,...,H

i=1,...,n
is obtained by running a

logging policy µ and ⇡ is the new target policy which

we want to test. If the number of episodes n satisfies

n > max


16 log n

mint,st,at d
µ

t
(st, at)

,
4H⌧a⌧s

mint,st max{d⇡
t
(st), d

µ

t
(st)}

�
,

then under Assumption 2.1-2.3 our Tabular-MIS es-

timator bv⇡TMIS has the following Mean-Square-Error

upper bound:

E[(bv⇡TMIS � v⇡)2]  1

n

HX

h=0

X

sh,ah

d⇡
h
(sh)2

dµ
h
(sh)

⇡(ah|sh)2

µ(ah|sh)

·Var
h
(V ⇡

h+1(s
(1)
h+1) + r(1)

h
)
���s(1)

h
= sh, a

(1)
h

= ah
i

·
 
1 +

s
16 log n

nmint,st d
µ

t
(st)

!
+O(

⌧2
a
⌧sH3

n2 · dm
),

(10)
where the value function under ⇡ is defined

as: V ⇡

h
(sh) := E⇡

hP
H

t=h
r(1)
t

���s(1)
h

= sh
i
, 8h 2

{1, 2, ..., H}.
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results we present in this section, are deferred to the
appendix due to the space constraint. We summarize
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We note that while in classical literature CR-lower
bound is often used to lower bound the variance of
unbiased estimators, the modern theory of estimation
establishes that it is also the correct asymptotic min-
imax lower bound for the MSE of all estimators in
every local neighborhood of the parameter space (see,
e.g., Van der Vaart, 2000, Chapter 8). In other words,
our results imply that Tabular-MIS estimator is asymp-
totically, locally, uniformly minimax optimal, namely,
optimal for every problem instance separately.

It is worth pointing out that while asymptotically ef-
ficient estimators for this problem in related settings
have been proposed in independent recent work (Kallus
and Uehara, 2019a,b), our estimator is the first that
comes with finite sample guarantees with an explicit
expression on the low-order terms. Moreover, our es-
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factors of H shows up. This observation is folklore and
has been used in deriving tight results for tabular RL
in (e.g., Azar et al., 2017). It can be proven using the
following decomposition of the variance of the empiri-
cal mean estimator and the fact that it is bounded by
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The proof, which applies the law-of-total-variance re-
cursively, is deferred to the appendix.

deterministic reward only at t = H. It is straightforward

to show that the above expression is the CR-lower bound

in the general tabular setting.
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The policy classes we consider   

18

𝜖+,--empirically
optimal policy A𝜋
(data-dependent!)

Deterministic 
policies

All policies

For ERM, it suffices to consider the smaller policy class.
But we also want to cover other planning algorithms.

𝝅∗



Uniform convergence theorem for 
all policies
Theorem 3.3: with probability ≥ 1 − 𝛿

• Optimal in S if 𝛿 < 𝑒!",  suboptimal in H.

• Proof idea:  Martingale decomposition over H.  
Freedman’s inequality.  Rademacher complexity
argument.

19

sup
⇡2⇧

|v̂⇡ � v
⇡| .

s
H4

ndm
log(

HSA

�
) +

s
H4S

ndm
log(SA)
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Uniform convergence theorem for  
all deterministic policies
Theorem 3.5:  with probability ≥ 1 − 𝛿

• Optimal in H, suboptimal in S. 

• Proof:  Union bound with a high-probability 
pointwise OPE bound.

20

sup
⇡2⇧deterministic

|v̂⇡ � v⇡| .
s

H3S

ndm
log(

HSA

�
) +O(1/n)
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Uniform convergence theorem for 
near-empirically optimal policies

• Optimal in all parameters.
• Implies optimal learning bounds for ERM by taking 𝜖DEF = 0

• Proof idea:  A cute argument that takes the empirical 
optimal policy as an anchor point.
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Theorem 3.7:  Let ΠG ≔ {𝜋 ∶ 𝑠. 𝑡. || :𝑉FH − :𝑉F$𝝅
∗||I ≤ 𝜖DEF, ∀ 𝑡 ∈ 𝐻 }.

Assume 𝜖DEF ≤ 𝐻/𝑆, and also let 𝑛 ≳ 𝐻J/𝑑K. Then w.p. ≥ 1 − 𝛿,

Theorem 3.7 (Optimal sample complexity for local uniform convergence). Suppose ✏opt p
H/S and ⇧1 := {⇡ : s.t. ||bv⇡t � bvb⇡?

t ||1  ✏opt, 8t = 1, ..., H}. Then there exists constant
c1, c2 such that for any 0 < � < 1, when n > c1H2 log(HSA/�)/dm, we have with probability
1� �,

sup
⇡2⇧1

��� bQ⇡

1 �Q⇡

1

���
1

 c2

s
H3 log(HSA/�)

n · dm
.

