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1. Why I like GNNs.

2. Why I don’t like GNNs.
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First order permutation equivariance

c c c c c c c c c c c c7�!
<latexit sha1_base64="XuZxgAMVBCkse86EDqnjME/QAOM=">AAACRHicbVDLTgIxFO3gC/EFunQzkZi4ghk00SXRjUtM5JEAIZ1ygYZOO2nvGMmEz3Crf+M/+A/ujFtjB1gIeJImJ+fcm3t6gkhwg5734WQ2Nre2d7K7ub39g8OjfOG4YVSsGdSZEkq3AmpAcAl15CigFWmgYSCgGYzvUr/5BNpwJR9xEkE3pEPJB5xRtFK7I5QchjQyqHr5olfyZnDXib8gRbJArVdwip2+YnEIEpmgxrR9L8JuQjVyJmCa68QGIsrGdAhtSyUNwXSTWeape26VvjtQ2j6J7kz9u5HQ0JhJGNjJkOLIrHqp+J/XjnFw0024jGIEyeaHBrFwUblpAW6fa2AoJpZQprnN6rIR1ZShrWnpSrlurFTW3PCyoAjPZZ1WvfSxxKAlGsSymsZCpYSZ2lr91RLXSaNS8i9LlYerYvV2UXCWnJIzckF8ck2q5J7USJ0wosgLeSVvzrvz6Xw53/PRjLPYOSFLcH5+AYlqsrg=</latexit>

�
<latexit sha1_base64="4bcmKPORit5s1pghLoATThK8uig=">AAACPXicbVBNT8JAEN3iF+IX6NFLY2PiCVo00SPRi0dM5COBhmyXATZsu83u1Ega/oJX/Tf+Dn+AN+PVq1vgIOBLJnl5byYz84JYcI2u+2HlNja3tnfyu4W9/YPDo2LpuKllohg0mBRStQOqQfAIGshRQDtWQMNAQCsY32V+6wmU5jJ6xEkMfkiHER9wRjGTuvGI94qOW3ZnsNeJtyAOWaDeK1lOty9ZEkKETFCtO54bo59ShZwJmBa6iYaYsjEdQsfQiIag/XR27NQ+N0rfHkhlKkJ7pv6dSGmo9SQMTGdIcaRXvUz8z+skOLjxUx7FCULE5osGibBR2tnndp8rYCgmhlCmuLnVZiOqKEOTz9KWSkMbqaK45hVBEZ4rKst46bFUoyEKxLKanYVSCj01sXqrIa6TZrXsXZarD1dO7XYRcJ6ckjNyQTxyTWrkntRJgzAyIi/klbxZ79an9WV9z1tz1mLmhCzB+vkF6Havbw==</latexit>

f
�7��! f 0

<latexit sha1_base64="2XP98lefthMivyYXNPcrhMxm0rk="></latexit>

(f�)0 = (f 0)�
<latexit sha1_base64="kkMtfunhJYxT/iiPm0iuiqP70E0="></latexit>

[Deep sets: Zaheer et al., 2017]



First order permutation equivariance

c c c c c c c c c c c c

fi
<latexit sha1_base64="6eBpcPMnLro/8wmergsOgvLY7RM=">AAACPHicbVA9SwNBEN3z+9uopSKHQbBK7mKhZdDGMkFPhRjC3mYuWbJ3e+zOieFIaWmrfyWV/8PeLthau5dYeIkPBh7vzTAzz48F1+g4H9bc/MLi0vLK6tr6xubWdmFn91bLRDHwmBRS3ftUg+AReMhRwH2sgIa+gDu/d5n5d4+gNJfRDfZjaIa0E/GAM4pGug5avFUoOiVnDHuWuL+kWD0Y1kfPh8Naa8cqPrQlS0KIkAmqdcN1YmymVCFnAgZrD4mGmLIe7UDD0IiGoJvp+NaBfWyUth1IZSpCe6z+nUhpqHU/9E1nSLGrp71M/M9rJBicN1MexQlCxCaLgkTYKO3scbvNFTAUfUMoU9zcarMuVZShiSe3pexpI5UV17wsKMJTWWUR5x5LNRqiQOTV7CyUUuiBidWdDnGW3FZK7mmpUneL1QsywQrZJ0fkhLjkjFTJFakRjzDSIS/klbxZ79anNbK+Jq1z1u/MHsnB+v4BEGWyng==</latexit>

f 0
i

<latexit sha1_base64="J8MyS9BLlUUA5BTVk/ed21KXoao=">AAACPXicbVC7TsNAEDyHV3gTqBCNhYWgim0ooIygoQwSCUjBis6XdXLK2WfdrRGRlV+ghb/hO6io6BCUtJyTFCQw0kqjmV3t7oSp4Bo979Uqzc0vLC6Vl1dW19Y3Nrcq200tM8WgwaSQ6jakGgRPoIEcBdymCmgcCrgJ+xeFf3MPSnOZXOMghSCm3YRHnFEspOiwzdtbjlf1RrD/En9CnJqz+1ZRX6v1dsVy7jqSZTEkyATVuuV7KQY5VciZgOHKXaYhpaxPu9AyNKEx6CAfHTu0D4zSsSOpTCVoj9TfEzmNtR7EoemMKfb0rFeI/3mtDKOzIOdJmiEkbLwoyoSN0i4+tztcAUMxMIQyxc2tNutRRRmafKa2uA1tJFdxzV1BER5cVWQ89Viu0RAFYlotzkIphR6aWP3ZEP+S5nHVP6keX/lO7ZyMUSZ7ZJ8cEZ+ckhq5JHXSIIz0yCN5Is/Wi/VufVif49aSNZnZIVOwvn8AHp2x/A==</latexit>

↵1
<latexit sha1_base64="Z6e6zb2aOSyYEKY23en9XnSl4aU="></latexit>

1
n

P
i f

0
i

<latexit sha1_base64="JfLMCwDuG3XlfzR1zdn3BfOOuPU="></latexit>

1
n

P
i fi

<latexit sha1_base64="u6pPgKmpiTl8XpnaXj6jg6TJJGo="></latexit>

↵2
<latexit sha1_base64="wDEHIjhuzMHFiWP9NpzATaFPPyk="></latexit>

7�!
<latexit sha1_base64="XuZxgAMVBCkse86EDqnjME/QAOM=">AAACRHicbVDLTgIxFO3gC/EFunQzkZi4ghk00SXRjUtM5JEAIZ1ygYZOO2nvGMmEz3Crf+M/+A/ujFtjB1gIeJImJ+fcm3t6gkhwg5734WQ2Nre2d7K7ub39g8OjfOG4YVSsGdSZEkq3AmpAcAl15CigFWmgYSCgGYzvUr/5BNpwJR9xEkE3pEPJB5xRtFK7I5QchjQyqHr5olfyZnDXib8gRbJArVdwip2+YnEIEpmgxrR9L8JuQjVyJmCa68QGIsrGdAhtSyUNwXSTWeape26VvjtQ2j6J7kz9u5HQ0JhJGNjJkOLIrHqp+J/XjnFw0024jGIEyeaHBrFwUblpAW6fa2AoJpZQprnN6rIR1ZShrWnpSrlurFTW3PCyoAjPZZ1WvfSxxKAlGsSymsZCpYSZ2lr91RLXSaNS8i9LlYerYvV2UXCWnJIzckF8ck2q5J7USJ0wosgLeSVvzrvz6Xw53/PRjLPYOSFLcH5+AYlqsrg=</latexit>

�
<latexit sha1_base64="4bcmKPORit5s1pghLoATThK8uig=">AAACPXicbVBNT8JAEN3iF+IX6NFLY2PiCVo00SPRi0dM5COBhmyXATZsu83u1Ega/oJX/Tf+Dn+AN+PVq1vgIOBLJnl5byYz84JYcI2u+2HlNja3tnfyu4W9/YPDo2LpuKllohg0mBRStQOqQfAIGshRQDtWQMNAQCsY32V+6wmU5jJ6xEkMfkiHER9wRjGTuvGI94qOW3ZnsNeJtyAOWaDeK1lOty9ZEkKETFCtO54bo59ShZwJmBa6iYaYsjEdQsfQiIag/XR27NQ+N0rfHkhlKkJ7pv6dSGmo9SQMTGdIcaRXvUz8z+skOLjxUx7FCULE5osGibBR2tnndp8rYCgmhlCmuLnVZiOqKEOTz9KWSkMbqaK45hVBEZ4rKst46bFUoyEKxLKanYVSCj01sXqrIa6TZrXsXZarD1dO7XYRcJ6ckjNyQTxyTWrkntRJgzAyIi/klbxZ79an9WV9z1tz1mLmhCzB+vkF6Havbw==</latexit>

f 0
i = ↵1fi

<latexit sha1_base64="i1bR4a9cJUoA1hjJ92Ja6UlZmeI="></latexit>

+↵2
1
n

P
j fj

<latexit sha1_base64="VEBvOAiBECkCFUz8uqCVSMjALoY="></latexit>

[Deep sets: Zaheer et al., 2017]



