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Previous talk

Evolvability of sparse linear functions

Based on the observation that gene expression levels are regulated by
transcription factors networks that have low depth and fan-in
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Current goals

Identify a framework describing:

More realistic models of gene expression

Parameters corresponding to knobs tuned by evolution
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Outline

Review some gene regulation mechanisms

Summarize a known framework (Markov chains, dynamical systems)

Study the functional form of solutions (Kirchoff’s Matrix Tree Theorem)

Consider generalizations and implications for evolvability
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Gene expression basics

DNA is transcribed into mRNA, which is translated into protein
Gene expression level is proportional to the fraction of promoters
bound by RNA polymerase (RNAp)
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Physical state of the promoter can make RNAp binding (un)favorable,
equivalent to changing the “effective” amount of RNAp
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Simple 2-state system

We calculate pbound by considering the distribution of P
RNAP on the non-specific sites (NNS), which make up the
genome itself, and a single promoter. Then we distin-
guish two classes of outcomes (shown in Figure 1b): all P
RNAP molecules bound non-specifically, or one RNAP
bound to the promoter and P!1 RNAP bound non-
specifically. Next, we count the number of different ways
that these outcomes can be realized. Once these states
have been enumerated, we weight each of them accord-
ing to the Boltzmann law: if e is the energy of a state,
its statistical weight is exp(!e/kBT). Finally, to compute
the probability of promoter occupancy, we construct
the ratio of the sum of the weights for the favorable
outcome (i.e. promoter occupied) to the sum over all of
the weights.

As noted above, this simple model includes two broad
classes of microscopic outcomes: (i) those in which all P
polymerase molecules are distributed among the non-
specific sites, and (ii) those in which the promoter is
occupied and the remaining P!1 polymerasemolecules
are distributed among the non-specific sites. To evaluate
the probabilities of these two eventualities we need to
know the number of different ways that each outcome can
be realized. The statistical question of how many ways
there are to distribute P polymerase molecules among

NNS non-specific sites on the DNA is a classic problem in
combinatorics, and the result is

NNS!

P!ðNNS ! PÞ!

The overall statistical weight of these states is based not
just on how many of them there are but also on their
Boltzmann weights according to

ZðPÞ
|ffl{zffl}

statistical weight! promoter unoccupied

¼ NNS!

P!ðNNS ! PÞ!
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

number of arrangements

% e!PeNSpd =kBT
|fflfflfflfflfflffl{zfflfflfflfflfflffl}

Boltzmannweight

; (1)

where eNSpd is an energy that represents the average bind-
ing energy of RNAP to the genomic background. The
correct treatment of the genomic background requires
explicit consideration of the distribution of binding ener-
gies of RNAP, and TFs, to different sites— both specific
and non-specific — on the DNA. The question of how to
treat this problem more generally than the simple-
minded treatment given here can be found in [32,33].
The total statistical weight can now be written as
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Probability of promoter occupancy (a) Schematic showing how, in the simple model, the DNA molecule serves as a reservoir for the RNAP molecules,
almost all of which are bound to DNA. (b) Illustration of the states of the promoter – either with RNAP not bound or bound and the remaining
polymerase molecules distributed among the non-specific sites. The statistical weights associated with these different states of promoter
occupancy are also shown. (c) Probability of binding of RNAP to promoter as a function of the number of RNAP molecules for two different
promoters. We assume the number of non-specific sites is NNS = 5 % 106, and calculate the binding energy difference using the simple relation
Depd ¼ kBT lnðKS

pd=K
NS
pd Þ, where the equilibrium dissociation constants for specific binding (KS

pd) and non-specific binding (KNS
pd ) are taken from in vitro

measurements. In particular, making the simplest assumption that the genomic background for RNAP is given only by the non-specific binding of
RNAP with DNA, we take KNS

pd ¼ 10 000nM [37], for the lac promoter KS
pd ¼ 550nM [38] and for the T7 promoter, KS

pd ¼ 3 nM [39]. For the lac
promoter, this results in Depd = !2.9kBT and for the T7 promoter, Depd = !8.1kBT.
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We calculate pbound by considering the distribution of P
RNAP on the non-specific sites (NNS), which make up the
genome itself, and a single promoter. Then we distin-
guish two classes of outcomes (shown in Figure 1b): all P
RNAP molecules bound non-specifically, or one RNAP
bound to the promoter and P!1 RNAP bound non-
specifically. Next, we count the number of different ways
that these outcomes can be realized. Once these states
have been enumerated, we weight each of them accord-
ing to the Boltzmann law: if e is the energy of a state,
its statistical weight is exp(!e/kBT). Finally, to compute
the probability of promoter occupancy, we construct
the ratio of the sum of the weights for the favorable
outcome (i.e. promoter occupied) to the sum over all of
the weights.