This uniform convergence result is presented with l1 norm over (s, a). A direct corollary is
sup⇡2⇧1

kbv⇡
1
� v⇡

1
k1 achieves the same rate. Theorem 3.7 provides the sample complexity

of O(H3 log(HSA/�)/dm✏2) and the dependence of all parameters are optimal up to the
logarithmic term. Note that our bound does not explicitly depend on ✏opt, which is an
improvement over (Agarwal et al., 2019) as they have an additional O(✏opt/(1� �)) error in
the infinite horizon setting. Besides, our assumption on ✏opt is quite weak since the required
upper bound is proportional to

p
H. Last but not least, this result implies a O(✏+ ✏opt)-

optimal policy for o✏ine/batch learning of the same order O(H3 log(HSA/�)/dm✏2), as
shown in Theorem 4.2.

3.3 Information theoretical lower bound for Uniform convergence OPE

Theorem 3.8 (Uniform convergence lower bound). There exists universal constants
c1, c2, c3, p (with H,S,A � c1 and 0 < ✏ < c2) such that for any estimator bv and any
n  c3H3SA/✏2, there exists a non-stationary H-horizon MDP with probability at least p,
the estimator satisfies sup⇡2⇧ |bv⇡ � v⇡| � ✏, where ⇧ consists of all deterministic policies.

On optimality. To see how optimal our results are, consider a MDP such that the
induced marginal distribution dµ

t
(st, at) > 0 for all st, at. Use direct computation 1 =P

st,at
dµ
t
(st, at) �

P
st,at

dm = SA · dm, so 1/dm � SA. If the logging policy is “good

enough” such that 1/dm = ⇥(SA), then Theorem 3.5 gives eO(H3min(S,H) · SA/✏2) is
one factor away from the lower bound and Theorem 3.7 is optimal. Of course, if the
instance-dependent dm is too small then the required sample could be very large, which is,
not surprisingly, due to the lack of exploration by logging policy µ.

4 Main Results for O✏ine Learning

The significance of uniform convergence OPE is not confined to that the same OPE bound
holds for fixed policy within the policy class. More importantly, it also provides e�cient
o✏ine learning algorithm of the same rate (see Theorem 4.1 below). This new finding
helps unify OPE problem with o✏ine learning through the concept of uniform convergence.
Indeed, when uniform convergence in OPE is guaranteed, we can derive a o✏ine learning

12



Key techniques used in the proof

• Fictitious estimator technique

• Martingale Decomposition of the error

• Anchor around the empirically optimal policy
• Statistical independence of the past and the future 

when conditioning on the number of observations
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To reiterate the main points

• For fixed 𝜋
• Model-based OPE is exact optimal up to low order terms

• For uniform convergence:
• Model-based OPE achieves optimal uniform convergence in a

large ball around ERM.
• Corollary: ERM with on Model-based OPE is rate-optimal
• Near optimal global uniform convergence in some restricted

regimes.

• Getting tight dependence in H, S is nontrivial
• Key proof techniques presented in our work
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Future work / open problems

1. Is the rate for global uniform convergence $!

%&"
?

2. The natural complexity measure for RL policy
classes that gives rise to the “dimension” being
𝑂(𝐻) rather than 𝑂(𝐻𝑆) ?

3. Function approximation settings?
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Thank you for your attention!
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An illustration of what practical
uniform-convergence looks like
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Figure 3: An illustration of the anticipated uniform confidence band for OPE. Note that we can search
for the best certifiable policy by maximizing the lower bound, find the policy with the most potential by
maximizing the upper bound, or doing either of those while restricting our attention to a region where the
band is sufficiently narrow. A uniform convergence result ensures that we can do all of these on the same
data used to compute these bounds without worrying about optimization bias and overfitting.

Note that there are two distinct upper bounds. The H3S2 A bound is coming from applying union bound over
a total number of (A)SH deterministic policies to a high probability version of the point-wise OPE bound
(which itself is a new contribution). The H4SA bound is obtained from a different route that relies on a novel
Martingale decomposition of the MIS estimator followed by a Rademacher-complexity-based argument that
cleverly works with the joint distribution of st, at induced by the target policy p. These results assert that we
have the optimal bounds when either S or H is a constant.

We believe very strongly that the optimal bound should be H3SA, which would provide an affirmative answer
to the open problem. From our understanding, solving that requires new techniques that somehow make use
of Lemma 3 that exploits the correlation in the conditional variance among the H steps.

Besides obtaining the optimal rate, we also plan to search for uniform convergence results that adapt to the
structure of µ, p and the MDP. In particular, we are hoping to prove an exact adaptive bound that says with
probability at least 1 � d there exists some explicit constant c such that

sup
p2P

|v̂p � vp|p
Var[v̂p]

 c
q

H log(HSA/d) + o(1).

Such a result resembles the Bernstein-type generalization error bound in the statistical learning theory [see
e.g., 10] and will allow us to construct more effective / robust offline learning algorithms. A bound of the form
cHS log(HSA/d) is immediate through a high-probability OPE bound but the dependence on S should be
removable. Note that we already have a precise calculation of Var[v̂p] from Theorem 1 and 2, so this would
be a result where we can leverage to calculate a precise heteroskedastic uniform confident band as a function
of p. Ultimately, v̂p can be thought of an empirical process (a random function of p) and a uniform central
limit theorem (see, e.g., [48]) is the right tool for us to obtain the asymptotic distribution and an optimal
constant factor for this problem. The important research question is how to characterize its entropy.

