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FroM  PAUL COHEN's  PAPER (Repat. S0 2003,

"skoLEM AND PESSIM(SM ABouT TRooE (N MATHEMATICE

Wi TH L UCK , WE REACH A CONTRAD lc. Tio

AND ‘THEREBY PRoVE SoMETHING . BUT SUPFOSE

oNE Asks AN UNNA TURAL STATEMENT

ARouT PRIMES ;SucH AS THE TWIN  FRIME
QRUESTION . PERHAPS ON THE BAsIS ©OF

STATISTICAL coNSI DERATIONS , WE ExPEcT THE
pRiMES o SATISFy THIS LAw. BUT THE PRME

scem RATHER RANDOM , ALD /N ORDER TO

PRoVE. THAT THE STATISTICAL [y PoTHESES
FIND SoME  LOGICAL

(T~ NOT VEKy

Is 7RUE WE HAVe To
LAW THAT (MPUES 1T, 1S
LIKELY THAT ,StMPLY AS A RANDo

NUMBERS , THE PRImMEs Do SATISF THE
l4y POTHESIS - ...

n SET OF



[o*
THERE- FORE )M\/ CoNc LUSION 15 THE
FolLoWING . T BELIEVE. THAT THE VAS T

MA ToRITYy OF STATEMENT'S ABUT INTEGEKS

AE ToTALLy AND DERMANENTLY BEYOND
PRooF (N ANy REATONRBLE SySTEM. Heke

T AM VUSING PRooF N ThE SENSE THAT
MA THEMAT (CIANS USE THAT WORD. CAN
STATIST IcAL EVIWDENCE BE REGARDED As
pRooF ? L Would LIKE 7O UAE AN OFEN
MIND AND SAy WY NOT T 1P Tue FIRST

TeN RiLtieN ZEROS OF THE ZETA
CUNCTION Lie on THE LINE WHSSE REAL
PART (S /2 \WHAT CONcLUSION SHALL WE
DRAN ? T FEEL (NcoMPETENT TWEA To SPECUVUATE oW
dorl FUTURE GENERATIONS Wit REGARD NUMERICAL EVDENCE ©F |
Ths KiND. TN Tois PESSIMISTIC SPRIT, TMAY
CONCLUDE By ASKING (F WE ARe WITNESSINE Th
END Oof Tue ERA OF PURE PRooF, BEGUN SO
GLORIOVSLY BY THE GREEKS. T HoPE. THAT MAHEMATC
LWES Fok A VERy LONG TIME , AnD THAT WE

Do NoT REACH THAT DEAD EXD R MMy GENERRTIONS
-To coME.
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D\CHOTOM\/ IN H‘ TYP(CAL NUMBRER THEORET)c
PP\OBLEM)EITMER TUERE. Is A RIGD ALGEBRALC

<TRUCTURE (EG A FORMULA) OR THE ANSWER
i< DierlcULT TO JDETERMINE AND (N THAT

e LAW CAN BE QUITE UNEXPECTEDAND TELUN

. EsTABLISHING TRE LAW CAN BE VERY
DIEElCULT ARD (5 OF TEN THE CENTRAL |SSUE

L

T RANDOMNESS PRINCIPLE HAS IMPLICATION
IN BoTH DIRECTIONS.

=> UNDERSTANDING AND PROVNG THE
| AW ALLoWS FoR A COMLETE UNDBRSTANDING
o A PHENOMENON .

&— The FAcT TeAT AN BXPLICIT
ARITHMETICAL OR D10 PHANTINE  PROBLEM
REHAVES RANDoMLy CAN BE ©F GREAT PRACTICAL VALVE

EG: To PRODUCE PSEUDO-RANDOM NUMBERS.
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WE ILLUSTRATE THe D icHOTOMY WrTH ExAMPLES

(A) T= 314159265358 779223 UG ...

