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1 Ronen Shaltiel

Definitions

Definition 1.1 (PRG). A function G : {0,1}" — {0,1}™ is an e-PRG for a
function D : {0,1}™ — {0,1} if

[Pr[D(G(U,)) = 1] = Pr{D(Uy,) = 1]| < e.

G is an e-PRG for a class of functions D if G is an e-PRG for every function
D :{0,1}™ — {0,1} in the class D.

Definition 1.2 (Design). Let u < ¢ < r be numbers. A collection of m sets,
S1,. .., Sm such that for every i € [m], S; is a subset of [r] ={1,...,r} is called
an (¢, w)-design if:

o Forevery 1 <i<m, |S;| =/.

o For everyi # j, |S;N.S;| < u.

Questions

1. (Existence of PRGs by a non-explicit argument) Let D be a set of M
functions D : {0,1}" — {0,1}. We will show that for every ¢ > 0, there
exists an e-PRG G : {0,1}" — {0, 1} for D with r = O(log log M +log(1/¢))
and conclude that for every ¢ > 0 and integer m, there is an e-PRG G :
{0, 1}r=0OUogmtlog(1/9) _ £( 1}™ against circuits of size m.

Perspective: The PRG construction of [IW97, STV99| matches these
bounds for e = 1/m.

(a) Consider the special case where M = 1 and D contains a single test
D : {0,1}™ — {0,1}. Show that if we choose a random function
G :{0,1}" — {0,1}™ (that is for every = € {0,1}" we choose G(zx) <

1



{0,1}™ uniformly and independently) then for » = O(log(1/¢)), the
probability that G is not an e-PRG for D is smaller than, say % (Hint:
use Chernoft’s inequality).

(b) Show that there exists an e-PRG G : {0,1}" — {0,1}" for D with
r = O(loglog M +log(1/¢)). (Hint: Use the probabilistic method and
extend the previous item).

(c) Conclude that for every ¢ > 0, and integer m, there is an ePRG
G : {0,1}7=Clegm+log(1/€) _ () 1}™ against circuits of size m.
(d) Observe that these bounds are optimal up to constant factors:
e Every 0.49-PRG G : {0,1}" — {0,1}™ against circuits of size m
has r = Q(logm).
e There exists a constant C' such that, whenever 0 < € < 1/2 and
m > C'log(1/e), every e-PRG G : {0,1}" — {0, 1} against circuits
of size m has r = Q(log(1/e¢)).

2. (PRGs imply explicit hard functions). Let G : {0, 1}7(m)=6logm) _, 1o 1}m
be a %—PRG against circuits of size m, and assume furthermore that G can
be computed in time m® for some constant e.

Set n = r(m) + 1. Show that there exists a Boolean function f: {0,1}" —
{0,1} such that:

e f can be computed in time 200,

e f requires circuits of size 22"

Perspective: Here we show that PRGs of the type obtained in [TW97,
STV99| imply the hardness assumption that E is hard against exponential
size circuits.

(Hint: It is easier to prove this first with n = m rather than n = r(m) + 1,
replacing 29 and 2% by m®®Y and m/2, respectively. Start with the
easier case, and then extend).

3. (Average-case hardness and PRGs with one bit of stretch) Let f : {0,1}""! —
{0,1}, and define G : {0,1}™ ' — {0,1}™ by

Let s = s(m) > m.

Perspective: In the talk we discussed the construction G(z) = (z, f(x)),
where f is a function that is hard on average. In this question we show
that this condition is necessary and sufficient, up to a constant-factor loss in
circuit size, for this construction to be a PRG.



(a) (Necessity) Show that if G is an e-PRG against circuits of size s, then
every circuit C of size at most s/2 that maps {0, 1}~ to {0, 1} satisfies

P [0 = f(X) < 5 e

(b) (Sufficiency) Show that if every circuit C' of size at most s that maps
{0,1}™! to {0, 1} satisfies

1
= < =
X(—lzl)]i,l[c(X) f(X)] < 5 + €,
then G is an -PRG against circuits of size s/2.

(Hint: Try to convert a distinguisher between (X, f(X)) and U, into a
circuit that predicts f(X). Note that circuits are nonuniform.)