Dropping the assumption of dµ
t (st, at) > 0 An illustration of the anticipated outcome of this result is

given in Figure 3. Note that the width of the confidence band will go to 0 as n ! • for those p that shares
the same support with µ. However, there are also regions where there will be an asymptotic gap. One of the
powerful feature of the proposed research is that the upper and lower bound perspective handles them in an
unified way for every finite sample.
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Lower bound construction
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Figure 2: An illustration of State-space transition diagram

The transition dynamics are defined as follows:

• for h = 1, ..., H � 1,

– For bandit states bh,i, there is probability 1� 1

H
to transition to bh+1,i regardless

of the action chosen. For the rest of 1

H
probability, optimal action a?

h,i
will have

probability 1

2
+ ⌧ or 1

2
� ⌧ transition to gh+1 or bh+1 and all other actions a will

have equal probability 1

2
for either gh+1 or bh+1, where ⌧ is a parameter will be

decided later. Or equivalently,

P(·|sh,i, a?h,i) =

8
><

>:

1� 1

H
if · = sh+1,i

(1
2
+ ⌧) · 1

H
if · = gh+1

(1
2
� ⌧) · 1

H
if · = bh+1

P(·|sh,i, a) =

8
><

>:

1� 1

H
if · = sh+1,i

1

2
· 1

H
if · = gh+1

1

2
· 1

H
if · = bh+1

– gh always transitions to gh+1 and bh always transitions to bh+1, i.e. for all a 2 A,
we have

P(gh+1|gh, a) = 1, P(bh+1|bh, a) = 1.

We will determine parameter ⌧ at the end of the proof.

• for h = H, ..., 2H � 1, all states will always transition to the same type of states for
the next step, i.e. 8a 2 A,

P(gh+1|gh, a) = P(bh+1|bh, a) = P(sh+1,i|sh,i, a) = 1, 8i 2 [S � 2]. (21)
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Fictitious estimator technique

• Fictitious estimator
• Nice event: 𝐸F :=
• Define

Idea: hypothetically plug in the ground truth occasionally
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Generally speaking, high probability bound can be seen as a stricter criterion compared to
MSE since

E[(bv⇡ � v⇡)2] = E[(bv⇡ � v⇡)21E ] + E[(bv⇡ � v⇡)21Ec ]

 ✏prob(�)
2 · (1� �) +H2 · �,

where E is the event that ✏prob error holds and � is the failure probability. As a result,
if both � and ✏prob(�) can be controlled small, then the high probability bound implies
a result for MSE bound. This is realistic, since � usually appears inside the logarithmic
term of ✏prob(�) so the second term can be scaled to su�ciently small without a↵ecting the
polynomial dependence for the first term.

C Some preparations

In this section we present some results that are critical for proving the main theorems.

We first give the proof of Lemma 3.1.

Proof of Lemma 3.1. Define E := {9t, st, at s.t. nst,at < ndµ
t
(st, at)/2}. Then combining

the multiplicative Cherno↵ bound (Lemma A.1 in the Appendix) and a union bound over
each t,st and at, we obtain

P[E] 
X

t

X

st

X

at

P[nst,at < ndµ
t
(st, at)/2]

 HSA · e�
n·mint,st,at

d
µ

t
(st,at)

8 = HSA · e�
n·dm

8 := �

solving this for n then provides the stated result.

C.1 Fictitious OPEMA estimator.

Similar to Xie et al. (2019); Yin & Wang (2020), we introduce an unbiased version of
bv⇡ to fill in the gap at (st, at) where nst,at is small. Concretely, every component in bv⇡

is substituted with a fictitious counterpart, i.e. ev⇡ :=
P

H

t=1
hed⇡t , er⇡t i, with ed⇡t = eP ⇡

t
ed⇡
t�1

and eP ⇡
t (st|st�1) =

P
at�1

ePt(st|st�1, at�1)⇡(at�1|st�1). In particular, consider the high

probability event in Lemma 3.1, i.e. let Et denotes the event {nst,at � ndµ
t
(st, at)/2}7, then

7More rigorously, Et depends on the specific pair st, at and should be written as Et(st, at). However, for
brevity we just use Et and this notation should be clear in each context.
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we define

ert(st, at) = brt(st, at)1(Et) + rt(st, at)1(E
c

t )

ePt+1(·|st, at) = bPt+1(·|st, at)1(Et) + Pt+1(·|st, at)1(Ec

t ).

Similarly, for the OPEMA estimator uses data D0, the fictitious estimator is set to be

ert(st, at) = brt(st, at)1(E) + rt(st, at)1(E
c)

ePt+1(·|st, at) = bPt+1(·|st, at)1(E) + Pt+1(·|st, at)1(Ec)

where E denote the event {N � ndm/2}.

ev⇡ creates a bridge between bv⇡ and v⇡ because of its unbiasedness and it is also bounded
by H (see Lemma B.3 and Lemma B.5 in Yin & Wang (2020) for those preliminary results).
Also, ev⇡ is identical to bv⇡ with high probability, as stated by the following lemma.
Lemma C.1. For any 0 < � < 1, there exists an absolute constant c1 such that when total
episode n > c1dm · log(HSA/�), then with probability 1� �,

sup
⇡2⇧

|bv⇡ � ev⇡| = 0.