Second order permutation action

A�
i,j = A��1(i),��1(j)

<latexit sha1_base64="b45X1R7bPzsrCH1MVr+i5VaDSnY="></latexit>

A 7��! A�
<latexit sha1_base64="vAoun+roL4YMzXvHNxwBO6uvVhs="></latexit>



Second order permutation action

c c c c c
c c c c c c
c c c c c
c c c c c
c c c c c
c c c c c c
c c c c c
c c c c c

c

c
c

c

c
c

Orbit 2:
(i, j) 7! (�(i),�(j))

<latexit sha1_base64="BiwA8B8qYwVNNVDPpJKaX1ZatoE="></latexit>

Orbit 1:
(i, i) 7! (�(i),�(i))

<latexit sha1_base64="rzXuXXrS9R1/VeFjx4GkBjWgdw0="></latexit>



Second order permutation equivariance
Ai,i

<latexit sha1_base64="/tpQ38SqGC4YpqJUMAVSxT+6MLo="></latexit>

diag(A) = 1
n

P
i Ai,i

<latexit sha1_base64="AP87NEpH10RIPPHMH7EQQjbfy1s="></latexit>

A0
i,i

<latexit sha1_base64="sNOXtp+Z6J8K39RtFA6Tf/rrMS4="></latexit>

diag(A0) = 1
n

P
i A

0
i,i

<latexit sha1_base64="YAkIKjSl/A6vRjMQR9hTp4XOqNU="></latexit>

Ai,j
<latexit sha1_base64="XT2minLQa6yqGVn4LpSvHTGDV8g="></latexit>

A0
i,j

<latexit sha1_base64="pAq1XdH9Uy57LoQqi557Drwm+io="></latexit>

Asymm
i,j = Ai,j +Aj,i

<latexit sha1_base64="pNzgsEaKhENfC1XQu27oawIHEjA="></latexit>

Aasymm
i,j = Ai,j �Aj,i

<latexit sha1_base64="PMifEKve58mOvz1uPhuJXFErrjs="></latexit>

A0symm
i,j = A0

i,j +A0
j,i

<latexit sha1_base64="ur5VYUcN5e/o+K9Bvx77dgdTYnI="></latexit>

A0asymm
i,j = A0

i,j �A0
j,i

<latexit sha1_base64="ZJ17qGFv0VCd/vszZHZy6jYB7Uk="></latexit>

A⇤,j =
1
n

P
i Ai,j

<latexit sha1_base64="hgY6ypkAHWK9Z6AGvP6YLR6DuVw="></latexit>

Ai,⇤ = 1
n

P
j Ai,j

<latexit sha1_base64="vT0JJe0c07bi14gVeMoONSzFxqc="></latexit>

A0
⇤,j =

1
n

P
i A

0
i,j

<latexit sha1_base64="XW0qa/A2FJ1UhuCq6c+6PhUCrdI="></latexit>

A0
i,⇤ = 1

n

P
j A

0
i,j

<latexit sha1_base64="y0McFlJVJPVF4+S3rH1jc5to1AM="></latexit>

A⇤,⇤ = 1
n2

P
i,j Ai,j

<latexit sha1_base64="tt2X/I/qqb2NkxR1Xwxr8fs/wGI="></latexit>

A0
⇤,⇤ = 1

n2

P
i,j A

0
i,j

<latexit sha1_base64="z822ojMjAOXREZrEgqzOP+n5nqg="></latexit>

A0
i,j = �i,j(↵1Ai,j + ↵2

1
n

P
i Ai,i)

<latexit sha1_base64="UZCohsMIfQ+VN/FUeK1dnEaw/fU="></latexit>

+ . . .
<latexit sha1_base64="BMowmW6UUrhYDkZUvMm9PVtSWXs="></latexit>

+ ↵5Ai,⇤ + ↵6A⇤,j
<latexit sha1_base64="u/jk0yJ6dEuRJbxSeC5SU9CQg2o="></latexit>

+ ↵7A⇤,⇤
<latexit sha1_base64="T3hNHbL1Z8RWDD6+NcPN92LLAV4="></latexit>

+ ↵3(Ai,j +Aj,i)/2 + ↵4(Ai,j �Aj,i)/2
<latexit sha1_base64="o0ufHQGRZou9Asvhdwmn4UAVn6M="></latexit>



Manuscript under review by AISTATS 2024

than comparable architectures.

2 Background: message passing neural
networks and their generalizations

Let G be an undirected graph with n vertices and
A 2 Rn⇥n be its adjacency matrix. Graph neural
networks (GNNs) learn a function � : AG 7! �(AG)
embedding such graphs in some Euclidean space RD.
The obvious constraint on � is that it must be invariant
to relabeling the vertices: if we change the order in
which the vertices are numbered by a permutation �,

A 7! A0, with [A0]i,j = A��1(i),��1(j), (1)

but A0 still represents the same graph G, so overall
the network must satisfy �(A) = �(A0). However,
requiring invariance at the level of individual neurons
would be too restrictive. Instead, modern GNNs are
designed in such a way that their internal layers are
equivariant (rather than invariant) to permutations,
meaning that under (1) the outputs of the layers do
change, but do so in a specific, controlled way. The
last layer of the network is designed to cancel out these
transformations, typically by pooling over the vertices,
and hence guarantees that the final output is invariant.

Presently the most popular approach to building equiv-
ariant GNNs is the Message Passing Neural Network
(MPNN) paradigm (Gilmer et al., 2017), where the
titular “neurons” are attached to the vertices of the
graph itself and communicate with each other by send-
ing messages to their neighbors. In the simplest case,
the output of the neuron at each vertex i in layer ` is
a vector f `

i 2RD` , and the update rule is

f `
i = ⌘

⇣
W`

X

j2N (i)

f `�1
j + b`i

⌘
. (2)

Here N (i) denotes the neighbors of node i, W` is a
learnable weight matrix, b`i is a learnable bias term and
⌘ is a pointwise non-linearity.

It is easy to see that under the transformation (1), the
output of each neuron in such an MPNN will become
f 0`

i = f `
��1(i), and in this sense the network as a whole is

permutation equivariant. The message passing process
also bears some similiarity to classical convolution in
e.g., image processing and captures the intuitive idea
that information in complex networks should propagate
via local connections.

Notwithstanding these advantages, classical MPNN do
have limitations, the most obvious of which is that each
vertex i just sums all the incoming messages from its
neighbors. The associative and commutative nature of
summation is critical for ensuring equivariance. On the

other hand, it also makes MPNNs myopic in the sense
that once the activations have been summed together,
downstream neurons have no way to distinguish be-
tween which part of the incoming message came from
which neighbor (Hy et al., 2018; Morris et al., 2019; Xu
et al., 2018; Chen et al., 2020; You et al., 2021). From
a theoretical point of view, the consequence is that
classical MPNNs are only as powerful as the first order
Weisfeiler-Leman test (Xu et al., 2018; Weisfeiler and
Leman, 1968). In response to these criticisms, the com-
munity has been exploring various ways to generalize
the message passing idiom.

2.1 Higher order equivariance

One potential way to make MPNNs more expressive is
to design architectures that are equivariant to higher
order actions of the group of permutations, technically
called the symmetric group, Sn. Studying this problem
at the most general level involves considering equivari-
ance to each irreducible representation of Sn, a rich but
mathematically involved subject (Sagan, 2001; Sannai
et al., 2019; Keriven and Peyré, 2019; Thiede et al.,
2020). For practical GNNs however it is usually suffi-
cient to consider k’th order equivariance in the sense
of how Sn acts on k’th order tensors:

T
�7�! T 0 [T 0]i1,...,ik = [T ]��1(i1),...,��1(ik). (3)

Maron et al. (2018) derived the general form of linear
neural network layers that are invariant to this action
and showed that for higher k it captures much richer
interactions than simple first-order message passing.
The obvious limitation of this approach however is
that the size of the tensor T grows exponentially with
k. Therefore, even for moderate sized graphs, consid-
ering higher than second or third order permutation
equivariance is hardly feasible.

2.2 Subgraph neural networks

The other natural way to increase the expressiveness
of graph neural networks is to extend the MPNN
paradigm to passing messages to/from edges and other
subgraphs. Here the posibilities are virtually limitless.
(Alsentzer et al., 2020; Thiede et al., 2021; Bevilacqua
et al., 2022; Frasca et al., 2022) This class of approaches
is particularly promising because in many applications
subgraphs have explicit semantic meaning. In organic
chemistry, for example, they can correspond to func-
tional groups.