4. (Explicit construction of designs using polynomials) Assume that ¢ is a power
of two, so that the field F, with ¢ elements exists. Let 1 < u < ¢ be an

integer. For every univariate polynomial p of degree at most u — 1 over [Fy,
define

Sy = {(x.p(x) : x € F}.

Show that, for r = ¢2, this construction is an (¢, u)-design with m = ¢*.

Perspective: This construction has different parameters from those needed
in [IWO97], but is particularly simple. In [IW97], we need r = O(¢) and
m = 249 and can tolerate u = O(¥).

5. (Lower bounds on designs) Show that for every (¢, u)-design with 1 < u </¢

and m > £ sets,
52
r =) (—) )
u

2u
Perspective: This is the drawback of designs mentioned in the talk. When
m > {/(2u), achieving r = O(¢) requires u = (¢).

(Hint: It is enough to consider the case that m =
terms of the inclusion-exclusion formula).
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5., and use the first two

6. (Explicit construction of designs using pairwise independence).

Perspective: This is a variant of the construction used in [IW97].

(a) (A probabilistic argument) Given ¢, r, m such that 2¢ < r < m, consider
the probability space where for every 1 < ¢ < m and every 1 <
t < r, there is an independent random variable X, which is one
with probability p = 2¢/r and zero with probability 1 — p. Define
Sz' = {t : Xi,t = 1}



11.

iii.

1v.

. Use a Chernoff bound to show that for every i, Pr[|S;| < ¢] < 279,

Use a Chernoff bound to show that for every i # j, Pr[|S; N S;| >
802 /r] < 27UE/7),

For a constant 0 < v < 1, we set r = 8(/v so that u = 8¢%/r = /.
Show that there exists a constant § > 0 (independent of ) such
that if m < 2% then with positive probability, we have that for all
i, |Si| > ¢, and for all i # j, |S; N S;| < u.

By replacing each S; with an arbitrary subset of size ¢, conclude that
there exist constants > 0 and ¢ > 1 such that for every 0 < v < 1,
and for every sufficiently large ¢, there exists an (¢, ~y¢)-design with
r =cl/y and m = 29,

(b) In this item we will convert the probabilistic argument above into an
explicit construction. For simplicity, assume that ~ is dyadic. The
general case follows by rounding v down to a dyadic value within a
factor of two and adjusting the constants. Note that the argument
above tosses mr coins with bias p, and each coin with bias p can be
sampled using a constant number of bits (where the constant depends

on 7).

1.

ii.

Show how to reduce the number of random coins from O(mr) to
O(r).

Conclude that for every 0 < v < 1, there exists a deterministic
algorithm running in time 2°(") that produces an (¢, y/)-design with
m =2 and r = cl/~.

2 Max Hopkins

Exercise 1: Swap Walks and A-Products

1. Let (X, ) be a d-partite pure simplicial complex. Prove the following

(a) If X is a A\-product: o2(Sry—1,) < +/|T1||T2|A
(b) If X is a A-product, then it is a A-local-spectral HDX
(c) If X is a A-local-spectral HDX, then it is a (%)—pmduct

2. Recall the partite d-cover a (d — 1)-dimensional simplicial complex (X, )
has vertex set X (0) x [d], and faces given by drawing a face s ~ X (d — 1)
and randomly ordering s

(a) Prove the partite d-cover of a two-sided A-local-spectral HDX is a
A-product.

(b) Deduce swap walks on two-sided HDX expand:

02(Si5) <V (E+ 1) +1)A

=~



Exercise 2: Concentration

1. Let (X, 7) be a (d — 1)-dimensional two-sided -local-spectral HDX

100d2

(a) Prove the following multiplicative error bound on the moment generating
function. For any r € [0,1] and f : X(0) — [0, 1], and k& a power of 2:

2
E rf) | <4\ O(r?k) E rf(v)
s~X(k—1) [He = 1Ae t~X(k/2—1) He

VES vEL

(b) Deduce that X satisfies the following tail bound:

szd 1)[dzf

(c) Prove the same tail bound holds for any complex with connected links
and co-dimension two expansion Ay < g for any constant ¢ < 1.

