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The closest vector problem

Input: Lattice L =
nPr

i=1 ↵ibi : ↵i 2 Z
o
✓ Rn given by basis b1, . . . , br,

and vector x 2 Rn (wlog x 2 span L)

Output: lattice vector u 2 L with |x� u| = min
v2L

|x� v|

b1

b2

V (L)

Geometric interpretation: Voronoi cell

V (L) = {x 2 Rn : |x|  |x� v| for v 2 L}

V (L) tiles Rn by lattice translates v + V (L)

CVP: In which tile u+ V (L) does x lie?



Some words about algorithms and complexity

CVP is NP-hard (van Emde Boas, 1981)

CVP is NP-hard to approximate within a factor nc/ log logn for c > 0
(Dinur, Kindler, Raz, Safra, 2003)

Approximating CVP within a factor of
p
n lies in NP \ co-NP.

(Aharonov, Regev, 2005)

2n+o(1)-time and space algorithm for exact CVP
(Aggarwal, Dadush, Stephens-Davidowitz, 2015)

Õ(4n)-time, Õ(2n)-space algorithm for exact CVP
(Micciancio, Voulgaris, 2013)

CVP has been studied intensively. Collection of important results:

If V (L) compactly representable: reduced space complexity of MV algorithm

(Hunkenschröder, Reuland, Schymura, 2019)
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Special cases

Polynomial time algorithms for special classes of lattices:

lattices of Voronoi’s first kind
(McKilliam, Grant, Clarkson, 2014)

tensor products An ⌦Am

(Ducas, van Woerden, 2018)

both based on network flows

Goal: Unify and generalize these two cases.



Lattices and zonotopes - Setup

Consider zonotopal lattices: lattices L where V (L) is a zonotope
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zonotope
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= projection of regular cube [�1,+1]m
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= Minkowski sum of line segments
Pm

i=1[�si,+si]
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L ✓ Rm linear subspace
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for x 2 L define supp x = {i : xi 6= 0}
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(i) x has minimal support in L
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x 2 L \ {0} is called elementary ()
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L is called regular ()
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for all y 2 L \ {0} with minimal support
there is ↵ 2 R and x 2 L elementary
so that y = ↵x
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Lattices and zonotopes - Main examples

come from digraphs D = (V,A)
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M 2 {�1, 0,+1}V⇥A incidence matrix
<latexit sha1_base64="OUTFth4R6YghbZIedF9HhfON/vI="></latexit>

L(D)? = {y 2 RA : xTy = 0 for all x 2 L(D)} is also regular
<latexit sha1_base64="WBAbHOLhn2e0QG/6jij4EKdgjpM="></latexit>

elementary vectors = minimal cuts (cocircuits)
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cographical case

L(D) = {x 2 RA : Mx = 0} is regular
<latexit sha1_base64="PQEyjTZnv6tpH+SfM5Uuk+Lk2NM="></latexit>

elementary vectors = circuits (unoriented)
<latexit sha1_base64="GLazy1B+6l0tP/Z9zpL4+lDC8kc=">AAACFXicbVDLSgMxFM3UV62vqks3wVaoIGWmIrpQKLhxWcE+oC0lk962oZlkSDKFofQn3Pgrblwo4lZw59+YtrPQ1gOBwznncnOPH3Kmjet+O6mV1bX1jfRmZmt7Z3cvu39Q0zJSFKpUcqkaPtHAmYCqYYZDI1RAAp9D3R/eTv36CJRmUjyYOIR2QPqC9Rglxkqd7BlwCEAYomI8Amqk0jh/k8eUKRoxo3EhElIxm4DuaSebc4vuDHiZeAnJoQSVTvar1ZU0mi6gnGjd9NzQtMdEGUY5TDKtSENI6JD0oWmpIAHo9nh21QSfWKWLe1LZJwyeqb8nxiTQOg58mwyIGehFbyr+5zUj07tqj5kIIwOCzhf1Io6NxNOKcJcp2wSPLSFUMftXTAdEEWpskRlbgrd48jKplYreefHivpQrXyd1pNEROkYF5KFLVEZ3qIKqiKJH9Ixe0Zvz5Lw4787HPJpykplD9AfO5w/Yt56X</latexit>