As noted above, this simple model includes two broad
classes of microscopic outcomes: (i) those in which all P
polymerase molecules are distributed among the non-
specific sites, and (ii) those in which the promoter is
occupied and the remaining P!1 polymerasemolecules
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where eNSpd is an energy that represents the average bind-
ing energy of RNAP to the genomic background. The
correct treatment of the genomic background requires
explicit consideration of the distribution of binding ener-
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The total statistical weight can now be written as

118 Chromosomes and expression mechanisms

Figure 1

100

10–1

10–2

10–3

10–5

10–4

P (number of RNAP molecules)

p b
ou

nd

0 200 400 600 800 1000

T7 A1
lacP1

(c)

Current Opinion in Genetics & Development

DNA

RNA polymerase

e–Δεpd /kBT

P

1 P

(a)

(b)

NNS

P–1

Free RNA 
polymerase

Non-specifically bound RNAP

Probability of promoter occupancy (a) Schematic showing how, in the simple model, the DNA molecule serves as a reservoir for the RNAP molecules,
almost all of which are bound to DNA. (b) Illustration of the states of the promoter – either with RNAP not bound or bound and the remaining
polymerase molecules distributed among the non-specific sites. The statistical weights associated with these different states of promoter
occupancy are also shown. (c) Probability of binding of RNAP to promoter as a function of the number of RNAP molecules for two different
promoters. We assume the number of non-specific sites is NNS = 5 % 106, and calculate the binding energy difference using the simple relation
Depd ¼ kBT lnðKS

pd=K
NS
pd Þ, where the equilibrium dissociation constants for specific binding (KS

pd) and non-specific binding (KNS
pd ) are taken from in vitro
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explicit consideration of the distribution of binding ener-
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a

b

Markov chain with 2 states: promoter is empty or bound by RNAp

a and b are rate constants

Let x = probability RNAp is not bound
y = probability RNAp is bound ⇒ Gene expression level ∝ y

What do the rate constants a,b depend on?
What kind of functions are x , y in terms of a,b?

L. Bintu, et al. Transcriptional Regulation by the Numbers 1: Models, Current Opinion in Genetics &
Development 15(2):116-124 (2005)
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Simple 2-state system
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We calculate pbound by considering the distribution of P
RNAP on the non-specific sites (NNS), which make up the
genome itself, and a single promoter. Then we distin-
guish two classes of outcomes (shown in Figure 1b): all P
RNAP molecules bound non-specifically, or one RNAP
bound to the promoter and P!1 RNAP bound non-
specifically. Next, we count the number of different ways
that these outcomes can be realized. Once these states
have been enumerated, we weight each of them accord-
ing to the Boltzmann law: if e is the energy of a state,
its statistical weight is exp(!e/kBT). Finally, to compute
the probability of promoter occupancy, we construct
the ratio of the sum of the weights for the favorable
outcome (i.e. promoter occupied) to the sum over all of
the weights.

As noted above, this simple model includes two broad
classes of microscopic outcomes: (i) those in which all P
polymerase molecules are distributed among the non-
specific sites, and (ii) those in which the promoter is
occupied and the remaining P!1 polymerasemolecules
are distributed among the non-specific sites. To evaluate
the probabilities of these two eventualities we need to
know the number of different ways that each outcome can
be realized. The statistical question of how many ways
there are to distribute P polymerase molecules among