> a] < exp(—Q(aVd))

2. Let i divide d. The i-faces complex of a (d — 1)-dimensional complex X is
the (¢ — 1)-dimensional complex F whose vertices are X (i — 1) (i-sets), and
whose top level faces Fi (¢ — 1) consist of tuples of disjoint i-sets that form
a d-set in X. Equivalently, a top level face in F% is generated by

e Sampling a random s ~ X (d — 1),

e Partitioning s into d/i disjoint subsets of size i.
Prove the following facts about the faces complex

(a) The i-faces complex of a A-two-sided local-spectral HDX is an i\-two-
sided local-spectral HDX

(b) Deduce a Chernoff bound for the i-faces complex of any exp(—(d))-
two-sided local-spectral HDX

(¢) Deduce the following tail bound for ‘degree-i’ functions on X (tra-
ditionally called ‘U-statistics’). For any f : X(i — 1) — [0,1] and

a > 0:
[EcalF(2)] — E[f]] > o] < exp (—Q (ail))

for 4 > Q(XE/2)
(d) Prove the above tail bound is tight for the complete complex.

s~X(d 1)



Exercise 3: Failure of Expander Walks For a regular two-sided A-expander
G = (V,E), let X be the d-partite complex whose top faces Xg(d — 1) are given
by the uniform distribution on ordered length-d walks on G.

1. Prove that X¢(d — 1) is ‘splittable’: for every Ty, 7> C [d] such that every
t, € T} is less every ty € Ty, the partite swap walk

>\2<ST1~>T2) S )\

2. Prove that for every fixed d, A > 0 and infinitely many n € N, there is
a A-expander GG on n vertices such that (Xg(d — 1), X¢(1)), the faces vs
edges graph, is not a good averaging sampler. Namely find G and a subset
f:Xea(1) = {0,1} such that

E [f(zi,z;)] — E[f]

{z;,x;}Cs

Pr [ > 0.01} > 0.01.
s= (@1, z )~ X (A1)}

3. Similarly, prove there exist expanders G such that:

(a) The down-up walk test on X is not sound.

(b) The ‘overlap test’” on X given by drawing two random overlapping
walks (v1,...,vq) and (Vg—g, ..., V4, w1, ..., W4—;—1) is not sound.

3 Jiaoyang Huang

Problem 1. Loop Equations for the Gaussian $-Ensemble
For this problem, fix 5 > 0 and work with the Gaussian S-ensemble on R”,
whose density is given by

1 BN &
pNﬂ()\l,...,/\N) :Z— H |/\i—)\j|ﬂeXp{_Tz/\?}- (1)
i=1

N.B 1<icj<N
For z € C\ R, define the empirical Stieltjes transform

1L 1

N, )\Z‘—Z‘
=1

my(z) =

(a) Show that

1 N
P A

Oy, log pn s(N) :52 N — )\ 27"
. 7 J

Deduce the integration-by-parts identity
N
E) (05 Fi(N) + Fi(A) 0, log pn s(A)] = 0
i=1
for sufficiently regular functions F; for which the boundary terms vanish.
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(b) Apply part (a) with F;(\) = (\; — z)~! to derive the first loop equation

E [mN<z)2 +amn(z) + 14 % (% _ 1) asz<z)} 0. (2

(c) Let p > 2, and let z,25,...,2, € C\ R, with z # z; for j > 2. Prove the
rank-p loop equation

1) (mN(z)2 +zmy(z) + 1+ % (% - 1) 5sz(Z)) HmN<Zj)]

2 P m —-m z
j=2

k#]

If z = z;, interpret the difference quotient by its analytic continuation.

Problem 2. High-Moment Local Law for the Gaussian $-Ensemble
For 2= FE +in € C,, set

1
2) ::NZ

i=1

i —

Let

—z+ V22 —4 9
_ 2 2 R

m(z) = mg(2) = 5

Define the self-consistent error
P(2) :=mn(2)* + z2mp(z) + 1.
Throughout the homework, fix k > 0 and work in the bulk domain
|E| <2 —k, 0<n<l.

All constants may depend on § and k, but not on N, 7, z, or the even moment q.
Let ¢ > 2 be an even integer.

(a) Use the loop equations from last problem, derive the recursive high-moment
identity for P(z). Define

) 8, (mN(Z) —mN(w)) w2,

flz,w) := cTw

1
ém%(z), w=z.