5 (T NeRMAL ? IT (5 KNowN THAT
TuaT T 15 NoT Too sTRUcTURED , IT DoES
NoT HAve A PeAloDlc DEMAL , BUT WHI(LE
IT (s SURELy NoRwmAL Twis SEEM HOfELESs To FROVE

(8) ARITHMETIC AND CRURDRATIC. DISPHANTINE EavATion:

PRIMES:
BON D @A 1@ @) s
15 16 @D 1€ (9 26 2 RD ¥ 95 2 2% H @D

» iy

ARe. Tuey RANDom OR STRUCTURED ©
Tr(5¢) := THE NUMBER ©F PRIMES LESS THAN O

ER'ME NUMBB? THEREM (l??é)

T(x) byx

A, X Gegs To NFNITY |
>

_____aj_



GAUSS SUMS .
P AN oDD PRIME
"il Qe DJ/P
q(p) = &

=0

SINCE (ojmm-.-_ 4 FoR mEZL , Tve SOM TAKEs

PLACE Fok ¢ n ARTHMETIc MoDOLO P,
THaT IS ONLY DePed DS ©ON THE AREMAINDER

WHEN ¢ 1S DWIDED BY P

FEP‘ - —_ EE}I) .,? P"’l % WITf"f TH‘(?-
THE USUAL RULEs
OF AITHMETIC (S A ”F/EL-D”

= gp F p=t()
—P IF P =3(w)

WhicH  SauARe RooT IS —

B —?——l(%)

GAUSS . () = P
WP P =3(%)




From correspondence of Gauss to Le Blanc (= Sophie Germain)

and Wilhelm Olbers.

This theorem is already hinted at in the Disquisitiones Arithmeticae, p. 636
or more precisely, only a special case of it, namely the one where n is a prime
number, to which the others could be reduced. What is written there between
Quaecunque 1gitur radixz etc. and valde sunt memoribilia, is rigorously proved
there, but what follows, i.e., the determination of the sign, is exactly what has
tortured me all the time. This shortcoming spoiled everything else that I found;
and hardly a week passed during the last four years where I have not made this
or that vain attempt to untie that knot—especially vigorously during recent times.
But all this brooding and searching was in vain, sadly I had to put the pen down
again. Finally, a few days ago, it has been achieved—but not by my cumbersome
search, rather through God’s good grace, I am tempted to say. As the lightning
strikes the riddle was solved; I myself would be unable to point to a guiding thread
between what I knew before, what I had used in my last attempts, and what made
it work. Curiously enough the solution now appears to me to be easier than many
other things that have not detained me as many days as this one years, and surely
no one whom I will once explain the material will get an idea of the tight spot into
which this problem had locked me for so long. Now I cannot resist to occupy myself
with writing up and elaborating on this material. However, my astronomical work
should not be completely neglected all the same.
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RELATED IS5 His FANWUS QURRATIC

<TRVCTURED ANSWERS:

C. Losgz..\/
Rec.p RociTy

P, PUMES =4 (y) , THEN P HAS A
SRUARE ReoT mod A IFE  q H45 A SaUre Rest mMod P

Tis KIND OF STRUTURED REC(PROUTY (S THE ORGN

DEAN RfCIPReQUTIES | CLASS FIED TrHEORY AND

OF Mo
IN AUTOMORPHIC TFORMY |

LARGLANDS Kee (PRoC(TY

P—

STIcKING T& ARITHMETIC. OF H:P AS
POVANCES LINEARLY TAROUGH 4,8, . .., P-L
How DO THE NUMBERS
fL(wi P )
CxcepT For THe FgsT FEW ( £%1) Tweke APEAR
76 BE No RUE Fog OCt | xx—>> LoeKS LIKE A

RANDOM [NVOLLTION . P sriases 2l
{2
S(aaP) =2 < P.. e P
L=|

e JON )

ARRANGE  THEMSEWE

ONE MEASURE [5:

FACT ]S(a,p}[sz‘ﬁ?

-Tis FolilowWs FROM THE FPROVEN "Ri1E MANN
v POTHESIS" FOR CURVES OVeR FiTe FlEwds ¥




e FACT THAT THE OPERATION XL (nadp) S
1S (N TeHs WhY PsevDo -RANDM 15 AT THE
SoUVRcE. OF VARIOUS CoONSTRUSTIONS .

RAMANUTAN GRAPHS -
THESE ARE ExpLictT AND OPTIMALLY

HIGHLY CONNECTED SFPAISE GRAPHS (’/E?PANDERS”)
CONS’(—RUC:TTON: 'l) = 4_ (ZO ) PRIME_

LET <A sp-t sarsfy {=-1(p)  (Recapeen
=<.P < ?-4__ SATISFY Bl::.. 5"6',) ( 4

- {112 2] £

g set ©oF SIX MATRICES [N Sl (&), T
CRoUP OF 3 MATRICES WiTh DETERMINWT 1.