NNS non-specific sites on the DNA is a classic problem in
combinatorics, and the result is
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just on how many of them there are but also on their
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where eNSpd is an energy that represents the average bind-
ing energy of RNAP to the genomic background. The
correct treatment of the genomic background requires
explicit consideration of the distribution of binding ener-
gies of RNAP, and TFs, to different sites— both specific
and non-specific — on the DNA. The question of how to
treat this problem more generally than the simple-
minded treatment given here can be found in [32,33].
The total statistical weight can now be written as
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Depd ¼ kBT lnðKS

pd=K
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pd Þ, where the equilibrium dissociation constants for specific binding (KS

pd) and non-specific binding (KNS
pd ) are taken from in vitro

measurements. In particular, making the simplest assumption that the genomic background for RNAP is given only by the non-specific binding of
RNAP with DNA, we take KNS

pd ¼ 10 000nM [37], for the lac promoter KS
pd ¼ 550nM [38] and for the T7 promoter, KS

pd ¼ 3 nM [39]. For the lac
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P = number of RNAp molecules
N = number of non-specific (NS) sites where RNAp can bind to DNA

probability of state S ∝ exp(−ES/kBT )
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EP 

L. Bintu, et al. Transcriptional Regulation by the Numbers 1: Models, Current Opinion in Genetics &
Development 15(2):116-124 (2005)
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guish two classes of outcomes (shown in Figure 1b): all P
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specifically. Next, we count the number of different ways
that these outcomes can be realized. Once these states
have been enumerated, we weight each of them accord-
ing to the Boltzmann law: if e is the energy of a state,
its statistical weight is exp(!e/kBT). Finally, to compute
the probability of promoter occupancy, we construct
the ratio of the sum of the weights for the favorable
outcome (i.e. promoter occupied) to the sum over all of
the weights.

As noted above, this simple model includes two broad
classes of microscopic outcomes: (i) those in which all P
polymerase molecules are distributed among the non-
specific sites, and (ii) those in which the promoter is
occupied and the remaining P!1 polymerasemolecules
are distributed among the non-specific sites. To evaluate
the probabilities of these two eventualities we need to
know the number of different ways that each outcome can
be realized. The statistical question of how many ways
there are to distribute P polymerase molecules among

NNS non-specific sites on the DNA is a classic problem in
combinatorics, and the result is
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where eNSpd is an energy that represents the average bind-
ing energy of RNAP to the genomic background. The
correct treatment of the genomic background requires
explicit consideration of the distribution of binding ener-
gies of RNAP, and TFs, to different sites— both specific
and non-specific — on the DNA. The question of how to
treat this problem more generally than the simple-
minded treatment given here can be found in [32,33].
The total statistical weight can now be written as

118 Chromosomes and expression mechanisms

Figure 1

100

10–1

10–2

10–3

10–5

10–4

P (number of RNAP molecules)

p b
ou

nd

0 200 400 600 800 1000

T7 A1
lacP1

(c)

Current Opinion in Genetics & Development

DNA

RNA polymerase

e–Δεpd /kBT

P

1 P

(a)

(b)

NNS

P–1

Free RNA 
polymerase

Non-specifically bound RNAP

Probability of promoter occupancy (a) Schematic showing how, in the simple model, the DNA molecule serves as a reservoir for the RNAP molecules,
almost all of which are bound to DNA. (b) Illustration of the states of the promoter – either with RNAP not bound or bound and the remaining
polymerase molecules distributed among the non-specific sites. The statistical weights associated with these different states of promoter
occupancy are also shown. (c) Probability of binding of RNAP to promoter as a function of the number of RNAP molecules for two different
promoters. We assume the number of non-specific sites is NNS = 5 % 106, and calculate the binding energy difference using the simple relation
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pd=K
NS
pd Þ, where the equilibrium dissociation constants for specific binding (KS

pd) and non-specific binding (KNS
pd ) are taken from in vitro

measurements. In particular, making the simplest assumption that the genomic background for RNAP is given only by the non-specific binding of
RNAP with DNA, we take KNS

pd ¼ 10 000nM [37], for the lac promoter KS
pd ¼ 550nM [38] and for the T7 promoter, KS

pd ¼ 3 nM [39]. For the lac
promoter, this results in Depd = !2.9kBT and for the T7 promoter, Depd = !8.1kBT.
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We calculate pbound by considering the distribution of P
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guish two classes of outcomes (shown in Figure 1b): all P
RNAP molecules bound non-specifically, or one RNAP
bound to the promoter and P!1 RNAP bound non-
specifically. Next, we count the number of different ways
that these outcomes can be realized. Once these states
have been enumerated, we weight each of them accord-
ing to the Boltzmann law: if e is the energy of a state,
its statistical weight is exp(!e/kBT). Finally, to compute
the probability of promoter occupancy, we construct
the ratio of the sum of the weights for the favorable
outcome (i.e. promoter occupied) to the sum over all of
the weights.