At the extreme, subgraph neural networks allow com-
bining two (or more) separate GNN algorithms in a
recursive fashion, with one GNN running at the level
of the subgraphs, and the other one combining their re-
sults at the global level. Subgraph neural networks also
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Learned equivariant 
linear transformation.
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Fixed equivariant 
nonlinearity
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Representations of Sn
<latexit sha1_base64="GLlUvBCSb4t97Ly4zIJuPaUsI/0="></latexit>

The defining representation of Sn

The permutation matrices

P σ
i,j =

{
1 if σ(j) = i

0 otherwise

form a representation ρ/27 of Sn .

Is it faithful? Is it unitary? Is it reducible? It is not irreducible because it leaves
bT�M((1, 1, . . . , 1)) invariant. Actually, ρ/27 = ρi` ⊕ ρ(n−1,1) .
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Is it reducible? No!



Young diagrams

A Young diagram (Ferrers diagram) of size  is a diagram of  boxes arranged in 
 left-justified rows so that no row is longer than the one above it, e.g., 

n n
k

Integer partitions

λ ! n means that λ = (λ1, . . . ,λk) is an integer partition of n, i.e.,

λ1 ≥ λ2 ≥ . . . ≥ λk and
k∑

i=1

λi = n.

Graphically represented by so-called Young diagrams (Ferrers diagrams),
such as

for λ = (5, 3, 2) ! 10.

Fact: The irreps of Sn are indexed by {λ ! n}.

3/16

3/16

A Young diagram is really just the pictorial representation of an integer partion, i.e.,  
a sequence  such that  .(λ1, λ2, …, λk) ∑i λi = n



Young diagrams
The Young diagrams (integer partitions) of  are in bijection with the 
irreducible representations of .

n
𝕊n

For example, the irreps of   
are indexed by:

𝕊5



Young tableaux

A standard Young tableau is a Young diagram filled with the numbers 
 in such a way that in each row the numbers increase left to 

right and in each column they increase top to bottom.
{1,2,…, n}

For example, 

Young tableaux

Definition. A Young tableau of shape λ ! n is a Young diagram filled with
the numbers 1, 2, . . . , n . A standard Young tableau (SYT) of shape λ is a
Young tableau in which the numbers increase left to right and top to bottom.
For example,

1 2 4 6 7
3 5 8
9

is a standard Young tableau, but

1 2 6 5 7
3 4 8
9

is not standard.

5/14
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is a standard Young tableau of shape .λ = (5,3,1)

The rows and columns of the irrep  are in bijection with the standard Young 
tableaux of shape .

ρλ
λ



Young’s orthogonal representation (YOR)
Young’s Orthogonal Repr. (YOR)

One possible choice for the irreps of Sn . Happens to be unitary and real
valued.

Defined in terms of adjacent transpositions τi = (i, i+ 1) , which act naturally
on Young tableaux by swapping i and i+1 (if legal). The matrix elements are
given explicitly as:

[ρλ(τi)]t′,t =






1/dt(i, i+1) if t= t′√
1− 1/dt(i, i+1)2 if t′ = τi(t)

0 otherwise,

where dt is the North-Easterly distance from i to i+ 1 .

These matrices are extremely sparse: at most one non-zero entry in each row and
each column.

12/14
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Sizes of the irreps
λ dλ

(n) 1
(n− 1, 1) n− 1

(n− 2, 2) n(n−3)
2

(n− 2, 1, 1) (n−1)(n−2)
2

(n− 3, 3) n(n−1)(n−5)
6

(n− 3, 2, 1) n(n−2)(n−4)
3

(n− 3, 1, 1, 1) (n−1)(n−2)(n−3)
6

(n− 4, 4) n(n−1)(n−2)(n−7)
24

(n− 4, 3, 1) n(n−1)(n−3)(n−6)
8

(n− 4, 2, 2) n(n−1)(n−4)(n−5)
12

(n− 4, 2, 1, 1) n(n−2)(n−3)(n−5)
8
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FFTs on the symmetric groupWhat does spectral analysis on Sn even mean?

Breaking down data on permutations according to the irreps of Sn . Recall the
Fourier transform:

f̂(ρ) =
∑

σ∈Sn

f(σ)ρ(σ) or f̂λ =
∑

σ∈Sn

f(σ)ρλ(σ)

• What are the first order, second order etc. effects?
• How do we find clusters in how people rank order things or how do we do

PCA?
• How do we aggregate permutation/ranking information?
• How do we deal with partial rankings?
• How do we deal with time varying distributions on permutations (e.g.,

multi-object tracking)?

2/31
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Fourier transform on Sn

Forward transform:

f̂(λ) =
∑

σ∈Sn

f(σ) ρλ(σ) λ ! n

Inverse transform:

f(σ) =
1

n!

∑

λ"n
dλ tr

[
f̂(λ) ρλ(σ

−1)
]
.

2/16
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Clausen’s FFT reduces the 
complexity of the FT and iFFT 
from  to .O(n!2) O(n3n!) [Diaconis, 1987] 

 [Clausen, 1989]

C++/Python library:  https://github.com/risi-kondor/Snob2
[Thiede, Hy & K, 2020]

https://github.com/risi-kondor/Snob2


Is this way to implement permutation 
equivariance in GNNs? No.



General result

Manuscript under review by AISTATS 2024

4.1 Message passing between P -tensors with

the same reference domain

If D1 = (x1, . . . , xd) and D2 = (x0
1, . . . , x

0
d) are equal as

sets, they can only differ by a permutation � mapping
x0
1 = xµ(1) x0

2 = xµ(2), and so on. In any kind of
permutation equivariant learning scenario such as graph
neural networks, it is always possible to determine
which labels refer to the same object, so, without loss of
generality, we can assume that the elements of D2 have
already been rearranged so that x0

1 = x1,. . .x0
d = xd.

This reduces the problem of satisfying Definition 6
to that of “ordinary” permutation equivariant vector,
matrix, etc., valued neural network layers, which, by
now, is a well studied subject.

In the first order case, the P -tensors are simply vectors,
so we are just asking what the most general linear map
� : Rd ! Rd is that satisfies

�([v]⌧�1(i)) = [�(v)]⌧�1(i)

for any v2Rd and any ⌧ 2 Sd. The seminal Deep Sets
paper Zaheer et al. (2017) proved that in this case �
can have at most two (learnable) parameters �1 and
�2, and must be of the form

�(v) = �1v + �211
>
v.

In the more general case, � maps a k1’th order tensor
T in to a k2’th order tensor T out, both transforming un-
der permutations as in (5), leading to the equivariance
condition

[�(T in)]⌧�1(i1),...,⌧�1(ik2 )
= �(T in

⌧�1(i1),...,⌧�1(ik1 )
). (6)

The characterization of the space of equivariant maps
for this case was given in a similarly influential paper
by Maron et al. (Maron et al., 2018).
Proposition 2 (Maron et al.). The space of linear
maps � : Rdk1 ! Rdk2 that is equivariant to permuta-
tions ⌧ 2 Sd in the sense of (6) is spanned by a basis
indexed by the partitions of the set {1, 2, . . . , k1+k2}.

Since the number of partitions of {1, 2, . . . ,m} is given
by the so-called Bell number B(m), according to this
result, the number of learnable parameters in such a
map is B(k1 + k2). To be specific, each equivariant
linear map corresponding to one of the partitions can
be thought of as a composition of three operations: (1)
summing over specific dimensions or diagonals of T in;
(2) transferring this result to the output tensor by iden-
tifying some combinations of input indicies with output
indices; (3) broadcasting the result along certain dimen-
sions or diagonals of the output tensor T out. These
three operations correspond to the three different types
of sets that can occur in a given partition P : those that

P �
{{1}, {2}, {3}, {4}} T out

a,b =
P

c,d T
in
c,d

{{1}, {2}, {3, 4}} T out
a,b =

P
c T

in
c,c

{{1}, {2, 4}, {3}} T out
a,b =

P
c T

in
c,b

{{1}, {2, 3}, {4}} T out
a,b =

P
c T

in
b,c

{{2}, {1, 4}, {3}} T out
b,a =

P
c T

in
c,b

{{2}, {1, 3}, {4}} T out
b,a =

P
c T

in
b,c

{{1, 2}, {3}, {4}} T out
a,a =

P
b,c T

in
b,c

{{1}, {2, 3, 4}} T out
a,b = T in

b,b

{{2}, {1, 3, 4}} T out
b,a = T in

b,b

{{1, 2, 3}, {4}} T out
a,a =

P
b T

in
a,b

{{1, 2, 4}, {3}} T out
a,a =

P
b T

in
b,a

{{1, 2}, {3, 4}} T out
a,a =

P
c T

in
c,c

{{1, 3}, {2, 4}} T out
a,b = T in

a,b

{{1, 4}, {2, 3}} T out
a,b = T in

b,a

{{1, 2, 3, 4}} T out
a,a = T in

a,a

Table 1: The B(4)= 15 possible partitions of the set
{1, 2, 3, 4} and the corresponding permutation equivari-
ant linear maps � : Rk⇥k ! Rk⇥k as derived by Maron
et al. Maron et al. (2018).

only involve the second k2 numbers, those that involve
a mixture of the first k1 and second k2, and those that
only involve the first k1. We shall say that P is of type
(p1, p2, p3) if it has p3 sets of the first category, p2 in
the second and p1 in the third. In all three categories,
the rule is that a given set {j1, . . . , j`} appearing in P
means that the corresponding indices are tied together.
The way to distinguish between input and output in-
dices is that if 1  jq  k1 then it refers to the jq’th
index of T out, whereas if k1+1  jq  k1 + k2, then it
refers to the jq � k1 index of T in.