Proof. This Lemma is a direct corollary of Lemma 3.1 by considering the event E1 :=
{9t, st, at s.t. nst,at < ndµ

t
(st, at)/2} or {N < ndm/2} since bv⇡ and ev⇡ are identical on

Ec

1
.

Note bv⇡ and ev⇡ even equal to each other uniformly over all ⇡ in ⇧. This is not surprising
since only logging policy µ will decide if they are equal or not. This lemma shows how close
bv⇡ and ev⇡ are. Therefore in the following it su�ces to consider the uniform convergence of
sup⇡2⇧ |ev⇡ � v⇡|.

Next by using a fictitious version state-action expression in equation (2), we have:

sup
⇡2⇧

|ev⇡ � v⇡| = sup
⇡2⇧

|
HX

t=1

hed⇡t , erti �
HX

t=1

hd⇡t , rti|

= sup
⇡2⇧

|
HX

t=1

hed⇡t , erti �
HX

t=1

hed⇡t , rti+
HX

t=1

hed⇡t , rti �
HX

t=1

hd⇡t , rti|

 sup
⇡2⇧

|
HX

t=1

hed⇡t � d⇡t , rti|
| {z }

(⇤)

+ sup
⇡2⇧

|
HX

t=1

hed⇡t , ert � rti|
| {z }

(⇤⇤)

(5)

We first deal with (⇤⇤) by the following lemma.
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The fictitious estimator is easier
to analyze, because:
• Always unbiased.
• Has an epistemical Bellman-equation of variance
• Has nice martingale decompositions
• Moreover: Lemma C.1

30

sup
⇡2⇧

|ṽ⇡ � v̂⇡| = 0
<latexit sha1_base64="VfMwauj0AlSzXYn/adhQrku4Eig=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyyCG8uMCLoRim5cVrAX6IxDJk3b0ExmSM4UyrTP4cZXceNCEXfixrcxbWehrT8EvvznHJLzh4ngGhzn21paXlldWy9sFDe3tnd27b39uo5TRVmNxiJWzZBoJrhkNeAgWDNRjEShYI2wfzOpNwZMaR7LexgmzI9IV/IOpwSMFdiup9MkyLyEe1x6VT4eecBFm2WD8YMx8Sn2egTy2whfYSewS07ZmQovgptDCeWqBvan145pGjEJVBCtW66TgJ8RBZwKNi56qWYJoX3SZS2DkkRM+9l0tTE+Nk4bd2JljgQ8dX9PZCTSehiFpjMi0NPztYn5X62VQufSz7hMUmCSzh7qpAJDjCc54TZXjIIYGiBUcfNXTHtEEQomzaIJwZ1feRHqZ2XX8N15qXKdx1FAh+gInSAXXaAKukVVVEMUPaJn9IrerCfrxXq3PmatS1Y+c4D+yPr6AbkfoTg=</latexit><latexit sha1_base64="VfMwauj0AlSzXYn/adhQrku4Eig=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyyCG8uMCLoRim5cVrAX6IxDJk3b0ExmSM4UyrTP4cZXceNCEXfixrcxbWehrT8EvvznHJLzh4ngGhzn21paXlldWy9sFDe3tnd27b39uo5TRVmNxiJWzZBoJrhkNeAgWDNRjEShYI2wfzOpNwZMaR7LexgmzI9IV/IOpwSMFdiup9MkyLyEe1x6VT4eecBFm2WD8YMx8Sn2egTy2whfYSewS07ZmQovgptDCeWqBvan145pGjEJVBCtW66TgJ8RBZwKNi56qWYJoX3SZS2DkkRM+9l0tTE+Nk4bd2JljgQ8dX9PZCTSehiFpjMi0NPztYn5X62VQufSz7hMUmCSzh7qpAJDjCc54TZXjIIYGiBUcfNXTHtEEQomzaIJwZ1feRHqZ2XX8N15qXKdx1FAh+gInSAXXaAKukVVVEMUPaJn9IrerCfrxXq3PmatS1Y+c4D+yPr6AbkfoTg=</latexit><latexit sha1_base64="VfMwauj0AlSzXYn/adhQrku4Eig=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyyCG8uMCLoRim5cVrAX6IxDJk3b0ExmSM4UyrTP4cZXceNCEXfixrcxbWehrT8EvvznHJLzh4ngGhzn21paXlldWy9sFDe3tnd27b39uo5TRVmNxiJWzZBoJrhkNeAgWDNRjEShYI2wfzOpNwZMaR7LexgmzI9IV/IOpwSMFdiup9MkyLyEe1x6VT4eecBFm2WD8YMx8Sn2egTy2whfYSewS07ZmQovgptDCeWqBvan145pGjEJVBCtW66TgJ8RBZwKNi56qWYJoX3SZS2DkkRM+9l0tTE+Nk4bd2JljgQ8dX9PZCTSehiFpjMi0NPztYn5X62VQufSz7hMUmCSzh7qpAJDjCc54TZXjIIYGiBUcfNXTHtEEQomzaIJwZ1feRHqZ2XX8N15qXKdx1FAh+gInSAXXaAKukVVVEMUPaJn9IrerCfrxXq3PmatS1Y+c4D+yPr6AbkfoTg=</latexit><latexit sha1_base64="VfMwauj0AlSzXYn/adhQrku4Eig=">AAACGnicbZDLSgMxFIYzXmu9jbp0EyyCG8uMCLoRim5cVrAX6IxDJk3b0ExmSM4UyrTP4cZXceNCEXfixrcxbWehrT8EvvznHJLzh4ngGhzn21paXlldWy9sFDe3tnd27b39uo5TRVmNxiJWzZBoJrhkNeAgWDNRjEShYI2wfzOpNwZMaR7LexgmzI9IV/IOpwSMFdiup9MkyLyEe1x6VT4eecBFm2WD8YMx8Sn2egTy2whfYSewS07ZmQovgptDCeWqBvan145pGjEJVBCtW66TgJ8RBZwKNi56qWYJoX3SZS2DkkRM+9l0tTE+Nk4bd2JljgQ8dX9PZCTSehiFpjMi0NPztYn5X62VQufSz7hMUmCSzh7qpAJDjCc54TZXjIIYGiBUcfNXTHtEEQomzaIJwZ1feRHqZ2XX8N15qXKdx1FAh+gInSAXXaAKukVVVEMUPaJn9IrerCfrxXq3PmatS1Y+c4D+yPr6AbkfoTg=</latexit>