As noted above, this simple model includes two broad
classes of microscopic outcomes: (i) those in which all P
polymerase molecules are distributed among the non-
specific sites, and (ii) those in which the promoter is
occupied and the remaining P!1 polymerasemolecules
are distributed among the non-specific sites. To evaluate
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measurements. In particular, making the simplest assumption that the genomic background for RNAP is given only by the non-specific binding of
RNAP with DNA, we take KNS

pd ¼ 10 000nM [37], for the lac promoter KS
pd ¼ 550nM [38] and for the T7 promoter, KS
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Simple 2-state system: Equilibrium probabilities
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specifically. Next, we count the number of different ways
that these outcomes can be realized. Once these states
have been enumerated, we weight each of them accord-
ing to the Boltzmann law: if e is the energy of a state,
its statistical weight is exp(!e/kBT). Finally, to compute
the probability of promoter occupancy, we construct
the ratio of the sum of the weights for the favorable
outcome (i.e. promoter occupied) to the sum over all of
the weights.

As noted above, this simple model includes two broad
classes of microscopic outcomes: (i) those in which all P
polymerase molecules are distributed among the non-
specific sites, and (ii) those in which the promoter is
occupied and the remaining P!1 polymerasemolecules
are distributed among the non-specific sites. To evaluate
the probabilities of these two eventualities we need to
know the number of different ways that each outcome can
be realized. The statistical question of how many ways
there are to distribute P polymerase molecules among

NNS non-specific sites on the DNA is a classic problem in
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where eNSpd is an energy that represents the average bind-
ing energy of RNAP to the genomic background. The
correct treatment of the genomic background requires
explicit consideration of the distribution of binding ener-
gies of RNAP, and TFs, to different sites— both specific
and non-specific — on the DNA. The question of how to
treat this problem more generally than the simple-
minded treatment given here can be found in [32,33].
The total statistical weight can now be written as
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pd Þ, where the equilibrium dissociation constants for specific binding (KS
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pd ) are taken from in vitro

measurements. In particular, making the simplest assumption that the genomic background for RNAP is given only by the non-specific binding of
RNAP with DNA, we take KNS

pd ¼ 10 000nM [37], for the lac promoter KS
pd ¼ 550nM [38] and for the T7 promoter, KS

pd ¼ 3 nM [39]. For the lac
promoter, this results in Depd = !2.9kBT and for the T7 promoter, Depd = !8.1kBT.
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have been enumerated, we weight each of them accord-
ing to the Boltzmann law: if e is the energy of a state,
its statistical weight is exp(!e/kBT). Finally, to compute
the probability of promoter occupancy, we construct
the ratio of the sum of the weights for the favorable
outcome (i.e. promoter occupied) to the sum over all of
the weights.

As noted above, this simple model includes two broad
classes of microscopic outcomes: (i) those in which all P
polymerase molecules are distributed among the non-
specific sites, and (ii) those in which the promoter is
occupied and the remaining P!1 polymerasemolecules
are distributed among the non-specific sites. To evaluate
the probabilities of these two eventualities we need to
know the number of different ways that each outcome can
be realized. The statistical question of how many ways
there are to distribute P polymerase molecules among

NNS non-specific sites on the DNA is a classic problem in
combinatorics, and the result is
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where eNSpd is an energy that represents the average bind-
ing energy of RNAP to the genomic background. The
correct treatment of the genomic background requires
explicit consideration of the distribution of binding ener-
gies of RNAP, and TFs, to different sites— both specific
and non-specific — on the DNA. The question of how to
treat this problem more generally than the simple-
minded treatment given here can be found in [32,33].
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pd ) are taken from in vitro

measurements. In particular, making the simplest assumption that the genomic background for RNAP is given only by the non-specific binding of
RNAP with DNA, we take KNS

pd ¼ 10 000nM [37], for the lac promoter KS
pd ¼ 550nM [38] and for the T7 promoter, KS
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(Part of) a real promoter system . . .