Tie Six REGULAR GRAVH \/_’>
WUOSE VERTIcES ARE THE MATAICES § (D
Sko(R) ( TweRe ARE ABooT P> of Them )
AND WHOSE EDGES RUN BRETWEEA] 4 AND s9
Witk s€ S, 15 A RAMANUTAN  GRAPH.
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Figure 1: A ball of radius 4 in the Lubotzky-Phillips-Sarnak 6-regular Ramanujan graph
on n = 12,180 vertices via PSL(2, Fa)



() They HAVE OPTImAL SPEcTRAL EXPANSION €
PROPERTIES |, ESSENTIALY OPTIMALLY SMAL DIAMETES
[b) ONE CAN NAVIGATE. THE GRAPH EFFICIENT:
(PolyNomiAL IN PATH LENGTM ). TF 9q AND h ARE
N\ AND g'h Is  DIAGONAL THEN ONE CAM

FND THE SHORTEST PATH FRoM  § ™ h.
IN GENERAL -THis AlLtows Us To FND A

PATH WHIcH 15 THREE TIMES LoNGER T OPTIMAL

(€) THE TPReBLEM OF FINDNG THE SHRTEST
PaTH FRom g To h (N THESE S RAPHS
5 NP —comPLETE !

(| THE FulleTioN FIELD RiEmAM HyPo Tpssts

AND AUTeMORPHIC FoRms ARE <cRUCtAL
INGREDIENTS (N THE An#Lysls.

() THe EXsTENCE OF (BIPARTITE) RAMANUTAN

CRAPHS OF ANy DBGREE  WAS ACHIBED Moe
RECENTLY US(NG TDEAs FRom STATISTICAL
Piysics  (Lee~yANe TyPe THEOREMS ) AND
INTEALACING PolyNOMIALS | “Tuis THEME (S

ONE of <ThHE CcENTRAL ONES (N THE
Pt vA NM 141 PA 0GR Am THis SEMESTER



SIMILAR. TDEAS CONNECTED W(TH THE DioPuAnting &

AnaLysis  ©F
LA Dy =N (VA GenezAL QU Loy
oN OF ©OPTiMAL ONWERSAL GATES

LEADS TO THE CONSTRUCTI O oo CATES o

Foh QUANTUM comMmpP) TN

e - i v

' C LASSICAL L RUANTOM)
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|
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TExT BOK QUANTUM GATES
RUANTUR S =2

\

HADPMARD ——‘T_\T_&l"—' "\f—"z—_-"[’_::r&
v o 1
oL

1-QUBIT
PHASE —E—
Tor T —Tk— E? e?ml

[+ AND S GENERATE R FRNITE SLURGReU? OF L)
oF ORDER Q4 ., THE CLIFFORD GRoUP. ADDNG T~

O THESE YIELDS A UNIWVERSAL SINGLE QUBT
GATE SET,WHICH IS ofTimaL Foh APPR.OXr MATI ON
ARD NAViZATioN [ iDEnTic AL To Slo(l) FEATURES) .



(C) Parity
One of the most elusive number theoretic functions, both theoreti-
cally and computationally, is A(n) the parity of the number of prime
factors of n.
A3(n) = parity of the number of prime factors p dividing n, p =3 (4)
A1(n) = parity of the number of prime factors p dividing n, p=1 (4)

35| 37| 39
-1 1] -1
1| -1|-1

271 29| 31 |3
-1 1| -1

n|1 3 5 719 11| 13| 15| 17| 19|21 | 23 |2
1| -1 11 -1]1| -1 1| -1 1| -1 1] -1
1 1] -1 171 1} -1} -1] -1 1 1 1
1| -1} -1]-1|1 1] -1

== =] ot
= =] =] Qo

-1 | -1 1| -11]-1 -1|-1] -1

e \3(n) is clearly structured.
e \i(n) and A(n) appear to be random.

It is expected that A has no self correlations (no patterns have been
observed), and as a consequence that A is uncorrelated or “disjoint”
from any sequence observed in a zero entropy dynamical system:

—Z)\ ) — 0 as N — oo for such f. ()

n<N



L
MANY HARD EARNED THEOREMS ABOLT

PRIME MNUMBERS EsSTABLISH JOME RANDOMNESS
i \M) THROLGH (NSTANCES ©F (xt) AS A

CRUCIAL ISTEY.