w.h.p.

Under mild condition: 𝑛 ≳ G
L&
logMNOP



The noise in the reward is
straightforward to handle.
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we define

ert(st, at) = brt(st, at)1(Et) + rt(st, at)1(E
c

t )

ePt+1(·|st, at) = bPt+1(·|st, at)1(Et) + Pt+1(·|st, at)1(Ec

t ).

Similarly, for the OPEMA estimator uses data D0, the fictitious estimator is set to be

ert(st, at) = brt(st, at)1(E) + rt(st, at)1(E
c)

ePt+1(·|st, at) = bPt+1(·|st, at)1(E) + Pt+1(·|st, at)1(Ec)

where E denote the event {N � ndm/2}.

ev⇡ creates a bridge between bv⇡ and v⇡ because of its unbiasedness and it is also bounded
by H (see Lemma B.3 and Lemma B.5 in Yin & Wang (2020) for those preliminary results).
Also, ev⇡ is identical to bv⇡ with high probability, as stated by the following lemma.
Lemma C.1. For any 0 < � < 1, there exists an absolute constant c1 such that when total
episode n > c1/dm · log(HSA/�), then with probability 1� �,

sup
⇡2⇧

|bv⇡ � ev⇡| = 0.

Proof. This Lemma is a direct corollary of Lemma 3.1 by considering the event E1 :=
{9t, st, at s.t. nst,at < ndµ

t
(st, at)/2} or {N < ndm/2} since bv⇡ and ev⇡ are identical on

Ec

1
.

Note bv⇡ and ev⇡ even equal to each other uniformly over all ⇡ in ⇧. This is not surprising
since only logging policy µ will decide if they are equal or not. This lemma shows how close
bv⇡ and ev⇡ are. Therefore in the following it su�ces to consider the uniform convergence of
sup⇡2⇧ |ev⇡ � v⇡|.

Next by using a fictitious version state-action expression in equation (2), we have:

sup
⇡2⇧

|ev⇡ � v⇡| = sup
⇡2⇧

|
HX

t=1

hed⇡t , erti �
HX

t=1

hd⇡t , rti|

= sup
⇡2⇧

|
HX

t=1

hed⇡t , erti �
HX

t=1

hed⇡t , rti+
HX

t=1

hed⇡t , rti �
HX

t=1

hd⇡t , rti|

 sup
⇡2⇧

|
HX

t=1

hed⇡t � d⇡t , rti|
| {z }

(⇤)

+ sup
⇡2⇧

|
HX

t=1

hed⇡t , ert � rti|
| {z }

(⇤⇤)

(5)

We first deal with (⇤⇤) by the following lemma.
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Lemma C.2: (∗∗) ≲ 𝑯𝟐/(𝒏𝒅𝒎)

Therefore, it suffices to consider the case with deterministic rewards.



Martingale decomposition of the
error $𝑣" − 𝑣"
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C.2 Decomposition of
P

H

t=1
hed⇡

t
� d⇡

t
, rti

Let ed⇡t 2 RS·A denote the marginal state-action probability vector, ⇡t 2 R(S·A)⇥S is the
policy matrix with (⇡t)(st,at),st = ⇡t(at|st) and (⇡t)(st,at),s = 0 for s 6= st. Moreover, let

state-action transition matrix Tt 2 RS⇥(S·A) to be (Tt)st,(st�1,at�1)
= Pt(st|st�1, at�1), then

we have

ed⇡t = ⇡t eTt
ed⇡t�1 (6)

d⇡t = ⇡tTtd
⇡

t�1. (7)

Therefore we have

ed⇡t � d⇡t = ⇡t( eTt � Tt)ed⇡t�1 + ⇡tTt(ed⇡t�1 � d⇡t�1) (8)

recursively apply this formula, we have

ed⇡t � d⇡t =
tX

h=2

�h+1:t⇡h( eTh � Th)ed⇡h�1 + �1:t(ed⇡1 � d⇡1 ) (9)

where �h:t =
Q

t

v=h
⇡vTv and �t+1:t := 1. Now let X =

P
H

t=1
hrt, ed⇡t � d⇡t i, then we have the

following:
Theorem C.3 (martingale decomposition of X). We have:

X =
HX

h=2

hv⇡
h
(s), (( eTh � Th)ed⇡h�1)(s)i+ hv⇡1 (s), (ed⇡1 � d⇡1 )(s)i,

where the inner product is taken w.r.t states.