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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Promoters can have many states

1 2 3

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)

Pho4

X O X X

O XO O

T

T T

T

kassoc kdissoc

kremod

kremod

kreass

kreass

kdissoc

kdissoc

k reass

T T

T

T

T

T

T T

T T

T T

a b

* kassoc*

kassoc
*

exp

kdissoc
nuc

Nuc Pho4 Nuc

Pho4 NucPho4 Nuc

Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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2 × 3 × 2 = 12 states

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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nucleosome

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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Example: promoter composed of 3 physical regions

The regions can be empty or occupied

RNAp can bind only when the 3rd region is

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.

ART IC L E S

NATURE STRUCTURAL & MOLECULAR BIOLOGY VOLUME 15 NUMBER 11 NOVEMBER 2008 11 9 5

©
20

08
 N

at
ur

e 
Pu

bl
is

hi
ng

 G
ro

up
  h

ttp
://

w
w

w
.n

at
ur

e.
co

m
/n

sm
b

nucleosome

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.

ART IC L E S

NATURE STRUCTURAL & MOLECULAR BIOLOGY VOLUME 15 NUMBER 11 NOVEMBER 2008 11 9 5

©
20

08
 N

at
ur

e 
Pu

bl
is

hi
ng

 G
ro

up
  h

ttp
://

w
w

w
.n

at
ur

e.
co

m
/n

sm
b TATA box

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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This transition “adds” or “removes”

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)

Pho4

X O X X

O XO O

T

T T

T

kassoc kdissoc

kremod

kremod

kreass

kreass

kdissoc

kdissoc

k reass

T T

T

T

T

T

T T

T T

T T

a b

* kassoc*

kassoc
*

exp

kdissoc
nuc

Nuc Pho4 Nuc

Pho4 NucPho4 Nuc

Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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nucleosome

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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Representation: Graph G(V ,E)

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

Vertices correspond to states
Edges are directed and labeled by non-negative transition rates
No self-edges

I. Mirzaev, J. Gunawardena, “Laplacian dynamics on general graphs”, Bull Math Biol, 75:2118-49 2013.
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Continuous-time Markov chain

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

xi = probability of state i
d~x
dt describes the rates at which the state probabilities change

dx1

dt
= ax2 − (b + c)x1

dx2

dt
= bx1 + dx4 − ax2

dx3

dt
= cx1 − ex3

dx2

dt
= ex3 − dx4
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Continuous-time Markov chain

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.
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Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by
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∑

T ∈Θj (G)

( ∏

k
a→l∈T

a
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. (16)

d~x
dt

=




−(b + c) a 0 0
b −a 0 d
c 0 −e 0
0 0 e −d







x1
x2
x3
x4


 ≡ L~x

L(G) = Laplacian of graph G
Columns of L sum to zero
Conservation of mass: x1(t) + · · ·+ xn(t) = c
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Focus on strongly connected graphs

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

Physically meaningful setting

Results can be generalized to graphs that are not strongly connected

Strongly connected: ≥ 1 directed path between any 2 vertices
≥ 1 spanning tree rooted at each vertex
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Spanning trees rooted at vertex 1
Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

A tree is a graph with no cycles
A spanning tree has all n vertices⇒ n − 1 edges
Rooted at 1: All paths lead to 1
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Spanning trees rooted at vertex 2

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)
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All spanning trees

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)
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Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)
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Solve for steady state when G is strongly connected

Steady state: ~x(t) converges to a stationary distribution ~x∗

Want to solve for ~x∗ s.t. d~x
dt = L~x∗ = 0

Strongly connected⇒ rank of L is exactly n − 1

Recall: columns of L sum to zero
⇒ 1TL = 0⇒ 1 is a left eigenvector with eigenvalue 0
⇒ ∃ corresponding right eigenvector ~ρ s.t. L~ρ = 0
⇒ Solution ~x∗ ∝ ~ρ
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What is the functional form of ~x∗?
L is not full-rank⇒ det(L) = 0

Determinant expansion ⇒ ∀j , det(L) =
∑

k (−1)j+k`jk det(Lj,k ) = 0
det(Lj,k ) = (j, k)-minor of L = determinant of submatrix made by deleting the j-th row and k -th col

Fact for Laplacians: det(Lj,k ) = (−1)j+k det(Lk,k )

Then: ∀j , ∑k `jk det(Lk,k ) = 0 ⇒ L~ρ = 0 for ρk = det(Lk,k )