graphical case



Lattices and zonotopes - Voronoi cells

Regular subspaces define lattices
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L = L \ Zm
<latexit sha1_base64="kMQhehi8P8PEKGbrvVOBWCVmdwU=">AAACDHicbVDLSgMxFM3UV62vqks3wVZwVWYqoguFghsXXVSwD+yMJZNm2tAkMyQZoQzzAW78FTcuFHHrB7jzb8y0XWjrgcDhnHPJvcePGFXatr+t3NLyyupafr2wsbm1vVPc3WupMJaYNHHIQtnxkSKMCtLUVDPSiSRB3Gek7Y+uMr/9QKSiobjV44h4HA0EDShG2ki9Yqlch5fQ5UgPMWJJPYUuRtFU8P3kLr3nZZOyK/YEcJE4M1ICMzR6xS+3H+KYE6ExQ0p1HTvSXoKkppiRtODGikQIj9CAdA0ViBPlJZNjUnhklD4MQmme0HCi/p5IEFdqzH2TzJZU814m/ud1Yx2cewkVUayJwNOPgphBHcKsGdinkmDNxoYgLKnZFeIhkghr01/BlODMn7xIWtWKc1I5vamWahezOvLgAByCY+CAM1AD16ABmgCDR/AMXsGb9WS9WO/WxzSas2Yz++APrM8f7rqaSg==</latexit>

Positive vector g 2 Rm
>0 defined Euclidean structure on L

<latexit sha1_base64="xGlvankE1Y8icL9Lp/CuhSqO8y0="></latexit>

(x, y)g =
mP
i=1

gixiyi
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Facts about Voronoi cell of L:
<latexit sha1_base64="namSjuwRCsWmA4o/4XYcKdKPA0E=">AAACCXicdVDLSgNBEJyNrxhfqx69NCaCp7AbiS88BATx4CGCiYEkhNnJbDJkdmaZmRVCyNWLv+LFgyJe/QNv/o2ThxBFCxqKqm66u4KYM20879NJzc0vLC6llzMrq2vrG+7mVlXLRBFaIZJLVQuwppwJWjHMcFqLFcVRwOlt0Dsf+bd3VGkmxY3px7QZ4Y5gISPYWKnlwgUmRgMOZGKgKpUUkgGhnIMMIXeVO225WS/vjQEzpOj5J4c++FMli6Yot9yPRluSJKLCEI61rvtebJoDrAwjnA4zjUTTGJMe7tC6pQJHVDcH40+GsGeVNoRS2RIGxursxABHWvejwHZG2HT1b28k/uXVExMeNwdMxImhgkwWhQkHI2EUC7SZosTwviWYKGZvBdLFyoZjw8vYEL4/hf9JtZD3D/LF60K2dDaNI4120C7aRz46QiV0icqoggi6R4/oGb04D86T8+q8TVpTznRmG/2A8/4FbdOY2w==</latexit>

{Voronoi vectors} = {facet normals of V (L)} = {elementary vectors}
<latexit sha1_base64="rYfOHtowE77SQiJ6Qfio4Cg51rQ="></latexit>

V (L) = ⇡([�1/2, 1/2]m)
<latexit sha1_base64="XL5+UxDS+bIrZdsQ7hIOW0wXTrk=">AAACA3icbVDLSsNAFJ34rPUVdaebwVZoQWtSEV0oFNy4cFHBPiCNZTKdtEMnkzAzEUoouPFX3LhQxK0/4c6/cdpmoa0HLhzOuZd77/EiRqWyrG9jbn5hcWk5s5JdXVvf2DS3tusyjAUmNRyyUDQ9JAmjnNQUVYw0I0FQ4DHS8PpXI7/xQISkIb9Tg4i4Aepy6lOMlJba5m6+XrgpwkvYimjBObKPy4e63PugmG+bOatkjQFniZ2SHEhRbZtfrU6I44BwhRmS0rGtSLkJEopiRobZVixJhHAfdYmjKUcBkW4y/mEID7TSgX4odHEFx+rviQQFUg4CT3cGSPXktDcS//OcWPnnbkJ5FCvC8WSRHzOoQjgKBHaoIFixgSYIC6pvhbiHBMJKx5bVIdjTL8+Serlkn5ROb8u5ykUaRwbsgX1QADY4AxVwDaqgBjB4BM/gFbwZT8aL8W58TFrnjHRmB/yB8fkDCTST7A==</latexit>