Proof of Theorem C.3. By applying (9) and the change of summation, we have

X =
HX

t=1

 
tX

h=2

hrt,�h+1:t⇡h( eTh � Th)ed⇡h�1i+ hrt,�1:t(ed⇡1 � d⇡1 )i
!

=
HX

t=1

 
tX

h=2

hrt,�h+1:t⇡h( eTh � Th)ed⇡h�1i
!

+
HX

h=1

hrt,�1:t(ed⇡1 � d⇡1 )i

=
HX

t=2

 
tX

h=2

hrt,�h+1:t⇡h( eTh � Th)ed⇡h�1i
!

+
HX

h=1

hrt,�1:t(ed⇡1 � d⇡1 )i
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C.2 Decomposition of
P

H

t=1
hed⇡

t
� d⇡

t
, rti

Let ed⇡t 2 RS·A denote the marginal state-action probability vector, ⇡t 2 R(S·A)⇥S is the
policy matrix with (⇡t)(st,at),st = ⇡t(at|st) and (⇡t)(st,at),s = 0 for s 6= st. Moreover, let

state-action transition matrix Tt 2 RS⇥(S·A) to be (Tt)st,(st�1,at�1)
= Pt(st|st�1, at�1), then

we have

ed⇡t = ⇡t eTt
ed⇡t�1 (6)

d⇡t = ⇡tTtd
⇡

t�1. (7)

Therefore we have

ed⇡t � d⇡t = ⇡t( eTt � Tt)ed⇡t�1 + ⇡tTt(ed⇡t�1 � d⇡t�1) (8)

recursively apply this formula, we have

ed⇡t � d⇡t =
tX

h=2

�h+1:t⇡h( eTh � Th)ed⇡h�1 + �1:t(ed⇡1 � d⇡1 ) (9)

where �h:t =
Q

t

v=h
⇡vTv and �t+1:t := 1. Now let X =

P
H

t=1
hrt, ed⇡t � d⇡t i, then we have the

following:
Theorem C.3 (martingale decomposition of X). We have:

X = hv⇡1 (s), (ed⇡1 � d⇡1 )(s)i+
HX

h=2

hv⇡
h
(s), (( eTh � Th)ed⇡h�1)(s)i,

where the inner product is taken w.r.t states.

Proof of Theorem C.3. By applying (9) and the change of summation, we have

X =
HX

t=1

 
tX

h=2

hrt,�h+1:t⇡h( eTh � Th)ed⇡h�1i+ hrt,�1:t(ed⇡1 � d⇡1 )i
!

=
HX

t=1

 
tX

h=2

hrt,�h+1:t⇡h( eTh � Th)ed⇡h�1i
!

+
HX

h=1

hrt,�1:t(ed⇡1 � d⇡1 )i

=
HX

t=2

 
tX

h=2

hrt,�h+1:t⇡h( eTh � Th)ed⇡h�1i
!

+
HX

h=1

hrt,�1:t(ed⇡1 � d⇡1 )i
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=

Primal representation (Marginal distribution style):

Dual representation (Value function style):

(Lemma C.3)



Two implications of the
Martingale Decomposition
1. Optimal pointwise convergence with high

probability for fixed 𝜋
• (Chung & Lu, 2006) Special Freedman’s inequality + Fine

grained variance calculations from (Yin & W, AISTATS’20)

2. Allow us to handle uniform convergence using
Rademacher complexity-style arguments

33



Rademacher Complexity based
approaches to uniform convergence
• Step 1: Concentration via McDiarmid

• Step 2: Bound the expectation

34

=
HX

h=2

 
HX

t=h

hrt,�h+1:t⇡h( eTh � Th)ed⇡h�1i
!

+
HX

h=1

h(⇡T

1 �
T

1:trt)(s), (ed⇡1 � d⇡1 )(s)i

=
HX

h=2

0

BBBBB@
h

HX

t=h

⇡T

h
�T

h+1:trt

| {z }
v
⇡

h
(s)

, ( eTh � Th)ed⇡h�1i

1

CCCCCA
+ h(

HX

h=1

⇡T

1 �
T

1:trt)(s)

| {z }
v
⇡

1 (s)

, (ed⇡1 � d⇡1 )(s)i

(10)

D Proof of uniform convergence in OPE problem with stan-
dard uniform concentration tools: Theorem 3.3

As a reminder for the reader, the OPEMA estimator used in this section is with data subset
D0. Also, by Lemma C.2 we only need to consider sup⇡2⇧ |

P
H

t=1
hed⇡t � d⇡t , rti|.