Kirchhoff’s Matrix Tree Theorem⇒
det(Lk,k ) = (−1)n−1

∑

T∈Θk

∏

e∈T

ae

where n = number of vertices
Θk = {spanning trees rooted at vertex k}
ae = weight of edge e

Thus, the entries of ~ρ are homogeneous polynomials in the rates
(degree = |T | = n − 1)
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Steady state solution: Rational polynomial in the rates
Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

~ρ =




ρ1
ρ2
ρ3
ρ4


 =




ade
bde + ced

cad
ace




ρj > 0 since ≥ 1 spanning tree at each vertex

Normalize for steady state: x∗j = ρj/(ρ1 + ρ2 + ρ3 + ρ4)
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Steady state solution: Rational polynomial in the rates
Laplacian Dynamics on General Graphs
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right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
has exactly one edge leaving it, for otherwise there would be an additional root or an
undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.

Given a n × n matrix A, recall that A(ij) is the minor given by the determinant
of the (n − 1) × (n − 1) matrix obtained from A by removing the ith row and j th
column.

Theorem 1 (Matrix-Tree Theorem (Tutte 1948)) If G is any graph with n vertices
then the minors of its Laplacian are given by

L(G)(ij) = (−1)n+i+j−1
∑

T ∈Θj (G)

( ∏

k
a→l∈T

a

)
. (16)

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
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the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
G and is connected and acyclic as an undirected graph. T is rooted at i ∈ G if i is the
only vertex of T with no edges leaving it, i ! j . This implies that any nonroot vertex
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undirected cycle (Fig. 2(A)). Let Θi (G) denote the set of spanning trees of G rooted
at i. Note that in a general graph there may be no spanning trees rooted at a particular
vertex, i, so that Θi (G) = ∅.
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Gene expression level at steady state

Gene expression level ∝ probability promoter bound by RNAp

For example, suppose RNAp can bind to states 2 and 4

Gene expression level ∝ x∗2 + x∗4 =
ρ2 + ρ4

ρ1 + ρ2 + ρ3 + ρ4
=

1
1 + ρ1+ρ3

ρ2+ρ4

Laplacian Dynamics on General Graphs

Fig. 2 Spanning trees and the Matrix-Tree theorem. (A) On the left, a strongly-connected graph. On the
right, the spanning trees rooted at each vertex, with each root outlined in black. (B) The Laplacian matrix
of the graph in (A) with two of its minors, L(G)(42) and L(G)(23) , calculated, illustrating the Matrix-Tree
formula in Eq. (16) of Theorem 1. The determinants are placed beneath the spanning trees in (A) that give
the corresponding values

For any graph G, a subgraph T is a spanning tree of G if T reaches each vertex of
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Gene expression level = rational homogeneous polynomial

Each term is degree n − 1 and positive (product of rates)
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Gene expression level: Rational polynomial of rates
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Figure 5: Regulation of yeast Pho5.
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What is the functional form of the rates?

Example real system: 4/5 rates are constants

Rate of binding transcription factor

midpoint for Pho4 binding) with Hill coefficient n and approaches
k!max the maximum value for the association rate constant of Pho4
binding to the UAS): k!assoc ¼

k!max

1+ K= Pho4½ $ð Þn (a brief discussion of this
expression is presented in the Supplementary Discussion).

Agreement between gene expression data and the model
We expanded the minimal model to describe a PHO5-like promoter
with two Pho4 binding sites and two nucleosomes to remodel
(Fig. 4b). Here we assumed that nucleosomes are remodeled in
sequence from –2 to –1, with an identical remodeling rate constant
(kremod) for all remodeling steps, and randomly reassembled to their
target DNA sequences with an identical reassembly rate constant
(kreass). This mechanism is in agreement with previously observed
spreading of nucleosome displacement from the nucleosome-free
region of the PHO5 promoter26. Dissociation rate constants of Pho4
from the exposed and the nucleosomal sites are denoted by kexp

dissoc and
knuc

dissoc, respectively. To remove absolute units of time and concentra-
tion, and to simplify the fitting procedure, we nondimensionalized the
model by using the ratios of all rate constants to k!max and the ratio of
Pho4 concentration to K (the midpoint for Pho4 binding) as variables
for the model. To simulate the measured GRF with the model, the
relationship between the concentration of Pho4 and the fraction of
states that have an exposed (for example, non-nucleosomal) TATA box
was calculated and fit with the Hill function to extract parameters
directly comparable to those that represent the measured GRF
(Supplementary Discussion). The values for the expression threshold
and maximum depend on the four dimensionless rate constants,
!kexp

dissoc, !knuc
dissoc, !kremod and !kreass.