⇡ : Rm ! L orthogonal projection
<latexit sha1_base64="RdpR12ZiKGFSweF5XecAbG0oMCI=">AAACI3icbVDLSgMxFM34rPVVdekm2AquykxFlOKi4MaFiyr2AZ2xZNK0jc0kQ5IRyjD/4sZfceNCKW5c+C9m2llo64HA4Zx7yT3HDxlV2ra/rKXlldW19dxGfnNre2e3sLffVCKSmDSwYEK2faQIo5w0NNWMtENJUOAz0vJHV6nfeiJSUcHv9TgkXoAGnPYpRtpI3UK15IYUVqEbID30/fgueQigq8VMwIjFN0kJCqmHYiA4YjCU4pHg2XLRLttTwEXiZKQIMtS7hYnbEzgKCNeYIaU6jh1qL0ZSU8xIkncjRUKER2hAOoZyFBDlxdOMCTw2Sg/2hTSPazhVf2/EKFBqHPhmMr1czXup+J/XiXT/wospDyNNOJ591I8YNB2khcEelSYvGxuCsKTmVoiHSCKsTa15U4IzH3mRNCtl57R8dlsp1i6zOnLgEByBE+CAc1AD16AOGgCDZ/AK3sGH9WK9WRPrcza6ZGU7B+APrO8f4Qukdw==</latexit>

L is zonotopal lattice; if V (L) is zonotope, then L comes by this construction
<latexit sha1_base64="F3d/oCM78sQkXJDou6IovUFXQRY="></latexit>



Lattices and zonotopes - All examples

(a) Lattices of Voronoi’s first kind
<latexit sha1_base64="maJAtP9BSrk7j0ZSv8nxgfyWCOM=">AAACDXicdVC7SgNBFJ31GeNr1dJmMIqxCbuR+ACLgI2FRQTzgCSE2clsMmR2Zpm5K4SQH7DxV2wsFLG1t/NvnDyEKHrgwuGce7n3niAW3IDnfTpz8wuLS8uplfTq2vrGpru1XTEq0ZSVqRJK1wJimOCSlYGDYLVYMxIFglWD3uXIr94xbbiSt9CPWTMiHclDTglYqeXuZ8kRviYAnDKDVYgrSiup+KHBIdcGcI/LdsvNeDlvDDxDCp5/fuJjf6pk0BSllvvRaCuaREwCFcSYuu/F0BwQbdcINkw3EsNiQnukw+qWShIx0xyMvxniA6u0cai0LQl4rM5ODEhkTD8KbGdEoGt+eyPxL6+eQHjWHHAZJ8AknSwKE4FB4VE0uM01oyD6lhCqub0V0y7RhIINMG1D+P4U/08q+Zx/nCvc5DPFi2kcKbSL9lAW+egUFdEVKqEyougePaJn9OI8OE/Oq/M2aZ1zpjM76Aec9y/vMJrc</latexit>

defined by obtuse superbasis
<latexit sha1_base64="7Myp6OC7Gc0funVFhFup8nHs1M4=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUkqogsXBTcuK9gHtKFMJjft0MkkzEyEELpx46+4caGIW//BnX/jtM1CWy8MHM655965x084U9pxvq3Syura+kZ5s7K1vbO7Z+8ftFWcSgotGvNYdn2igDMBLc00h24igUQ+h44/vpnqnQeQisXiXmcJeBEZChYySrShBvZxAKGxBtjPcOzrVAFWaQLSzGRqYFedmjMrvAzcAlRRUc2B/dUPYppGIDTlRKme6yTay4nUjHKYVPpmfkLomAyhZ6AgESgvn10xwaeGCXAYS/OExjP2tyMnkVJZ5JvOiOiRWtSm5H9aL9XhlZczkaQaBJ0vClOOdYynkeCASaCaZwYQKpn5K6YjIgnVJriKCcFdPHkZtOs197x2cVevNq6LOMroCJ2gM+SiS9RAt6iJWoiiR/SMXtGb9WS9WO/Wx7y1ZBWeQ/SnrM8fl3+Ynw==</latexit>