As an example, in the k1 = k2 = 3 case, the P =
{{1, 3}, {2, 5, 6}, {4}} partition corresponds to (a) sum-
ming T in along its first dimension (corresponding to
{4}) (b) transferring the diagonal along the second and
third dimensions of T in to the second dimension of
T out (corresponding to {2, 5, 6}), (c) broadcasting the
result along the diagonal of the first and third dimen-
sions (corresponding to {1, 3}). Explicitly, this gives
the equivariant map

T out
a,b,a =

X

c

T in
c,b,b. (7)

Since B(6) = 203, listing all other possible maps for
k1 = k2 =3 would be very laborious. In Table 1 we list
the possible equivariant maps for the k1 = k2 =2 case.

The presence of multiple channels enriches this picture
only to the extent that each input channel can be
linearly mixed with each output channel. For example,
in the case of Cin channels in T in and Cout channels in
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linear map corresponding to one of the partitions can
be thought of as a composition of three operations: (1)
summing over specific dimensions or diagonals of T in;
(2) transferring this result to the output tensor by iden-
tifying some combinations of input indicies with output
indices; (3) broadcasting the result along certain dimen-
sions or diagonals of the output tensor T out. These
three operations correspond to the three different types
of sets that can occur in a given partition P : those that

P �
{{1}, {2}, {3}, {4}} T out

a,b =
P

c,d T
in
c,d

{{1}, {2}, {3, 4}} T out
a,b =

P
c T

in
c,c

{{1}, {2, 4}, {3}} T out
a,b =

P
c T

in
c,b

{{1}, {2, 3}, {4}} T out
a,b =

P
c T

in
b,c

{{2}, {1, 4}, {3}} T out
b,a =

P
c T

in
c,b

{{2}, {1, 3}, {4}} T out
b,a =

P
c T

in
b,c

{{1, 2}, {3}, {4}} T out
a,a =

P
b,c T

in
b,c

{{1}, {2, 3, 4}} T out
a,b = T in

b,b

{{2}, {1, 3, 4}} T out
b,a = T in

b,b

{{1, 2, 3}, {4}} T out
a,a =

P
b T

in
a,b

{{1, 2, 4}, {3}} T out
a,a =

P
b T

in
b,a

{{1, 2}, {3, 4}} T out
a,a =

P
c T

in
c,c

{{1, 3}, {2, 4}} T out
a,b = T in

a,b

{{1, 4}, {2, 3}} T out
a,b = T in

b,a

{{1, 2, 3, 4}} T out
a,a = T in

a,a

Table 1: The B(4)= 15 possible partitions of the set
{1, 2, 3, 4} and the corresponding permutation equivari-
ant linear maps � : Rk⇥k ! Rk⇥k as derived by Maron
et al. Maron et al. (2018).

only involve the second k2 numbers, those that involve
a mixture of the first k1 and second k2, and those that
only involve the first k1. We shall say that P is of type
(p1, p2, p3) if it has p3 sets of the first category, p2 in
the second and p1 in the third. In all three categories,
the rule is that a given set {j1, . . . , j`} appearing in P
means that the corresponding indices are tied together.
The way to distinguish between input and output in-
dices is that if 1  jq  k1 then it refers to the jq’th
index of T out, whereas if k1+1  jq  k1 + k2, then it
refers to the jq � k1 index of T in.

As an example, in the k1 = k2 = 3 case, the P =
{{1, 3}, {2, 5, 6}, {4}} partition corresponds to (a) sum-
ming T in along its first dimension (corresponding to
{4}) (b) transferring the diagonal along the second and
third dimensions of T in to the second dimension of
T out (corresponding to {2, 5, 6}), (c) broadcasting the
result along the diagonal of the first and third dimen-
sions (corresponding to {1, 3}). Explicitly, this gives
the equivariant map

T out
a,b,a =

X

c

T in
c,b,b. (7)

Since B(6) = 203, listing all other possible maps for
k1 = k2 =3 would be very laborious. In Table 1 we list
the possible equivariant maps for the k1 = k2 =2 case.

The presence of multiple channels enriches this picture
only to the extent that each input channel can be
linearly mixed with each output channel. For example,
in the case of Cin channels in T in and Cout channels in

reduction 

transfer indices

broadcast 

T out
a,�,↵,a,� =

X

x

X

y

T in
↵,x,�,x,�,y

<latexit sha1_base64="n0Jg/gE2FPIUmBQnilJHZvCkjDc="></latexit>

[Maron, Hamu, Shamir & Lipman, 2019]



Do we really want equivariance to ?𝕊n

f in

�

✏✏

T (1)
g // f in0

�

✏✏

fout
T (2)
g // fout0
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�(T (1)
g (f)) = T (2)(�(f))
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Automorphism groups

The automorphism group  of a graph is the subgroup of permutations that 
leave the adjacency matrix fixed:

Aut(𝒢)
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� 2Aut(G)

GNNs achieve this by sneakily using the adjacency matrix as side 
information.

What we really want is to be equivariant to just .Aut(𝒢)



2. Why I don’t like GNNs
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[Micheli, 2009] [Atwood & Towsley, 2016] [Gilmer et al., ICML 2017]

Associative & commutative

MPNN



1. MPNNs have amnesia

As soon as we sum the inputs, we lose the ability to distinguish what came 
from which neighbor.

1 2

3

4



2. MPNNs have no sense of global structure

Global
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Abstract

Convolutional Neural Networks are extremely efficient architectures in image and
audio recognition tasks, thanks to their ability to exploit the local translational
invariance of signal classes over their domain. In this paper we consider possi-
ble generalizations of CNNs to signals defined on more general domains without
the action of a translation group. In particular, we propose two constructions,
one based upon a hierarchical clustering of the domain, and another based on the
spectrum of the graph Laplacian. We show through experiments that for low-
dimensional graphs it is possible to learn convolutional layers with a number of
parameters independent of the input size, resulting in efficient deep architectures.

1 Introduction

Convolutional Neural Networks (CNNs) have been extremely succesful in machine learning prob-
lems where the coordinates of the underlying data representation have a grid structure (in 1, 2 and 3
dimensions), and the data to be studied in those coordinates has translational equivariance/invariance
with respect to this grid. Speech [11], images [14, 20, 22] or video [23, 18] are prominent examples
that fall into this category.

On a regular grid, a CNN is able to exploit several structures that play nicely together to greatly
reduce the number of parameters in the system:

1. The translation structure, allowing the use of filters instead of generic linear maps and
hence weight sharing.

2. The metric on the grid, allowing compactly supported filters, whose support is typically
much smaller than the size of the input signals.

3. The multiscale dyadic clustering of the grid, allowing subsampling, implemented through
stride convolutions and pooling.

If there are n input coordinates on a grid in d dimensions, a fully connected layer with m outputs
requires n · m parameters, which in typical operating regimes amounts to a complexity of O(n2)
parameters. Using arbitrary filters instead of generic fully connected layers reduces the complexity
to O(n) parameters per feature map, as does using the metric structure by building a “locally con-
nected” net [8, 17]. Using the two together gives O(k · S) parameters, where k is the number of
feature maps and S is the support of the filters, and as a result the learning complexity is independent
of n. Finally, using the multiscale dyadic clustering allows each succesive layer to use a factor of 2d
less (spatial) coordinates per filter.

1
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Then a graph convolution of input signals x with filters g on G is defined by x⇤Gg = U
T (Ux� Ug),

where � represents a point-wise product.