We tested the validity of the model by fitting the thresholds and
maximum expression levels of LX, LL, LH, HX, HL and HH predicted
by the model to the measured values (Supplementary Fig. 4 online).
We defined the nondimensional dissociation rate constants from the
high-affinity site (H) and the low-affinity site (L) to be !kH and !kL,

respectively. !kexp
dissoc of variants LX, LL, LH, HX, HL and HH can be

either !kH for H or !kL for L, whereas !knuc
dissoc can be !kH for H, !kL for L, or

N (infinity) for X. All the variants have the same values of !kremod and
!kreass. We performed a fit with four parameters, !kH, !kL, !kremod and !kreass

to globally minimize the deviation of six pairs of threshold and
maximum expression level between the data and the model prediction
(Supplementary Fig. 5 online). The fits show good agreement with
the data (Fig. 5a, purple dotted lines), suggesting that despite the
simplifications the model successfully captures the in vivo situation.
We also considered more complex models in which remodeling rate
constants varied as a function of the distance between the UAS and the
nucleosome, as well as models with no preferred order of nucleosome
remodeling. These models fit the data equally well, which suggests that
the detailed mode of chromatin remodeling cannot be pinpointed by
our data.

Nucleosomes diversify gene expression profiles
So why are there transcription factor binding sites occluded by
nucleosomes when it is more costly to use them for transcriptional
activation than exposed ones? To gain insight into this question, we
considered a hypothetical model without nucleosome –2. This model
was obtained by removing the states forming the outermost square
from the original model (Fig. 4b, highlighted in green). Despite
having the same number of fit parameters as the model with nucleo-
some –2, the model lacking nucleosome –2 fitted the data poorly
(Fig. 5a, red lines). This analysis indicated that, if all Pho4 binding
sites had been readily accessible, changing their sequences could not
have generated the observed variety of GRFs.

To visualize how threshold and maximum values change as a
function of the affinities of Pho4 binding sites, we projected them
onto a two-dimensional plane of !kexp

dissoc and !knuc
dissoc as heat maps,

fixing !kremod and !kreass to estimated values from the global fitting
(Fig. 5b). The heat maps from the two-nucleosome model (left half)
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Figure 4 Quantitative models of Pho4-dependent chromatin remodeling. (a) This minimal model describes a promoter composed of one exposed Pho4
binding site and one adjacent nucleosome containing the TATA box. The presence or absence of Pho4 and the nucleosome (Nuc) are marked by O or X in
the table, the combination of which defines the four states in this model. The orange pentagon represents Pho4, and all other symbols are as defined in
Figure 1. The two states on the right are considered to be transcriptionally active as the general transcription machinery can access the TATA box region. The
transitional frequencies of association, dissociation, remodeling and reassembly are described by k!

assoc, kdissoc, kremod and kreass, respectively. (b) This model
expands on the minimal model in a to describe the variants LX, LL, LH, HX, HL and HH. The six states on the right comprise the transcriptionally active
fraction. The rate constants in this model are for the association of Pho4 to DNA (k!

assoc), dissociation from the exposed (kexp
dissoc) or nucleosomal region

(knuc
dissoc), remodeling of nucleosome –2 or –1 (kremod) and the reassembly of nucleosome –2 or –1 (kreass). The arrow scheme for these rate constants is

shown on the left. The entire model with three layers of squares is the model with nucleosome –2, and the model with the inner two layers highlighted in
green corresponds to the model without nucleosome –2.
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More complicated dependencies are possible, e.g., dimerization
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What could be under selection in this framework?

Sequence mutations to DNA can occur at:

Promoter regions that bind transcription factors and other molecules

Promoter regions that regulate expression of these upstream genes

Mutations can perturb the model by:

Adding new states (new site where TF can bind; new TF that can bind)

Changing rates (modify binding properties of DNA or protein)

Removing states (e.g., send a rate to 0)
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