Prove that for ¢ > 4,



E|P(2)]? = _i <3 - 1> E [m?v(z)P(z)q/Qflp(z)qm]

_Ay2-Vp [f(2,2)2mn(z) + 2)P(2)7*72P(2)"/?]

AFEG2Emy @) +2)IPE)I).

For ¢ = 2, interpret the identity with the middle line omitted.

(b) Derive the moment bound

ElP(2)|" <

E (Smy(2) + [2mn(z) + 2])?. (4)
(c) Prove the bulk stability estimate. Since the real part E is bounded away
from the edges +2, prove the linear stability bound
Imn(2) —m(z)| < Ci|P(2)], (5)
and the square-root stability bound
[my(2) —m(2)] < CulP(2)[2. (6)

Finally, deduce that
Smy(z) + [2my(z) + 2] < C, (1 + |P(z)|1/2) )

(d) Derive the moment recursion

(Cq)??
(Nn)4

E|P(z)]" < (1+E[P(2)]"?). (7)

Then use Cauchy—Schwarz to show that, with

(Cq)?/?

4= (Nnm)a’

one has

E|P(z)|? < C(A+ A%).

(e) Finish the high-moment local law:

i < (GO
Blmy(z) = m(2) < GO

Hint: use both the linear and the square-root stability bounds.
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4 Eugenia Sapir

These exercises are to help you get acquainted with hyperbolic surfaces. Their
results are important to know, but feel free to pick and choose which ones to work
on!

1. Consider a closed genus g surface S.

(a) Check that you can glue the sides of a 4g-gon to get (a surface homeo-
morphic to) S. (See the slides for an example. Hint: decompose it into
a connect sum of g tori.)

(b) Deduce that m(S) =< a1, b1, ..., a4, b, | [a1,b1][az, bo] - --[ay,b,] =1 >
where [a,b] = aba™'b~! is the commutator of a and b. In particular,
m1(S,) is finitely generated for all g.

2. Let S = S(ynp) be a orientable surface of genus g, with b boundary com-
ponents and n punctures. Prove that its Euler characteristic is x(S) =
2 — 29 — b —n. (Hint: use classification of surfaces.)

3. Recall that a pair of pants P is the surface S 3,) of genus 0 with 3 boundary
components.

(a) Show that every surface S = Sy, of genus g with b boundary compo-
nents and n punctures can be glued from exactly —x(S) = 2g—2+b+n
pairs of pants.

(b) Alternatively, show that we can cut S along 3g — 3 + b + n disjoint
simple closed curves to get a collection of pairs of pants.
4. This exercise concerns hyperbolic geodesics in the upper half-plane model.
(a) Check that the hyperbolic length of a vertical line segment between ai
and bi is |log ¢/, for a,b > 0.
(b) Prove that the vertical line is the shortest path from ai to bi.

(c¢) Deduce that hyperbolic geodesics in the half-plane model are exactly
vertical lines and semicircles perpendicular to the real axis. (Hint: do
this after proving that PSL(2,R) acts on H? by isometries, and sends
circles and lines to circles and lines.)

5. Each A = [i Z] € PSL(2,R) defines a Mobius transformation of H? by
A fu:H? — H?
az+0b
falz) = cz+d

(a) Prove that this defines a group action. In particular, if A, B € PSL(2, R),
then fpo fa = fpa.



(b) Prove that, for each A € PSL(2,R), fa acts by hyperbolic isometries.
(Hint: if you do not with to deal with the Riemannian metric, just prove
that, for all curves ~ : [0,1] — H?, £(v) = £(fa(y)) for all A.)

(c) Show that, for each A, f4 sends circles and lines to circles and line.
(Hint: first, check what happens to the imaginary axis. Then use
conjugation.)

5 Mostafa Sabri

Note: The exercises look lengthy but most answers are very short. The solutions
combined will take about 2 pages typed.

1. (Fourier transform). Consider the Fourier transform % : (?(Z%) — L*(T%)
defined by (F¢)(0) = > cza e 2™ ) (k), where T¢ = [0,1)%.

Using the Fourier transform, show that the adjacency operator on Z¢ is
unitarily equivalent to the operator of multiplication M), on L?(T¢) by the
function h(0) = Z?:1 2 cos 27d);.