b1, . . . , bn, bn+1
<latexit sha1_base64="L+PLdhQoLZ2KhkNtlSzwSWNoKQM=">AAACAnicbVDLSsNAFJ3UV62vqCt1M1gEwVISRXThouDGZQX7gDaEyWTSDp1MwsxEKCG48VcEdaEUt36FO//GSduFth64l8M59zJzjxczKpVlfRuFhcWl5ZXiamltfWNzy9zeacooEZg0cMQi0faQJIxy0lBUMdKOBUGhx0jLG1znfuueCEkjfqeGMXFC1OM0oBgpLbnmnufaFdhlfqRkBXouz1vKT+zMNctW1RoDzhN7Ssq1/VE2IC/Pddf86voRTkLCFWZIyo5txcpJkVAUM5KVuokkMcID1CMdTTkKiXTS8QkZPNKKD4NI6OIKjtXfGykKpRyGnp4MkerLWS8X//M6iQounZTyOFGE48lDQcKgimCeB/SpIFixoSYIC6r/CnEfCYSVTq2kQ7BnT54nzdOqfVY9v9VpXIEJiuAAHIJjYIMLUAM3oA4aAIMH8ATewLvxaLwaI+NjMlowpju74A+Mzx+ZxplV</latexit>

where b1, . . . , bn forms a lattice basis
<latexit sha1_base64="Gk4TME7GV0dkdQga03KlPKCyvJ4=">AAACF3icbVC7SgNBFJ2NrxhfUUubwUSwCGE3IlpYBGwsI5gHJGGZndwkQ2Znl5m7Sgj5Cxt/xcZCEVvt/Bsnj0ITDwwczrl37r0niKUw6LrfTmpldW19I72Z2dre2d3L7h/UTJRoDlUeyUg3AmZACgVVFCihEWtgYSChHgyuJ379HrQRkbrDYQztkPWU6ArO0Ep+tvjQBw00H/hegbZkJ0JToIGv8rQb6dBQRiVDFByonSKMn825RXcKuky8OcmROSp+9qvViXgSgkIumTFNz42xPWLa/ilhnGklBmLGB6wHTUsVC8G0R9O7xvTEKp3JIvYppFP1d8eIhcYMw8BWhgz7ZtGbiP95zQS7l+2RUHGCoPhsUDeRFCM6CYl2hAaOcmgJ41rYXSnvM8042igzNgRv8eRlUisVvbPi+W0pV76ax5EmR+SYnBKPXJAyuSEVUiWcPJJn8krenCfnxXl3PmalKWfec0j+wPn8AWRFnjQ=</latexit>

where bTi bj  0 if i 6= j and
n+1P
i=1

bi = 0.
<latexit sha1_base64="1axc4HZ55CH81RfwzPNj0J1y8Iw="></latexit>

This defines a graph D with vertices b1, . . . , bn+1

and weighted edges (bi, bj) if i < j with weight gij = �bTi bj .
<latexit sha1_base64="S7kdxVSb7JXrQR1KcgrQFXxGmYI="></latexit>