FoR EXAMPLE (xx) FeR fd=4 5
FQUIVALBNT To TTHE PRAME NUMBER THEOKEM

¢ THE- QUANT ITATWE VERS(ON OF THE LAST
In TeRms oF Tue (RaANDoM ) sq UARE. ReOT
CANCE LLATION S -

lie
) Z”/\(%) lfcal\l - RR €0
n <N
s EQUWALENT To Tee (ReAL)
Riemann HY7oTHESIS.

THe  (SSVE HERE IS NoT THE
odvious  RANDoM WALK ModeL ROT
7o PROVE SomeTHING TOWARDS
THIS RANDOM NETSS.



So WHAT IS THis RieEmANN HyPsTHEsls p 2

$(s) :Z n"S = -Tl_—(l——PnS)—' FoR
n=| P

Re(s)7

Remann Stows:  AE)=T [E)TE
ExTENDS To AN ANALYTIC FUNcTien oF 5
IN THE ComPEX PLANE WiTH SIMPLE PolEs AT s=o AAl
s=1 AND SATISFIES THE SYMMETIRY

A (t-5) = A 6D

TuhT AlLL THE ZEROS

RI EMANN H\,PoTH% SI2ES:
= 1 LINE pr-é-

= P.n.n’ of Nl(s) ARe oN THE SyMMETRY

< ¥ -

Y& . —E< -8 < O< X, <8, - -- §
) Z !

¥, =42

TugsE 2ERoS DeNT 0BEY ANY oBVIoUS FORMOLA

And Tee RAMDOMNESS LAWS THAT
GCoVeERN THEIR  REH AVioR L& DEEPE R
AND ARE SUGGESTIVE .
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THE SCALED LoCAL SPACING  STATISTIS
_ | .
OF THE 753.5 [FoLlow PERFECTLY THE

Laws OF GUE" THE GAUSSIAM

ONiTARY ENSEMBLE  OF  RANOH MATRix  THEORY

Ails SUGGESTS STRONGLy THAT THE 8RS
ARE E(GENYALVES ©OR ENeRGY LEVELS .

Tee Awove PHeNomenNoN TURNs oUT
To TE UNWERSAL FOR THE 2ER0S  OF
ALL 2ETA FUNCTIONS OF AOTRMORPHIC,
Forms. MoReoVER VERSIONS HAVE REEN

DROVEN. FOR THE FUNCTION FIELD ANALOGY
WiicH #AS BEEN A VeRy ACTWVE A RRUMFUL AREA
Fop, THe LAST DECADE.

. TeErRe ARE 10 FAMILIES OF RANDOM]
MATRIX ENSEMBLES CoRRESPONDING TO CARTAN!

0 FAMILIES OF SymmETAIC SPACES . APPARENTLY
ONLy Fouk OF THESE ( TyPE IT ) ARISE
AS ZERDS OF ZETAS ( mMoNoDRomy ).
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F1GURE 1. Probability density of the normalized spacings 9,,.
Solid line: Gue prediction. Scatterplot: empirical data based on a
billion zeros near zero # 1.3 - 106,




(D) MoDULAR FORMS 14

MoDLLAR (OR AVTOMORPHC ) FoRM'S ARE A
“olD Mne WHickH IS AT TeE CENTER OfF

MODERN NUMBER THEDR\I (F—oi{ BxAMPLE *r‘mzyr
FEATURE CRUC(ALLY (N THE PROOF ©OF FERMATS

[ AsT THeoReM) . A PAPER TITLED “The
UNR2ASONABLE EFFECTIVENESS OF Mo DUL- AR

FoMms [N NUMBER THEDR)/“ /s OVERDUE .
My ARGOMENT WoulD BE THAT THey
VloLATE. OUR  BAsic RANDomMaESs TRNCIPLE. :

« Tuey HAE DoTH RiciD AND RANDom FEATURES

. Tohey CANNOT BE WRITTEN DowWN  ExfuciTy
(IN GENERAL) YET ONE CAN CALCULATE
(PRIMARILY Wit THE TRACE FORMULA Y Witk THEA,
ALMOST To T BITER END AND EXTRACT
PREC | 0US (NFORMATION .