2. (Floquet theory). Given a Z%periodic graph G with fundamental domain
V} containing v vertices, we may identify ¢2(G) with ¢*(Z4,C") = (2(Z%)",
by listing V; = {v1,...,v,} and letting ¥ (v; + k) := ;(k) for ¢ < v and
k € Z%. On G, we put symmetric edge weights w on the edges and endow
V; with a potential {@1,...,Q,}, which is repeated under the action of
7% ie. Q(v; +k) := @Q; € R. Then the periodic Schrédinger operator
H = Ag(w) + Q takes the following form over ¢2(Z%)" :

v

(H)i(r) =Y ) wig(k)y(r + k) + Qabu(r),
j=1 kel
where [; ; = {k:v; + k ~ v;}.

For example, if G = Z then V; = {0}, and we only have I ; = {+ey,..., Teq},
where ¢; is the standard basis of Z¢. In general, the neighbours of v; are
partitioned into the v sets (I;;)7_;.

We define the Floquet transform U : (*(Z%)" — L*(T%)” by

(U)p(8) = D ey (k)

kezd

for p=1,...,v. That is, the Fourier transform in each component.

Show that U is unitary and

UHU ™' = My,
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where (Mg f)(0) = H(0) f(0) is the multiplication operator on L?(T%)” by
the matrix

H(0) = (hij(0))7 =1 »
hi(0) = Qi + Z wii(k)e™F, hij(0) = Z w; ;j(k)e*™0k i £ g

kEIn‘ kJEIi,j
. Find the Floquet matrix of an infinite strip of width 3.

. Find the Floquet matrix of Z decorated by triangle graphs, i.e. each vertex
of Z is replaced by a triangle and the triangle heads are connected.

. (Regular graphs). We give here and almost full scheme for a short proof of
QE for the adjacency matrix on regular graphs with few cycles (whose limit is
the regular tree T},;1). We recall that By, denotes the set of nonbacktracking
paths of length k and %, = (*(By).

Define V : 7,1 — 74, by
(VEK)(zo; 2x) = K(z1;21) — K(x0; T8-1) -

Its adjoint V* : J4, .1 — 4, is given by

(V*K)(xo; x) = Z K(x_q;xp) — Z K(xo;p41) -

z_1eN(zo)\{z1} o1 EN (o) \{Zh—1}

If £ = 0, the convention is that each sum goes over all neighbours of x;.
Finally, for K € 7, let (0, Ka¥) = >0 .00)em, ©(T0) K (z0; 21) Y ().
Assume Gy is (¢ + 1)-regular.

(a) For K € 7%, show that (¢;, [Aq, Kgl|¢;) = 0.
(b) Deduce that (¢, (VK)g;) + (¢, (V*K)g;) = 0.

(c) Define M* : 54, — Hi. o by (M*K)(x0; Try2) = ¢ 'K (21; 2511). Show
that —-V*M*K = VK.

(d) Definex™ =L 3" 3"  M*". Show that Vary(V*K) = Vary(V*E"K).

(e) Deduce that Vary(V*K) < |[V*E*K ||}y, where || K|[5gn = % 2o yeay [ Ka(@,y)]?
is the normalized HS norm.

(6) Let = @4 i with | K1y = X 1Kl and [ Kl = % S e, 1K (05 )P
Using that Gy 22 T,,41, show that |[K[|%ey < |IK]1% + Oxn(N7Y).

(g) Show that [|[V*E"K %, < £||K|%,.

(h) Show that if (a) = 0 then a = V*K for some K € JA.

(i) Conclude that Vary(a) < Csn' 4+ O, (N7Y).
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The theorem essentially follows by taking N — oo first then n — oo. There
is a little issue actually around Ok, (N~') and how the K from a depends
on 3, which is why one constructs more rigorously an explicit approximation
of V*71 in the actual proof. Apart from that, the proof is complete.

There is a way to rewrite M*K as an operator on the directed edges, in
which case it coincides with ¢7"B"KB". So in this proof we are implicitly
propagating using the non-backtracking operator as in the proof we exhibited
for general trees. The previous simple scheme no longer works however, for
example —V*M*K is no longer equal to VK in general. So far, there is no
“simple fix” to generalize this argument without introducing non-backtracking
quantum variances.

6 William Hoza

Exercise 6.1 (Modeling randomized log-space computation). .