Then: L(D)? ' L
<latexit sha1_base64="vuy8f0lkCggqAlOrbqGTVrEvHOU=">AAACBHicbVC7SgNBFJ31GeNr1TLNYCLEJuxGRBGLgBYWKSLkBdkYZic3yZDZ2XVmVgghhY2/YmOhiK0fYeffOHkUmnjgwuGce7n3Hj/iTGnH+baWlldW19YTG8nNre2dXXtvv6rCWFKo0JCHsu4TBZwJqGimOdQjCSTwOdT8/tXYrz2AVCwUZT2IoBmQrmAdRok2UstOlXsgLnCmmL0+vvMikBH2FAvgHhczLTvt5JwJ8CJxZySNZii17C+vHdI4AKEpJ0o1XCfSzSGRmlEOo6QXK4gI7ZMuNAwVJADVHE6eGOEjo7RxJ5SmhMYT9ffEkARKDQLfdAZE99S8Nxb/8xqx7pw3h0xEsQZBp4s6Mcc6xONEcJtJoJoPDCFUMnMrpj0iCdUmt6QJwZ1/eZFU8zn3JHd6m08XLmdxJFAKHaIsctEZKqAbVEIVRNEjekav6M16sl6sd+tj2rpkzWYO0B9Ynz/KmpZC</latexit>

In particular: L(Cn+1)? = An and L(Kn+1)? = A⇤
n

<latexit sha1_base64="qqCW+BWD5Sv0wsmV8tBYw9Yx/qc="></latexit>



3-dimensional lattices



(c) Seymour (1980)
<latexit sha1_base64="3EqCL8Z20eq/8qnGhZAzTjDxEI0=">AAAB+3icdVDLSgMxFM3UV62vsS7dBIvQbspMpdqCi4IblxXtA9qhZNJMG5pkhiQjDqW/4saFIm79EXf+jWk7QhU9cOFwzr3JvcePGFXacT6tzNr6xuZWdju3s7u3f2Af5tsqjCUmLRyyUHZ9pAijgrQ01Yx0I0kQ9xnp+JOrud+5J1LRUNzpJCIeRyNBA4qRNtLAzhdxCd6ShJsHYdGt15zSwC44ZWcBuEKqjls/d6GbKgWQojmwP/rDEMecCI0ZUqrnOpH2pkhqihmZ5fqxIhHCEzQiPUMF4kR508XuM3hqlCEMQmlKaLhQVyemiCuVcN90cqTH6rc3F//yerEOat6UiijWRODlR0HMoA7hPAg4pJJgzRJDEJbU7ArxGEmEtYkrZ0L4vhT+T9qVsntWrt5UCo3LNI4sOAYnoAhccAEa4Bo0QQtg8AAewTN4sWbWk/VqvS1bM1Y6cwR+wHr/Ag5/kn8=</latexit>

Classification: Every zonotopal lattice is 1-,2-,3-sum of
<latexit sha1_base64="+G9AyANMsb2NJ9E0fd5UfZh5fV4=">AAACI3icbVDLSgMxFM34tr5GXboJFsGFLTMtohQXhSK4VLAq1KFk0owG8xiSO0Id/Bc3/oobF4q4ceG/mKmD+DoQOJxzLyf3xKngFoLgzRsbn5icmp6ZrczNLywu+csrJ1ZnhrIu1UKbs5hYJrhiXeAg2FlqGJGxYKfxVafwT6+ZsVyrYximLJLkQvGEUwJO6vutjiDWfgktvO+mh/hGKw06JQILAsApw9zisLbVqG01azaTWCe471eDejAC/kvCklRRicO+/3I+0DSTTAEtUnthkEKUE+MCBLutnGeWpYRekQvWc1QRyWyUj268xRtOGeBEG/cU4JH6fSMn0tqhjN2kJHBpf3uF+J/XyyDZjXKu0gyYop9BSSYwaFwUhgfcMApi6Aihhru/YnpJDKHgaq24EsLfJ/8lJ4162KxvHzWq7b2yjhm0htbRJgrRDmqjA3SIuoiiO/SAntCzd+89ei/e6+fomFfurKIf8N4/AM14owY=</latexit>

cographical, graphical lattices or R10 (exceptional 5-dim. lattice)
<latexit sha1_base64="FFYZU3Qhf+pBehhbGsUoRNY6YkU="></latexit>