Here, the unitary matrix U plays the role of the Fourier Transform in Rd. There are several ways
of computing the graph Laplacian L [1]. In this paper, we choose the normalized version L =
I�D

�1/2
WD

�1/2, where D is a diagonal matrix with entries Dii =
P

j Wij . Note that in the case
where W represents the lattice, from the definition of L we recover the discrete Laplacian operator
�. Also note that the Laplacian commutes with the translation operator, which is diagonalized in
the Fourier basis. It follows that the eigenvectors of � are given by the Discrete Fourier Transform
(DFT) matrix. We then recover a classical convolution operator by noting that convolutions are by
definition linear operators that diagonalize in the Fourier domain (also known as the Convolution
Theorem [11]).

Learning filters on a graph thus amounts to learning spectral multipliers wg = (w1, . . . , wN )

x ⇤G g := U
T (diag(wg)Ux) .

Extending the convolution to inputs x with multiple input channels is straightforward. If x is a signal
with M input channels and N locations, we apply the transformation U on each channel, and then
use multipliers wg = (wi,j ; i  N , j  M).

However, for each feature map g we need convolutional kernels are typically restricted to have small
spatial support, independent of the number of input pixels N , which enables the model to learn a
number of parameters independent of N . In order to recover a similar learning complexity in the
spectral domain, it is thus necessary to restrict the class of spectral multipliers to those corresponding
to localized filters.

For that purpose, we seek to express spatial localization of filters in terms of their spectral multipli-
ers. In the grid, smoothness in the frequency domain corresponds to the spatial decay, since

����
@
k
x̂(⇠)

@⇠k

����  C

Z
|u|k|x(u)|du ,

where x̂(⇠) is the Fourier transform of x. In [2] it was suggested to use the same principle in a
general graph, by considering a smoothing kernel K 2 RN⇥N0 , such as splines, and searching for
spectral multipliers of the form

wg = Kw̃g .

The algorithm which implements the graph convolution is described in Algorithm 1.

Algorithm 1 Train Graph Convolution Layer
1: Given GFT matrix U , interpolation kernel K, weights w.
2: Forward Pass:

3: Fetch input batch x and gradients w.r.t outputs ry.
4: Compute interpolated weights: wf 0f = K ˜wf 0f .
5: Compute output: ysf 0 = U

T
⇣P

f Uxsf � wf 0f

⌘
.

6: Backward Pass:

7: Compute gradient w.r.t input: rxsf = U
T
⇣P

f 0 rysf 0 � wf 0f

⌘

8: Compute gradient w.r.t interpolated weights: rwf 0f = U
T (

P
s rysf 0 � xsf )

9: Compute gradient w.r.t weights r ˜wf 0f = KTrwf 0f .

3.2 Pooling with Hierarchical Graph Clustering

In image and speech applications, and in order to reduce the complexity of the model, it is often
useful to trade off spatial resolution for feature resolution as the representation becomes deeper.
For that purpose, pooling layers compute statistics in local neighborhoods, such as the average
amplitude, energy or maximum activation.

The same layers can be defined in a graph by providing the equivalent notion of neighborhood.
In this work, we construct such neighborhoods at different scales using multi-resolution spectral
clustering [20], and consider both average and max-pooling as in standard convolutional network
architectures.

3

Each succesive
vi = argmin

x2Rm kxk=1 x?{v0,...,vi�1}
krxk2W

is an eigenvector of L, and the eigenvalues �i allow the smoothness of a vector x to be read off
from the coefficients of x in [v0, ...vm�1], equivalently as the Fourier coefficients of a signal defined
in a grid. Thus, just an in the case of the grid, where the eigenvectors of the Laplacian are the
Fourier vectors, diagonal operators on the spectrum of the Laplacian modulate the smoothness of
their operands. Moreover, using these diagonal operators reduces the number of parameters of a
filter from m

2 to m.

These three structures above are all tied together through the Laplacian operator on the d-
dimensional grid �x =

Pd
i=1

@2x
@u2

i
:

1. Filters are multipliers on the eigenvalues of the Laplacian �.

2. Functions that are smooth relative to the grid metric have coefficients with quick decay in
the basis of eigenvectors of �.

3. The eigenvectors of the subsampled Laplacian are the low frequency eigenvectors of �.

3.2 Extending Convolutions via the Laplacian Spectrum

As in section 2.3, let W be a weighted graph with index set denoted by ⌦, and let V be the eigen-
vectors of the graph Laplacian L, ordered by eigenvalue. Given a weighted graph, we can try to
generalize a convolutional net by operating on the spectrum of the weights, given by the eigenvec-
tors of its graph Laplacian.

For simplicity, let us first describe a construction where each layer k = 1 . . .K transforms an input
vector xk of size |⌦| ⇥ fk�1 into an output xk+1 of dimensions |⌦| ⇥ fk, that is, without spatial
subsampling:

xk+1,j = h

0

@V

fk�1X

i=1

Fk,i,jV
T
xk,i

1

A (j = 1 . . . fk) , (3.2)

where Fk,i,j is a diagonal matrix and, as before, h is a real valued nonlinearity.

Often, only the first d eigenvectors of the Laplacian are useful in practice, which carry the smooth
geometry of the graph. The cutoff frequency d depends upon the intrinsic regularity of the graph
and also the sample size. In that case, we can replace in (3.2) V by Vd, obtained by keeping the first
d columns of V .

If the graph has an underlying group invariance this construction can discover it; the best example
being the standard CNN; see 3.3. However, in many cases the graph does not have a group structure,
or the group structure does not commute with the Laplacian, and so we cannot think of each filter as
passing a template across ⌦ and recording the correlation of the template with that location. ⌦ may
not be homogenous in a way that allows this to make sense, as we shall see in the example from
Section 5.1.

Assuming only d eigenvectors of the Laplacian are kept, equation (3.2) shows that each layer re-
quires fk�1 · fk ·d = O(|⌦|) paramters to train. We shall see in section 3.4 how the global and local
regularity of the graph can be combined to produce layers with O(1) parameters, i.e. such that the
number of learnable parameters does not depend upon the size of the input.

This construction can suffer from the fact that most graphs have meaningful eigenvectors only for
the very top of the spectrum. Even when the individual high frequency eigenvectors are not mean-
ingful, a cohort of high frequency eigenvectors may contain meaningful information. However this
construction may not be able to access this information because it is nearly diagonal at the highest
frequencies.

Finally, it is not obvious how to do either the forwardprop or the backprop efficiently while applying
the nonlinearity on the space side, as we have to make the expensive multiplications by V and V

T ;
and it is not obvious how to do standard nonlinearities on the spectral side. However, see 4.1.

5

Neural Message Passing for Quantum Chemistry

Justin Gilmer 1 Samuel S. Schoenholz 1 Patrick F. Riley 2 Oriol Vinyals 3 George E. Dahl 1

Abstract
Supervised learning on molecules has incredi-
ble potential to be useful in chemistry, drug dis-
covery, and materials science. Luckily, sev-
eral promising and closely related neural network
models invariant to molecular symmetries have
already been described in the literature. These
models learn a message passing algorithm and
aggregation procedure to compute a function of
their entire input graph. At this point, the next
step is to find a particularly effective variant of
this general approach and apply it to chemical
prediction benchmarks until we either solve them
or reach the limits of the approach. In this pa-
per, we reformulate existing models into a sin-
gle common framework we call Message Pass-
ing Neural Networks (MPNNs) and explore ad-
ditional novel variations within this framework.
Using MPNNs we demonstrate state of the art re-
sults on an important molecular property predic-
tion benchmark; these results are strong enough
that we believe future work should focus on
datasets with larger molecules or more accurate
ground truth labels.

1. Introduction
The past decade has seen remarkable success in the use
of deep neural networks to understand and translate nat-
ural language (Wu et al., 2016), generate and decode com-
plex audio signals (Hinton et al., 2012), and infer fea-
tures from real-world images and videos (Krizhevsky et al.,
2012). Although chemists have applied machine learn-
ing to many problems over the years, predicting the prop-
erties of molecules and materials using machine learning
(and especially deep learning) is still in its infancy. To
date, most research applying machine learning to chemistry
tasks (Hansen et al., 2015; Huang & von Lilienfeld, 2016;

1Google Brain 2Google 3Google DeepMind. Correspon-
dence to: Justin Gilmer <gilmer@google.com>, George E. Dahl
<gdahl@google.com>.

Proceedings of the 34 th International Conference on Machine
Learning, Sydney, Australia, PMLR 70, 2017. Copyright 2017
by the author(s).

DFT

� 103 seconds

Message Passing Neural Net

� 10�2 seconds

E,!0, ...