(a) Let M be a randomized log-space Turing machine. Assume that M halts for
every input and every setting of the random tape, just like in the definition
of BPL. Prove that M always halts in polynomial time.

(b) Define BPL just like BPL, except that we only require the machine to halt
with probability 1, instead of requiring it to halt for every setting of the
random tape. Prove that the directed s-t connectivity problem is contained
in BPL.

Exercise 6.2 (Unpredictability). . Let X be a distribution over {0, 1}" and let

e € (0,1/2). Say that X is (w,e)-unpredictable if, for every i € [n] and every
width-w length-(i — 1) standard-order ROBP f, we have

1
Prif(Xi, Xo,..., Xis1) =X < 5 +e.

Let n be a power of two and let A € [0,1]. Let G: {0,1}* — {0,1}" be the INW
generator, constructed using expander graphs Hj, ..., Hiog, such that A(H;) < A
for each 7. Prove that the output distribution of G is (w, A - w - log n)-unpredictable
for every w. Draw a conclusion of the form, “For every n,w, e, there exists an
explicit PRG that outputs n bits that are (w, e)-unpredictable, using a seed of
length J

Exercise 6.3 (Weighted PRGs). Let (G, p) be a WPRG, where G: {0,1}* —
{0,1}™ and p: {0,1}* — R. Assume that (G, p) fools width-2 standard-order
ROBPs with error e € (2772, 1).

(a) Prove that E, [p(z)] € [1 —¢,1+¢€].

(b) Assume G is injective. Prove that for every x, we have |p(z)] < O(2° - €).

12



(c) Assume G is injective. Prove that E,[p(z)?] < O(2%-¢?). Hint: Use Parseval’s
theorem.

Exercise 6.4 (Composing restrictions). For p, p’ € {0, 1, *}", define the “composi-
tion” pop € {0,1,%}" by the formula

pi it pi €{0,1
@oﬂ%z{, oi €101}
p; if pi = *.

Let F be a class of Boolean functions on n bits that is closed under restrictions.
Let R be a distribution over {0, 1, x}" satisfying the following.

e For each i, we have Pr, g[p; = +] = 1/2.

e For each f € F, if we sample p ~ R and U ~ U, independently, then po U
fools f with error e.

Sample p1, p2, ..., p+ ~ R independently. Prove that p; opyo0---0p; 00" fools F
with error et + n/2".

7 Siqi Liu

Exercise 7.1 (Cohomology of spheres). Prove that for any 2-dimensional simpli-
cial complex X given by a triangulation of the 2-dimensional sphere S? C R3, we
have Z! = B!.

Hint: Instead of proving Ker(d;) C Im(dy) for the coboundary maps, it is easier
to prove Ker(dg) C Im(67) for the boundary maps.

Exercise 7.2 (Complete partite complexes are coboundary expanders). Consider
the 2-dimensional simplicial complex X,,, which is the complete 3-partite complex
on 3n vertices with X, (2) = {(w;, v, wx) | 3, j, k € [n]}.

Prove using the cone method that X, is a 1-dimensional %-coboundary expander.

Hint: Given f € C'\ B!, suppose that one can find a collection of functions
g € C° with distribution p such that

6l
Eyoulllf ~ dogll] = ©

then there exists a g € Support(u) such that

o,
7~ gl =

Exercise 7.3 (Improving the local-to-global theorem for cocycle expanders). In
the talk, we saw a proof that, for any 8 > 0 and v < 8%/2!4, any 3-dimensional

13



~-local spectral expander X whose vertex links are all 1-dimensional S-coboundary
expanders is a 1-dimensional 7-cocycle expander for n = min(©(D~!), ©(3)). Here,
D is the maximum vertex degree in X. We now want to tighten the argument to
show that we can get n = ©(/5) that is independent of D.

To do so, we slightly modify the local correction algorithm. At each iteration 4,
if there exist v; € X(0) and h; : X(1) — Fy, where h; could be nonzero only on
edges adjacent to v;, such that |01 fi|| — [|01(f; + hi)|| > £ - |||, then we update

fix1 = fi + hi.

Hint: Consider how this change affects the probabilities of F; and E.