Theorem D.1. There exists an absolute constant c such that if n > c · 1

dm
· log(HSA/�),

then with probability 1� �, we have:

sup
⇡2⇧

�����

HX

t=1

hed⇡t � d⇡t , rti

�����  O(

s
H4 log(HSA/�)

ndm
) + E

"
sup
⇡2⇧

�����

HX

t=1

hed⇡t � d⇡t , rti

�����

#

Proof of Theorem D.1. Note in data D0 = {(st, at, s(i)t+1
) : i = 1, ..., N ; t = 1, ..., H; st 2

S, at 2 A}8, not only s(i)
t+1

but also N are random variables.

We first conditional on N , then (st, at, s
(i)

t+1
)’s are independent samples for all i, st, at since

any sample will not contain information about other samples. Therefore we can regroup D0

into N independent samples with D0 = {X(i) : i = 1, ..., N} where X(i) = {(st, at, s(i)t+1
), t =

1, ..., H; st 2 S, at 2 A}. Now for any i0, change X(i0) to X 0(i0) = {(st, at, s0(i0)t+1
), t =

1, ..., H ; st 2 S, at 2 A} and keep the rest N � 1 data the same, use this data to create new

8Here we do not include r(i)
t

since the quantity sup
⇡2⇧ |

P
H

t=1hed
⇡

t �d⇡t , rti| only contains the mean reward
function rt.
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(Somewhat technical construction of a perturbation.)

Combine all the results above, for a single change of X(i0) we have

�����sup⇡2⇧
|

HX

t=1

hed⇡t � d⇡t , rti|� sup
⇡2⇧

|
HX

t=1

hed0⇡t � d⇡t , rti|

�����  2
H2

N
1(E)  2

H2

N

for any fixed N . If we let Z = S(X(1), ..., X(N)) = sup⇡2⇧ |
P

H

t=1
hed⇡t � d⇡t , rti|, then for a

given N by independence and above bounded di↵erence condition we can apply Mcdiarmid
inequality Lemma A.4 (where ⇠i = 2H2/N) to obtain

P(|Z � E[Z]| � ✏|N)  2e�
N✏

2

2H4 :=
�

2
(11)

Now note when n > O( 1

dm
· log(HSA/�)), by Lemma 3.1 we can obtain N > ndm/2 with

probability 1� �/2, combining this result and solving ✏ in (11), we have

sup
⇡2⇧

�����

HX

t=1

hed⇡t � d⇡t , rti

�����  O(

s
H4 log(HSA/�)

n · dm
) + E

"
sup
⇡2⇧

�����

HX

t=1

hed⇡t � d⇡t , rti

�����

#

with probability 1� �.

Next we bound E
h
sup⇡2⇧

���
P

H

t=1
hed⇡t � d⇡t , rti

���
i
using Rademacher complexity.

Theorem D.2.

E
"
sup
⇡2⇧

�����

HX

t=1

hed⇡t � d⇡t , rti

�����

#
 O(

s
H4S2 log(SA)

n · dm
)

Proof. Again, by martingale decomposition, we have

E
"
sup
⇡2⇧

�����

HX

t=1

hed⇡t � d⇡t , rti

�����

#

=E
"
sup
⇡2⇧

�����

HX

h=2

hv⇡
h
, ( eTh � Th)ed⇡h�1i+ hv⇡1 , ed⇡1 � d⇡1 i

�����

#

=E
"
sup
⇡2⇧

�����

HX

h=2

hv⇡
h
, ( bTh � Th)bd⇡h�1i+ hv⇡1 , bd⇡1 � d⇡1 i

����� · 1(E)

#


HX

h=2

E

sup
⇡2⇧

���hv⇡h , ( bTh � Th)bd⇡h�1i
��� · 1(E)

�
+ E


sup
⇡2⇧

���hv⇡1 , bd⇡1 � d⇡1 i
��� · 1(E)

�

(12)
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(by the martingale decomposition)

By Rademacher complexity for each time step.≤ 𝑂 𝐻&𝑆 log 𝐻𝑆𝐴 /(𝑛𝑑()

Main challenge: regrouping the things into < f(Policy), g(Data) >



Ideas behind local uniform
convergence result
• Borrow ideas from the generative model literature
• Specifically Agarwal, Kakade, Yang (2020)

• Recall: Bellman equations

35

vH+1 = QH+1 = 0)
Q⇡

t = rt + P ⇡

t+1Q
⇡

t+1 = rt + Pt+1v
⇡

t+1, (24)

where P ⇡
t 2 R(SA)⇥(SA) is the state-action transition and Pt(·|·, ·) 2 R(SA)⇥S is the transition

probabilities defined in Section 2. Also, we have bellman optimality equations:

Q?

t = rt + Pt+1v
?

t+1, v?t (st) := max
at

Q?

t (st, at), ⇡?

t (st) := argmax
at

Q?