Targets

1

Figure 1. A Message Passing Neural Network predicts quantum
properties of an organic molecule by modeling a computationally
expensive DFT calculation.

Rupp et al., 2012; Rogers & Hahn, 2010; Montavon et al.,
2012; Behler & Parrinello, 2007; Schoenholz et al., 2016)
has revolved around feature engineering. While neural net-
works have been applied in a variety of situations (Merk-
wirth & Lengauer, 2005; Micheli, 2009; Lusci et al., 2013;
Duvenaud et al., 2015), they have yet to become widely
adopted. This situation is reminiscent of the state of image
models before the broad adoption of convolutional neural
networks and is due, in part, to a dearth of empirical evi-
dence that neural architectures with the appropriate induc-
tive bias can be successful in this domain.

Recently, large scale quantum chemistry calculation and
molecular dynamics simulations coupled with advances in
high throughput experiments have begun to generate data
at an unprecedented rate. Most classical techniques do
not make effective use of the larger amounts of data that
are now available. The time is ripe to apply more power-
ful and flexible machine learning methods to these prob-
lems, assuming we can find models with suitable inductive
biases. The symmetries of atomic systems suggest neu-
ral networks that operate on graph structured data and are
invariant to graph isomorphism might also be appropriate
for molecules. Sufficiently successful models could some-
day help automate challenging chemical search problems
in drug discovery or materials science.

In this paper, our goal is to demonstrate effective ma-
chine learning models for chemical prediction problems
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3. MPNNs only encode topology implicitly
Differentiable computing

x1 x2 x3 x4 x5 x6 x7

σ *+ +

⊗
* diag

y1
y2

W1

W2

W3

The graph topology determines the structure of the compute graph.
There is no strong sense in which we can encode known substructures, 
e.g., functional groups.



1

4. MPNNs don’t reduce to classical 
convolution



5. What is a graph, anyway?

1

Combinatorial 
object

Network

Molecule

Neighborhoods  
(sparse matrix 
multiplication)

Mesh

Don’t even know

Relational 
graph



Higher order message passing



1

Subgraph neural nets

Define some “policy” to identify interesting subgraphs and use specialized rules to 
send messages to/from these subgraphs.

How can we do this in an equivariant way?
[Frasca, Bevilacqua, Bronstein & Maron, 2022]
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First order subgraph neural nets



Second order subgraph neural nets



What is the correct generalization of 
message passing?



What is the correct generalization of 
message passing?



What is the correct generalization of 
message passing?
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P-tensors
[Andrew Hands, Tiny Sun & K, 2024]



P-tensors

<latexit sha1_base64="To1Y6MUU9+pXTsGoppGaAJhEBI4="></latexit>

Given an ordered subset of d atoms (x1, x2, . . . , xm), a tensor T 2 Rd⇥d⇥...⇥d

that transforms under permutations according to

Ti1,...,ik = T⌧�1(i1),...,⌧�1(ik) ⌧ 2 Sk

is called a k’th order P-tensor. 1

[Hands, Sun & K, AISTATS 2024]





Message passing between P-tensorsManuscript under review by AISTATS 2024

Figure 2: Given two P -tensors T in and T out whose ref-
erence domains have d\ atoms in common, without loss
of generality we can rearrange the two tensors so that
the indices corresponding to the common atoms appear
first. Mapping the corresponding d\⇥ d\⇥ . . . ⇥ d\

subtensor of T in to the analogous d\⇥ d\⇥ . . . ⇥ d\

subtensor of T out with any of the B(k1+k2) linear maps
described in Section 4.1 is an equivariant operation.
The additional equivariant operations correspond to
similar maps except with the summations and broad-
cast operations extending over not just the overlapping
part of the tensors but the entire corresponding slices.

T out, (7) becomes

T out
a,b,a,↵ =

X

�

W↵,�

X

c

T in
c,b,b,�

for some (learnable) weight matrix W 2 RCout⇥Cin .
Note that this type of linear mixing across channels is
very general and can be separated from the equivari-
ant message passing operation itself, which consists of
applying (7) to each channel separately.

4.2 Message passing between P-tensors with

different reference domains

Our second main result is the following theorem, which
generalizes Proposition 2 to when the reference domains
of the input and output tensors only partially overlap.
Theorem 3. Let T1 and T2 be two P-tensors with
reference domains D1 and D2 such that D1 \ D2 6= ;
and D1 6✓ D2 and D2 6✓ D1. Then for each partition P
of {1, . . . , k1+k2} of type (p1, p2, p3) there are 2p1+p3

independent permutation equivariant maps � : T1 7! T2.

To derive the form of the actual maps, without loss
of generality, we assume that D1 and D2 have been
reordered so that their d\ = |D1 \D2| common atoms
occupy the first d\ positions in both, and are listed in
the same order. An easy generalization of our previous
results is to associate to each partition the same map as
before, except we now only transfer information from
the subtensor of T in cut out by the common atoms to
the subtensor of T out cut out by the same (Figure 2
left). For example, the counterpart of (7) would be

T out
a,b,a =

(Pd\

c=1 T
in
c,b,b a, b  d\

0 otherwise.

(k1, k2)
# of maps in
D1 =D2 case

# of maps in
D1 6= D2 case

(0, 0) 1 1
(1, 1) 2 5
(1, 2) 5 17
(2, 2) 15 61
(2, 3) 52 321
(3, 3) 203 769

Figure 3: The number of independent equivariant
linear maps from a k1’th order P -tensor to a k2 ’th
order P -tensor when the reference domains are the
same vs. when they overlap only partially.

This, however, would only give us B(k1+k2) equivariant
maps, like in the previous section.

The additional factor of 2p1+p3 comes from the fact that
for any partition that has parts purely involving indices
of T in or T out, each of the corresponding operations
can extend across either just the common atoms, or all
atoms of the given tensor. For our running example
corresponding to P = {{1, 3}, {2, 5, 6}, {4}}, we have
the three additional equivariant maps
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a2 {1, . . . , d2}.

Table 3 constrasts the number of possible equivariant
maps in this case to the number of maps described
in the previous section. As before, the presence of
multiple channels complicates this picture only to the
extent that each of the above maps can also involve
mixing the different channels by a learnable weight
matrix. Typically each map has its own weight matrix.

5 P -tensors in graph neural networks

In this section we describe how the P -tensor formalism
can be used to build expressive graph neural networks,
and how various existing GNNs reduce to special cases.

5.1 Zeroth order message passing networks

In classical message passing networks the reference do-
main of each neuron consists of just a single vertex.
Talking about the transformation properties of an ob-
ject with respect to permutations of a single atom is
vacuous, so in this case all the activations are zeroth
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of generality we can rearrange the two tensors so that
the indices corresponding to the common atoms appear
first. Mapping the corresponding d\⇥ d\⇥ . . . ⇥ d\

subtensor of T in to the analogous d\⇥ d\⇥ . . . ⇥ d\

subtensor of T out with any of the B(k1+k2) linear maps
described in Section 4.1 is an equivariant operation.
The additional equivariant operations correspond to
similar maps except with the summations and broad-
cast operations extending over not just the overlapping
part of the tensors but the entire corresponding slices.

T out, (7) becomes

T out
a,b,a,↵ =

X

�

W↵,�

X

c

T in
c,b,b,�

for some (learnable) weight matrix W 2 RCout⇥Cin .
Note that this type of linear mixing across channels is
very general and can be separated from the equivari-
ant message passing operation itself, which consists of
applying (7) to each channel separately.

4.2 Message passing between P-tensors with

different reference domains

Our second main result is the following theorem, which
generalizes Proposition 2 to when the reference domains
of the input and output tensors only partially overlap.
Theorem 3. Let T1 and T2 be two P-tensors with
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0 otherwise.
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Table 3 constrasts the number of possible equivariant
maps in this case to the number of maps described
in the previous section. As before, the presence of
multiple channels complicates this picture only to the
extent that each of the above maps can also involve
mixing the different channels by a learnable weight
matrix. Typically each map has its own weight matrix.

5 P -tensors in graph neural networks

In this section we describe how the P -tensor formalism
can be used to build expressive graph neural networks,
and how various existing GNNs reduce to special cases.

5.1 Zeroth order message passing networks

In classical message passing networks the reference do-
main of each neuron consists of just a single vertex.
Talking about the transformation properties of an ob-
ject with respect to permutations of a single atom is
vacuous, so in this case all the activations are zeroth
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in the sense that i0a
0

j = �(ia⌧�1(j)). F is said to be a
permutation covariant layer if

[T 0
a0 ]j1,j2,...,jk = [Ta]⌧�1(j1),...⌧�1(jk) (4)

for any permutation � 2 Sn.