(b) tensor products
<latexit sha1_base64="lRs/jky9H6lHrQnpHpQuuaAhJ+M=">AAAB/HicdVDLSsNAFJ3UV62vaJduBotQNyWp1Ae4KLhxWcE+oA1lMpm0QyczYWYihFB/xY0LRdz6Ie78G6dthCp6Vodz7uWee/yYUaUd59MqrKyurW8UN0tb2zu7e/b+QUeJRGLSxoIJ2fORIoxy0tZUM9KLJUGRz0jXn1zP/O49kYoKfqfTmHgRGnEaUoy0kYZ2ueqfQE24EhLGUgQJ1mpoV5yaMwdcIg3HvTxzoZsrFZCjNbQ/BoHASUS4xgwp1XedWHsZkppiRqalQaJIjPAEjUjfUI4iorxsHn4Kj40SwNDcDwXXcK4ub2QoUiqNfDMZIT1Wv72Z+JfXT3R44WWUx4n5Dy8OhQmDWsBZEzCgkmDNUkMQltRkhXiMJMLa9FUyJXx/Cv8nnXrNPa01buuV5lVeRxEcgiNQBS44B01wA1qgDTBIwSN4Bi/Wg/VkvVpvi9GCle+UwQ9Y7185PpSA</latexit>

Am ⌦An = L(Km+1,n+1)
<latexit sha1_base64="JL94KCEz48LDgN2QHtaEr/htHjo=">AAACC3icbVDLSgMxFM3UV62vUZduQluhUikzFdGFQosbQRcV7APaMmTStA1NMkOSEcrQvRt/xY0LRdz6A+78G9PHQlsPXDiccy/33uOHjCrtON9WYml5ZXUtuZ7a2Nza3rF392oqiCQmVRywQDZ8pAijglQ11Yw0QkkQ9xmp+4OrsV9/IFLRQNzrYUjaHPUE7VKMtJE8O50texy2Ak05UbDsCXgJb3M3Xszz7rHIu6OjrGdnnIIzAVwk7oxkwAwVz/5qdQIccSI0ZkippuuEuh0jqSlmZJRqRYqECA9QjzQNFcisbseTX0bw0Cgd2A2kKaHhRP09ESOu1JD7ppMj3Vfz3lj8z2tGunvejqkII00Eni7qRgzqAI6DgR0qCdZsaAjCkppbIe4jibA28aVMCO78y4ukViy4J4XTu2KmdDGLIwkOQBrkgAvOQAlcgwqoAgwewTN4BW/Wk/VivVsf09aENZvZB39gff4AWDqYCQ==</latexit>



Minimum mean cycle canceling

Karzanov, McCormick (1997):
<latexit sha1_base64="y3Iiwk10dOZCQCCmKM5HyoDXfkg=">AAACBXicbVBNS0JBFJ1nX2Zfr1rWYkgCg5D3jDCjheAmiMAgP0BF5o3zdHDezGNmnmDipk1/pU2LItr2H9r1bxr1LUo7cOFwzr3ce48XMqq043xbiaXlldW15HpqY3Nre8fe3asqEUlMKlgwIeseUoRRTiqaakbqoSQo8Bipef3SxK8NiFRU8Hs9DEkrQF1OfYqRNlLbPrxB8gFxMTiFt7gkZEBxH2bcQiF/cgnbdtrJOlPAReLGJA1ilNv2V7MjcBQQrjFDSjVcJ9StEZKaYkbGqWakSIhwH3VJw1COAqJao+kXY3hslA70hTTFNZyqvydGKFBqGHimM0C6p+a9ifif14i0f9EaUR5GmnA8W+RHDGoBJ5HADpUEazY0BGFJza0Q95BEWJvgUiYEd/7lRVLNZd2z7PldLl28iuNIggNwBDLABXlQBNegDCoAg0fwDF7Bm/VkvVjv1sesNWHFM/vgD6zPH0jAlnc=</latexit>