8 Eshan Chattopadhyay

Exercise 8.1 (Bit-fixing extractors). The general model of bit-fixing sources has
a set of coordinates that are uniform and independent, while the remaining bits
need not contain any entropy, and can in fact be adversarial. There are natural
adversarial models that lead to different models of weak sources. We consider a
few here.

(A) Oblivious model: Define an (n, q¢)-OBF source (where OBF stands for
Oblivious Bit-fixing) X to be a distribution on n bits with the following property.
There exists a subset of coordinates () C [n], |Q| < g, such that all bits outside @)
are uniform and independent. Further, bits in Q are fized to constants (that do
not depend on the values of the bits outside Q).

Design an efficient function Ext : {0,1}"™ — {0, 1}™ that is an e-extractor for
the class of (n,q)-OBF sources, for the following parameter regime: ¢ = n/10,
m = Q(n) and e = 279",

Hint: In fact, Ext can be chosen to be a linear function.

(B) Non-oblivious model: An (n,q)-NOBF source is a stronger adversarial
model where the adversarial bits are allowed to depend on the good bits. More
formally, a (n,q)-NOBF source X is a distribution on n bits with the following
property. There exists a subset of coordinates @ C [n], |@Q] < ¢, such that all
bits in Q = [n] \ Q are uniform and independent. Further, bits in Q can depend
arbitrarily on the bits in [n] \ Q.

(i) For a Boolean function f : {0,1}" — {0,1}, and any subset of coordinates
Q C [n], define Io(f) = Prugug[f (-, zg) is not a constant function], where Uy is

the uniform distribution on {0,1}°. Further, for any 0 < ¢ < n, define

B = e, T

Prove that f is an e-extractor for (n, q)-NOBF sources, where € = I,(f) + % -
[Eon, [(=1)7@]].

(ii) Design an efficient function Ext : {0,1}" — {0,1} that is an e-extractor
for the class of (n, q¢)-NOBF sources, for the following parameters: ¢ = n%%! and
e =1/n*V. (You may assume n is a power of 3.)
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Hint: Analyze the following function known as recursive majority-of-three
function. Letn, = 3t. Define RMy(z) = x, and fort > 1, write x = (xV), 22 20)),
where each block has length 3=, and let

RM,(xz) = Magjs (RMt,l(x(l))7 RMt—l(SL’@)), RMtfl(x(?’)))_

(iii) Prove that it is impossible to extract from (n,q)-NOBF sources with
e = o(1) when g = n/10.

Hint: Recall that for any Boolean function f : {0,1}" — {0,1}, we have
I(f) > 4Var(f), where I(f) = """ Itiy(f) denotes the influence of f and Var(f)

18 1ts variance.

Exercise 8.2 (Sumset extractors). We consider an interesting generalization of
the two independent source model in the following way. A (n, k)-sumset source Z
is the form X 4+ Y, where X and Y are independent (n, k)-sources and + denotes
bit-wise XOR. (As a basic exercise, convince yourself that sumset extractors can
be used to extract from 2 independent sources.)

Assume n is an even integer. Define the inner product extractor IPFExt :
{0,1}™ — {0,1} as follows: for any z € {0,1}", let z* be the first n/2 bits of z,
and 22 be the last n/2 bits of 2. For strings u,v € {0,1}¢, define the usual inner
product (u,v) = Zle w;v; (mod 2). Prove that

IPExt(z) = (', 2%),
is an e-extractor for (n, k)-sumset sources, where k = 0.51n and ¢ = 279,

Exercise 8.3 (Entropy lower bound for non-malleable extractors). Recall that
that strong seeded extractors, the min-entropy in the source can be a constant.
In contrast, in this exercise we will prove a lower bound on the min-entropy
requirement of non-malleable extractors.

Let nmExt : {0,1}" x {0,1}¢ — {0,1} be a (k,e¢)-non-malleable extractor,
where € < 1/4. Prove that k£ > loglogn — O(1).

Hint: Fiz any flat (n, k)-source X with support S. For every seed y € {0,1}¢,
define the vector v, = (nmet(m,y))xeS e {0,1}2". Prove that the collection
{v, 1y € {0,1}4} contains at least 2972 distinct vectors.

Also observe that any non-malleable extractor is a strong-seeded extractor and
recall that the seed length of any strong seeded extractor satisfies d > log(n — k) +
2log(1/e) — O(1).
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