As usual, a permutation equivariant map is defined as
one which preserves this covariance property.
Definition 4. (Permutation equivariant higher
order subgraph neural network) A subgraph layer
� : F in 7! Fout, or more generally � : (F in

1 , . . . ,F in
r ) 7!

Fout is said to be permutation equivariant if when-
ever F in

1 , . . . ,F in
r are covariant, Fout is covariant as

well. The entire network is equivariant if all the maps
connecting its different layers are equivariant.

Despite how technical these definitions appear, they
are necessary for capturing how the effect of global
permutations on the subgraph selection policy level
interacts with its effect at the level of individual sub-
graphs. In the special case of  just picking out the
individual vertices of G (as trivial subgraphs consisting
of a single vertex) and the activations being scalars, the
definitions reduce to the ordinary case of F being an
n⇥ c matrix where n is the total number of vertices in
G and c the number of channels. This base case is what
one typically uses in the input layer and readout layer
of an equivariant GNN. The purpose of the next section
is to introduce a mathematical formalism that makes
implementing the intermediate, higher order layers as
straightforward as possible.

4 P -tensors

The mathematical device that we introduce to derive
the rules of higher order message passing are a type
of object that we call P-tensors. To define P -tensors
first we need a finite or countably infinite set U of
base objects called atoms that permutations act on. In
the case of graph neural networks the atoms are just
the vertices of the graph. However, in principle, the
P -tensor formalism is also applicable to other permu-
tation equivariant learning scenarios, such as relational
learning, in which case U might for example be a set
of individuals or the words in a given language.

A given P -tensor T is defined relative to an ordered
subset D of atoms called its reference domain. In
the case of subgraph neurons, D is just the vertex set
of the corresponding subgraph, which we previously
denoted {i1, . . . , ip}.
Definition 5 (P -tensors). Let U be a finite or count-
ably infinite set of atoms and D= (x1, . . . , xd) an or-
dered subset of U . We say that a k’th order tensor
T 2Rd⇥d⇥...⇥d is a k’th order permutation covariant

tensor (or P -tensor for short) with reference domain
D if under the action of a permutation ⌧ 2 Sd acting
on D it transforms as

[⌧ � T ]i1,i2,...,ik = T⌧�1(i1),...⌧�1(ik). (5)

The neurons in modern neural networks typically have
many channels, so we also allow P -tensors to have a
channel dimension. Thus, a k’th order P-tensor can
actually be a k+1’th order tensor T 2Rd⇥d⇥...⇥d⇥C .
The channel dimension is not affected by permutations.

To derive the rules of equivariant message passing from
one P -tensor T1 to another P -tensor T2, we need to
consider the three cases when their respective reference
domains D1 and D2 in the unordered sense are (a)
the same (b) partially overlap (c) are disjoint. The
great advantage of the P -tensors formalism compared
to the previous section is that in each of these cases we
need only consider the action of permutations that are
internal to D1 and D2.

Technically, we say that a global permutation � of U
fixes D = (x1, . . . , xd) as a set if �(xi) 2 D for each
x1, . . . , xd. When this is the case, we define the restric-

tion of � to D, denoted ⌧ = �#D, as the permutation
in Sd satisfying

(�(x1),�(x2), . . . ,�(xd)) = (x⌧(1), x⌧(2), . . . , x⌧(d)).

We then have the following definition.

Definition 6 (Equivariant map between

P -tensors). Let T1 and T2 be two P-tensors with
reference domains D1 ✓ U and D2 ✓ U , respectively.
We say that a linear map � : T1 ! T2 is permutation
equivariant if

�(�#D1
� T1) = �#D2

� �(T1)

for any permutations � of U that fixes both D1 and D2

as sets.

A key result of our paper (proved in the Appendix)
is the following theorem, showing that this constraint
is exactly what is needed to build equivariant higher
order MPNNs out of P -tensors.

Theorem 1. Any higher order MPNN in which (a) the
subgraphs in each layer are selected using an invariant
subgraph selection rule; (b) the output of each subgraph
neuron is a P-tensor; (c) each map � connecting some
layer F in to some other layer Fout is linear, and such
that the “message” � sent from each T in

i in F in to each
T out
j in Fout only depends on the relative ordering of

their reference domains; is a permutation equivariant
MPNN in the sense of Definition 4 if and only if �
satisfies the condition of Definition 6.

165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219

Permutation Equivariance in Higher Order Message Passing Networks and Beyond

have at most two (learnable) parameters λ1 and λ2, and
must be of the form

φ(f) = λ1f + λ211
!f.

In the more general case φ maps a k1’th order tensor F in to
a k2’th order tensor F out, both transforming under permu-
tations as in (4), leading to the equivariance condition

[φ(F in)]τ−1(i1),...,τ−1(ik2 )
= φ(F in

τ−1(i1),...,τ−1(ik1 )
). (5)

Maron et al. (Maron et al., 2018) proved the following.
Proposition 1 (Maron et al.). The space of linear maps
φ : Rdk1 → Rdk2 that is equivariant to permutations τ ∈
Sd in the sense of (5) is spanned by a basis indexed by the
partitions of the set {1, 2, . . . , k1+k2}.

Since the number of partitions of {1, 2, . . . , n} is given
by the so-called Bell number B(n), according to this re-
sult, the number of learnable parameters in such a map
is B(k1 + k2). Each equivariant linear map correspond-
ing to one of the partitions can be thought of as a com-
position of three operations: (1) summing over specific di-
mensions or diagonals of F in; (2) transferring this result to
the output tensor by identifying some combinations of in-
put indicies with output indices; (3) broadcasting the result
along certain dimensions or diagonals of the output tensor
F out. These three operations correspond to the three dif-
ferent types of sets that can occur in a given partition P:
those that only involve the second k2 numbers, those that
involve a mixture of the first k1 and second k2, and those
that only involve the first k1. We shall say that P is of type
(p1, p2, p3) if it has p3 sets of the first category, p2 in the
second and p1 in the third. In all three categories, the rule
is that a given set {j1, . . . , j"} appearing in P means that
the corresponding indices ij1 , . . . , ij! are tied together.

As an example, in the k1 = k2 = 3 case, the P =
{{1, 3}, {2, 5, 6}, {4}} partition corresponds to (a) sum-
ming F in along its first dimension (corresponding to {4}),
(b) transferring the diagonal along the second and third di-
mensions of F in to the second dimension of F out (corre-
sponding to {2, 5, 6}), (c) broadcasting the result along the
diagonal of the first and third dimensions (corresponding to
{1, 3}). Explicitly, this gives the equivariant map

F out
a,b,a =

∑

c

F in
c,b,b. (6)

Since B(6) = 203, listing all other possible maps for k1 =
k2 = 3 would be very laborious. Rather, in Table 2 we just
list the partitions and corresponding equivariant maps for
the k1 = k2 =2 case.

The presence of multiple channels enriches this picture
only to the extent that each input channel can be linearly

P φ
{{1}, {2}, {3}, {4}} F out

a,b =
∑

c,d F
in
c,d

{{1}, {2}, {3, 4}} F out
a,b =

∑
c F

in
c,c

{{1}, {2, 4}, {3}} F out
a,b =

∑
c F

in
c,b

{{1}, {2, 3}, {4}} F out
a,b =

∑
c F

in
b,c

{{2}, {1, 4}, {3}} F out
b,a =

∑
c F

in
c,b

{{2}, {1, 3}, {4}} F out
b,a =

∑
c F

in
b,c

{{1, 2}, {3}, {4}} F out
a,a =

∑
b,c F

in
b,c

{{1}, {2, 3, 4}} F out
a,b = F in

b,b

{{2}, {1, 3, 4}} F out
b,a = F in

b,b

{{1, 2, 3}, {4}} F out
a,a =

∑
b F

in
a,b

{{1, 2, 4}, {3}} F out
a,a =

∑
b F

in
b,a

{{1, 2}, {3, 4}} F out
a,a =

∑
c F

in
c,c

{{1, 3}, {2, 4}} F out
a,b = F in

a,b

{{1, 4}, {2, 3}} F out
a,b = F in

b,a

{{1, 2, 3, 4}} F out
a,a = F in

a,a

Figure 2: . The B(4) = 15 possible independent equivari-
ant linear maps φ : Rk×k → Rk×k as derived in Maron.

mixed with each output channel. For example, in the case
of Cin channels in F in and Cout channels in F out, (6) be-
comes

F out
a,b,a,α =

∑

β

Wα,β

∑

c

F in
c,b,b,β

for some (learnable) weight matrix W ∈RCout×Cin .