Can solve the following problem in polynomial time
<latexit sha1_base64="xK50LTB34NvMIy2otZ73AolXsXw=">AAACG3icbVC7SgNBFJ2NrxhfUUubwSBYhd2IaGERSGMZwTwgCWF2cpMMmccyMxsJS/7Dxl+xsVDESrDwb5wkW2jigYHDOffeufeEEWfG+v63l1lb39jcym7ndnb39g/yh0d1o2JNoUYVV7oZEgOcSahZZjk0Iw1EhBwa4agy8xtj0IYpeW8nEXQEGUjWZ5RYJ3XzpQqR2Cg+BmyHgPuKc/XA5ABHWrkZAjOJI8UnUglGOLZMQDdf8Iv+HHiVBCkpoBTVbv6z3VM0FiAt5cSYVuBHtpMQbRnlMM21YwMRoSMygJajkggwnWR+2xSfOaXn9tLuSYvn6u+OhAhjJiJ0lYLYoVn2ZuJ/Xiu2/etOwmQUW5B08VE/dicqPAsK95gGavnEEUI1c7tiOiSaUOvizLkQguWTV0m9VAwuipd3pUL5Jo0ji07QKTpHAbpCZXSLqqiGKHpEz+gVvXlP3ov37n0sSjNe2nOM/sD7+gE2TKGG</latexit>

M 2 {�1, 0,+1}n⇥m totally unimodular matrix
<latexit sha1_base64="AyBgQDVKmaKhC8spZ5l4UzcXPSI="></latexit>

L = {v 2 Zm : Mv = 0}
<latexit sha1_base64="nLlojuxZUZOjR5gy1Zex80ktUl4=">AAACDnicdVDLSsNAFJ3UV62vqks3g23BVUkq9YVCwY0LhQr2gU0tk+mkHTqZhJlJoYR+gRt/xY0LRdy6duffOGkjVNEDFw7n3Mu99zgBo1KZ5qeRmptfWFxKL2dWVtfWN7KbW3XphwKTGvaZL5oOkoRRTmqKKkaagSDIcxhpOIPz2G8MiZDU5zdqFJC2h3qcuhQjpaVOtpC/hGfQjobQphzaHlJ9x4lux3cePIFXQ+2Z9jjfyebMojkBnCFl0zo+sKCVKDmQoNrJfthdH4ce4QozJGXLMgPVjpBQFDMyztihJAHCA9QjLU058ohsR5N3xrCglS50faGLKzhRZyci5Ek58hzdGd8rf3ux+JfXCpV71I4oD0JFOJ4uckMGlQ/jbGCXCoIVG2mCsKD6Voj7SCCsdIIZHcL3p/B/Ui8Vrf1i+bqUq5wmcaTBDtgFe8ACh6ACLkAV1AAG9+ARPIMX48F4Ml6Nt2lrykhmtsEPGO9fNpSZrQ==</latexit>

wi : R ! R convex functions, i = 1, . . . ,m
<latexit sha1_base64="GA7aTJt/XxmS1+1g8NcIGJNusHc="></latexit>

minimize
mP
i=1

wi(vi)
<latexit sha1_base64="r83sOXRJTMEB5KXsRpWlo/fmM5w=">AAACEHicdVDLSgMxFM3UV62vUZdugq1YN2WmUh+gUHDjsoJ9QFuHTJq2oUlmSDKVOvQT3Pgrblwo4talO//G9CFU0QMXTs65l9x7/JBRpR3n00rMzS8sLiWXUyura+sb9uZWRQWRxKSMAxbImo8UYVSQsqaakVooCeI+I1W/dzHyq30iFQ3EtR6EpMlRR9A2xUgbybP3ORWU0zsCMw0V8QYzD628mJ67wxsObz2a7Xv0IOPZaSfnjAFnSMFxT49c6E6VNJii5NkfjVaAI06ExgwpVXedUDdjJDXFjAxTjUiREOEe6pC6oQJxoprx+KAh3DNKC7YDaUpoOFZnJ2LElRpw33RypLvqtzcS//LqkW6fNGMqwkgTgScftSMGdQBH6cAWlQRrNjAEYUnNrhB3kURYmwxTJoTvS+H/pJLPuYe5wlU+XTybxpEEO2AXZIELjkERXIISKAMM7sEjeAYv1oP1ZL1ab5PWhDWd2QY/YL1/ARlMnJY=</latexit>