t (st, at) 8st (25)

where ⇡? is one optimal deterministic policy. The corresponding Bellman equations and
Bellman optimality equations for empirical MDP cM are defined similarly. Since we consider
deterministic rewards, by Bellman equations we have

bQ⇡

t �Q⇡

t = bP ⇡

t+1
bQ⇡

t+1 � P ⇡

t+1Q
⇡

t+1 = ( bP ⇡

t+1 � P ⇡

t+1) bQ⇡

t+1 + P ⇡

t+1( bQ⇡

t+1 �Q⇡

t+1)

for t = 1, ..., H. By writing it recursively, we have 8t = 1, ..., H � 1

bQ⇡

t �Q⇡

t =
HX

h=t+1

�⇡

t+1:h�1( bP ⇡

h
� P ⇡

h
) bQ⇡

h

=
HX

h=t+1

�⇡

t+1:h�1( bPh � Ph)bv⇡h

where �⇡

t:h
=

Q
h

i=t
P ⇡

i
is the multi-step state-action transition and �⇡

t+1:t
:= I.

Note b⇡⇤ to be the empirical optimal policy over cM , we are interested in how to obtain
uniform convergence for any policy ⇡ that is close to b⇡⇤. More precisely, in this section we
consider the policy class ⇧1 to be:

⇧1 := {⇡ : s.t. ||bv⇡t � bvb⇡?

t ||1  ✏opt, 8t = 1, ..., H}

where ✏opt � 0 is a parameter decides how large the policy class is. We now assume b⇡ to be
any policy within ⇧1 throughout this section. Also, b⇡ may be a policy learned from
a learning algorithm using the data D. In this case, b⇡ may not be independent
of bP .

We start with the following simple calculation:10

��� bQb⇡
t �Qb⇡

t

��� 
HX

h=t+1

�⇡

t+1:h�1

���( bPh � Ph)bvb⇡h
���


HX

h=t+1

�⇡

t+1:h�1

���( bPh � Ph)bvb⇡
?

h

���

| {z }
(⇤⇤⇤)

+
HX

h=t+1

�⇡

t+1:h�1

���( bPh � Ph)(bvb⇡
?

h
� bvb⇡

h
)
���

| {z }
(⇤⇤⇤⇤)

(26)

We now analyze (⇤ ⇤ ⇤) and (⇤ ⇤ ⇤⇤).
10Since all quantities in the calculation are vectors, so the absolute value | · | used is point-wise operator.
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Also, the same Bellman equation for empirical MDP…



Ideas behind local uniform
convergence result
• Taking differences of the empirical / true MDP’s

Bellman equations
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vH+1 = QH+1 = 0)
Q⇡

t = rt + P ⇡

t+1Q
⇡

t+1 = rt + Pt+1v
⇡

t+1, (24)

where P ⇡
t 2 R(SA)⇥(SA) is the state-action transition and Pt(·|·, ·) 2 R(SA)⇥S is the transition

probabilities defined in Section 2. Also, we have bellman optimality equations:

Q?

t = rt + Pt+1v
?

t+1, v?t (st) := max
at

Q?

t (st, at), ⇡?

t (st) := argmax
at

Q?

t (st, at) 8st (25)

where ⇡? is one optimal deterministic policy. The corresponding Bellman equations and
Bellman optimality equations for empirical MDP cM are defined similarly. Since we consider
deterministic rewards, by Bellman equations we have

bQ⇡

t �Q⇡

t = bP ⇡

t+1
bQ⇡

t+1 � P ⇡

t+1Q
⇡

t+1 = ( bP ⇡

t+1 � P ⇡

t+1) bQ⇡

t+1 + P ⇡

t+1( bQ⇡

t+1 �Q⇡

t+1)

for t = 1, ..., H. By writing it recursively, we have 8t = 1, ..., H � 1

bQ⇡

t �Q⇡

t =
HX

h=t+1

�⇡

t+1:h�1( bP ⇡

h
� P ⇡

h
) bQ⇡

h

=
HX

h=t+1

�⇡

t+1:h�1( bPh � Ph)bv⇡h

where �⇡

t:h
=

Q
h

i=t
P ⇡
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We now analyze (⇤ ⇤ ⇤) and (⇤ ⇤ ⇤⇤).
10Since all quantities in the calculation are vectors, so the absolute value | · | used is point-wise operator.
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We now analyze (⇤ ⇤ ⇤) and (⇤ ⇤ ⇤⇤).
10Since all quantities in the calculation are vectors, so the absolute value | · | used is point-wise operator.
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Multi-step transition matrix

Back up recursively from the last step …



Now take the empirically optimal
policy as an anchor point…
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We now analyze (⇤ ⇤ ⇤) and (⇤ ⇤ ⇤⇤).
10Since all quantities in the calculation are vectors, so the absolute value | · | used is point-wise operator.
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Comparing to Agarwal, Kakade, Yang
(2020), we made some improvements
• Optimal local uniform convergence, when:

• Comparison in terms of offline learning
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Lemma 10 (AKY-20) Our result:

𝜖DEF <
𝐻\

𝑛 𝑑K
𝜖DEF < 𝐻/𝑆

Theorem 1 (AKY-20) Our result:

𝐻]

𝑛 𝑑K
+ 𝐻 𝜖DEF

𝐻]

𝑛 𝑑K
+ 𝜖DEF