MoDU L AR FokMS ARE VIBRATIONAL
MODES ©F RIGITD MEMBRANES (GEDMETRIES

MoRe PRECISELY Tuey ARE SIMULTANEOUS
EICENFUNCTIONS OF OPERATORS (NclOP/NG-
DAFERENTIAL) ON ARTHMETIc Lochlly SYMMERc SPACES




Tie MosT BASIc SETTING BENG s

—H = {%: Im(23>o§ THE  NON EycLi) A
PLANE WITH LINE ELEMENT

ds = Id=l

J

/ﬂ ge&«:les S

/

Y

M= 5]_‘;7 (72) XX IN TEGRAL MATHICE:
Wi(Te DETERMINANT 4.,
AcTS ISOMETR!CHLL)/ on  lI—{ By
¥ 24b
Z > g , Ve[l

TOENTIFYING THE ORBITS ©F POINTS
EQUIVALENT UNDER [1 GIVEs THE QUOTIENT

/p = X TkE MODULAR TSURFACE |
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THE MODULAR TFoRMS ARE SolUTioas To

A +hr¢=0, Pl2)=d=)

Qé (s AN  EICEN-MODE  OF A
(RRATING (HYyP2RBoLIC ) TRIANGLE

PHysicALLy ONz CAN Tk OF
Tugse As Tue EIGENFUNCTIONS O©OF
TUe QUAKTIZATION o©F A HAMILT N AN
Niicw (s THE CLASSICAL B(LLIARD
MmoTioN (N THE TRIANGLE T

H

-1 _'I‘L ‘//1. .l

TS CCAISICAL MOTioN [S CHAoONC AND So

e MoDULAR FofMm3 ARE "gxpLICI T | MODES
oF A CHAGTIC SYSTEM .

N\
v




Nodal portrait




There ARE MANY RANDoOM FEATURES @
THAT SUCH A b, (Tue a-th Mode )
ExHi (TS . WE DiscuSS THE NUMBER

N(qét ) OF NoDAL- DoOMAINS

FOR A RANDOM MONOCHROMATIC
WAVE. THE NUMBER SATISFIES

N(b,) ~ can = 0006
(N DimeNsoN 2

AwD “The TeRCETACES OF CONMNECTIVITIES OfF
Tee NoDAL DOMAINS IS

ENERINEIT)
006 |.003 (‘002—/001 .000 ¢
Trs Raddom  MoPEL AGREES HAMDSOME Ly Wity
OVR E\q’uc.\r ARiTUmMETIC MODULAR  FoRMS

CONNFCTLVIT Y L———i:--—" D5

% ____:L._?oé ,055} 010




Nodal portrait: Random spherical harmonic (o = 1)

random spherical harmonic of degree = 80. (A. Barnett)



PROVIMG sucH LAWS (N A sPecific
SYSTEM , MEANS PRoOYNGE Some RKANDOMNEZS
AND s OF couRse VERY DFFICOLT. TueRe

HAs Bged SoMmE PRoGREsSs ReECENTLY

- USING ADVANCED NUMBER THEORET C
AND ERGCoDIC THEORY Tools =

N(C#)M) — 0O As M~ a0 F@RX




QQAICLU§10M:

« ESTABLISHING FULL RANDoMAESS LAWS THAT
APPLY TO NON3T RUCTORED NUMBER THERETIC

PROBLEMS I3 USUALLY VERY DIFFIcULT . THE
PARTIAL RANDOMNESS THAT CEAY BE EsSTABLI®

INDIRECTLY V(A COMBINATORIA L AND STRUCTURED
FEATURES s OFTEN DECISIVE /N APPLICATIONS .

« PAULE COHEN IS NO [DoUBT~ CoRRECT ABOUT
oLR NoT BEING ABLEe To SETTLE MOST ©F
THE PROBLEmMS THAT oOnE MIGHT PesE [N NUMBES
TwgoRY . HOWEVER T DeNT SHARE HI(S

PESSIMISM | SINCE  WE MA-THEMATICI ANS

seem VERY Goop AT SIFTING ovT THE
FUNDAMEN TA L- PRoBLEMS THAT DRWE THE

SuBTECT AND THESE ARE ONES THAT CAN BE
ResoWED. Jo HIS 2x AMPLES OF TWIN PRIMES (un-
NATURAL OR LN MOTWATED " ioN MOTIMC" AS SERRE QUIPEL

AND THE REMANN Hy PoTHES(S ARe ONES THAT T

(AND CoHEN ON MOST DAYS) BEUEVE Wite BE SoLVED.
OLR SudTecT IS VERY FAR FrRoM DRY /NG
UP ,IN FAcT WE ARE PRIWVE LAGED TO Uve N

A GOLDEN ERA OF MATHEMKTICS WhHeN Some OF THESE
EUNDAMENTAL. PRBLEMI WERE SOLVE]
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