subject to v 2 L
<latexit sha1_base64="QtyrkFnJMQMlMJpoSUpgZKWIrnc=">AAAB/XicdVDLSgMxFL1TX7W+xsfOTbAVXJWZSn2Ai4IbFy4q2Ae0pWTStI3NZIYkU6hD8VfcuFDErf/hzr8x01aoogcCh3PuJfccL+RMacf5tFILi0vLK+nVzNr6xuaWvb1TVUEkCa2QgAey7mFFORO0opnmtB5Kin2P05o3uEz82pBKxQJxq0chbfm4J1iXEayN1Lb3VOTdUaKRDlBuiJpMoOtc2846eWcCNEeKjnt+4iJ3pmRhhnLb/mh2AhL5VGjCsVIN1wl1K8ZSM8LpONOMFA0xGeAebRgqsE9VK55cP0aHRumgbiDNExpN1PmNGPtKjXzPTPpY99VvLxH/8hqR7p61YibCSFNBph91I55ETapAHSZNcj4yBBPJzK2I9LHERJvCMqaE76Tof1It5N3jfPGmkC1dzOpIwz4cwBG4cAoluIIyVIDAPTzCM7xYD9aT9Wq9TUdT1mxnF37Aev8CvkKUGA==</latexit>

Observation: That is a perfect fit for the CVP of zonotopal lattices.
<latexit sha1_base64="6uterI4eLhklR6PzBwUd877bbvQ="></latexit>

For (L, g) zonotopal lattice and x 2 Rm set

wi(vi) = gi(vi � xi)2 convex quadratic

Then:
P

wi(vi) = (x� v, x� v)g = |x� v|2g

separable convex objective function
<latexit sha1_base64="dOa6C9j+wBu4eDWbLJGAFJENi2g=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4KjMV0YWLghuXFewD2lIy6Z02NpMMSaZYhn6AG3/FjQtF3PoB7vwbM+0stPVA4HDOudzc40ecaeO6305uZXVtfSO/Wdja3tndK+4fNLSMFYU6lVyqlk80cCagbpjh0IoUkNDn0PRH16nfHIPSTIo7M4mgG5KBYAGjxFipVyxpiIgiNo6pFGN4wNK/B2rYGHAQC5ql3LI7A14mXkZKKEOtV/zq9CWNQxCGcqJ123Mj002IMoxymBY6cbqVjsgA2pYKEoLuJrNjpvjEKn0cSGWfMHim/p5ISKj1JPRtMiRmqBe9VPzPa8cmuOwmTESxAUHni4KYYyNx2gzuM2UP5xNLCFXM/hXToe2GGttfwZbgLZ68TBqVsndWPr+tlKpXWR15dISO0Sny0AWqohtUQ3VE0SN6Rq/ozXlyXpx352MezTnZzCH6A+fzB1qgm8s=</latexit>



Idea of algorithm

For v 2 L and for elementary vector u 2 L

define cost of u at v by

c(v, u) =
P

i:ui=+1
c+i (vi)�

P
i:ui=�1

c�i (vi)

where c+i (vi) = gi(vi � xi + 1)2 � gi(vi � xi)2

c�i (vi) = gi(vi � xi)2 � gi(vi � xi � 1)2

If cost c(u, v) is negative then v + u is closer to x than v:
<latexit sha1_base64="X/Wedh5KlMXJThLKf+TJ87/D43A="></latexit>

(v + u� x, v + u� x)g = (v � x, v � x)g + c(v, u)
<latexit sha1_base64="eW9bIZ9efTaz/vx0GmBcbEgYvEk="></latexit>



1. �(v) = 0 () v is closest vector to x

2. Can determine �(v) and u elementary attaining minimum by LP

3. Pivot: v  v + "u for suitable step size "

4. �-value descreases geometrically

�(v) = max

⇢
0,� min

u elementary

c(v, u)

|supp u|

�

minimizer u defines “minimum mean cycle at v”

=) polynomial time algorithm for CVP

<latexit sha1_base64="TFiK03eyoLA/4NdEjnr1CXJBcFA="></latexit>