3.2. Message passing between P-tensors with different
reference domains

One of the main results of the present paper is the gener-
alization of Proposition 1 to the case when the reference
domains of the input and output tensors only partially over-
lap (see the Appendix for the proof).
Theorem 2. Let T1 and T2 be two P-tensors with refer-
ence domains D1 and D2 such that D1 ∩ D2 $= ∅ and
D1 $⊆ D2 and D2 $⊆ D1. Then for each partition P of
{1, . . . , k1+k2} of type (p1, p2, p3) there are 2p1+p3 inde-
pendent permutation equivariant maps φ : T1 '→ T2.

To derive the form of the actual maps, without loss of gen-
erality, we assume that D1 and D2 have been reordered so
that their d = |D1 ∩D2| common atoms occupy the first d
positions in both, and are listed in the same order. An easy
generalization of our previous results is then to associate to
each partition the same map as before, except we now only
transfer information from the subtensor of F in cut out by
the common atoms to the subtensor of F out cut out by the
same (Figure 3). For example, the counterpart of (6) would
be

F out
a,b,a =

{∑d
c=1 F

in
c,b,b a, b ≤ d

0 otherwise.
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ZINC-12K ZINC-Full OGBG-MOLHIV TOX21
MAE(% #) MAE(% #) ROC-AUC(% ") ROC-AUC(% ")

RP-NGF (Murphy et al., 2019) – – – 0.79.4± 1.00
GCN (Kipf and Welling, 2017) 0.321± 0.009 – 76.07± 0.97 –
GIN (Xu et al., 2018) 0.408± 0.008 0.088± 0.002 75.58± 1.40 –
GINE (Hu et al., 2019) 0.252± 0.014 0.088± 0.002 75.58± 1.40 86.68± 0.77
PNA (Corso et al., 2020) 0.133± 0.011 0.320± 0.032 79.05± 1.32 –
HIMP (Fey et al., 2020) 0.151± 0.002 0.036± 0.002 78.80± 0.82 87.36± 0.50
CIN (Bodnar et al., 2021a) 0.079± 0.006 0.022± 0.002 80.94± 0.57 –
DS-GNN (EGO+) (Bevilacqua et al., 2022) 0.105± 0.003 – 77.40± 2.19 76.39± 1.18
DSS-GNN (EGO+) (Bevilacqua et al., 2022) 0.097± 0.006 – 76.78± 1.66 77.95± 0.40
GNN-AK+ (Zhao et al., 2022) 0.091± 0.011 – 79.61± 1.19 –
SUN (EGO+) (Frasca et al., 2022) 0.084± 0.002 – 80.03± 0.55 –
First order P -tensors (our model) 0.075± 0.003 0.024 80.47± 0.87 84.95± 0.58

Table 2: Experimental results on molecular datasets with baselines taken from (Frasca et al., 2022; Bodnar et al.,
2021a,a; Bevilacqua et al., 2022).

3. Transferring the sum of all self-interactions to the
shared carbons:

T dest
i,i,c  

(P6
k=1 T

src
k,k,c i2 {1, 2}

0 otherwise,

Note it is often the linear combinations of these maps,
e.g., the second map above minus the third map, that
have the most inutitive interpretations. Also note that
many of these maps occur naturally in other subgraph,
hypergraph and simplicial complex networks. The ad-
vantage of our formalism is in being to enumerate (and
efficiently implement) all possible equivariant maps.

6 Experimental Results

We validated our model on several molecular datasets
with one of the simplest possible realizations of the
P -tensors framework. The subgraphs are limited to
vertices, edges and cycles (of any length) and the order
of the corresponding neurons is either zero or one.

The interactions between vertices and edges can be
conceptualized as a classical MPNN: vertices transfer
to edges, then messages are passed back to vertices,
and vertices update from the incoming messages and
their previous state. In this interaction, we are also
able to get a partial update for the edges using the
information from the vertices. We similarly perform
interactions between edges and cycles, with two notable
distinctions: (1) since cycles are first order represen-
tations, we consider both internal linear maps when
updating them, as apposed to the single linear map
for vertex and edge updates; (2) We limit the edge-
cycle interactions to edges that are fully encapsulated
by cycles that they are interacting with. In some of
our models we also used cycle-cycle interactions. In
other respects, such as the placement of MLPs, etc.,
our model is similar to Cellular Isomorphism Networks
(CIN) (Bodnar et al., 2021a). For precise details, please
see the supplementary materials.

We report results on four molecular datasets that
are standard benchmarks in the literature: (1) The
full ZINC dataset of almost 250K organic molecules
(Sterling and Irwin, 2015; Gómez-Bombarelli et al.,
2018); (2) its more commonly used subset of just 12K
molecules; (3) the OGBG-MolHIV classification datatet
of 41K molecules Hu et al. (2020); (4) the TOX21
property prediction benchmark on 78311 molecules (Hu
et al., 2019). As baselines we use the best perform-
ing alternative algorithms from the literature of the
same class, in particular, not transformers and not
algorithms that exploit the 3D positions of atoms.

Remarkably, our P -tensors based equivariant message
passing algorithm is competitive with the best per-
forming algorithms one each dataset, and beats all the
other algorithms on ZINC 12K. We hypothesize that
this is a direct result of the algorithm’s greater expres-
sivity. Additional experimental data can be found in
the Supplementary Materials.

7 Conclusions

The P -tensors framework unifies and generalizes equiv-
ariant message passing across a range of subgraph
neural network models, as well as some other mod-
els, such as certain simplicial complex neural networks,
that are not based on subgraphs per se, but ultimately
still depend on the same equivariance constraints. The
experimental results suggest that even in the first order
case, the increased expressive power of our model helps
improve upon the permformance of other graph neural
networks on standard molecular benchmarks.

One of the advantages of our framework is that instead
of implementing all the different possible subgraph
interactions piecemeal, it makes it possible to write
software for higher order message passing as a generic
computational paradigm that is reusable across many
models. In ongoing work we are developing such a
software library.

[Hands, Sun & K, AISTATS 2024]
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Automorphism groups

The automorphism group  of a graph is the subgroup of permutations that 
leave the adjacency matrix fixed:

Aut(𝒢)
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� 2Aut(G)

We want the operations on each subgraph to be equivariant to the automorphism 
group of the subgraph.
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<latexit sha1_base64="R9hRAkmJj1XMBqoH6FDXZ4PdsSc=">AAACKHicbVHLTgIxFG3xhYgKutSYicTEFTODC10S3biExAESmJBO6UCl05m0HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T72IUaksawozG5tb2zvZ3dxefv/gsFA8asgwFpg4OGShaHlIEkY5cRRVjLQiQVDgMdL0hnep33wiQtKQP6hRRNwA9Tn1KUZKS42OGIRdu1soWWVrBmOd2AtSqp5O6j8vZ5NatwjznV6I44BwhRmSsm1bkXITJBTFjIxznViSCOEh6pO2phwFRLrJbN2xcaGVnuGHQj+ujJn6tyNBgZSjwNOVAVIDueql4n9eO1b+jZtQHsWKcDwf5MfMUKGR3m70qCBYsZEmCAuqdzXwAAmElU5oaYrpSC2ZgkpqMqTIsynSlJcOSyLdmn7RWOdnr6a1ThqVsn1VrtR1kLdgjiw4AefgEtjgGlTBPagBB2DwCF7BG3iHH/ATfsHpvDQDFz3HYAnw+xeX7qnt</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢3
<latexit sha1_base64="SsWX4KjmSnirnZ3Wzmdu4ZO9SgA=">AAACKHicbVHLTgIxFG3xhYgKutSYRmLiipmBhS6JblxC4gAJTEindKDaeaTtGMmEpXu3+gl+AZ/hzrB160/YARYCnqTJyTn35t576kacSWWaU5jZ2Nza3snu5vby+weHheJRU4axINQmIQ9F28WSchZQWzHFaTsSFPsupy338Tb1W09USBYG92oUUcfHg4B5jGClpWZXDMNetVcomWVzBrROrAUp1U4njZ+Xs0m9V4T5bj8ksU8DRTiWsmOZkXISLBQjnI5z3VjSCJNHPKAdTQPsU+kks3XH6EIrfeSFQr9AoZn6tyPBvpQj39WVPlZDueql4n9eJ1betZOwIIoVDch8kBdzpEKU3o76TFCi+EgTTATTuyIyxAITpRNammLYUkuGYJIZHCv6bIg05aXDkki3pl801vlZq2mtk2albFXLlYYO8gbMkQUn4BxcAgtcgRq4A3VgAwIewCt4A+/wA37CLzidl2bgoucYLAF+/wKbbKnv</latexit>

f in
<latexit sha1_base64="VtNAnij7/TK4VHxXFdOFNkHwwoA="></latexit>

⇢1
<latexit sha1_base64="R9hRAkmJj1XMBqoH6FDXZ4PdsSc=">AAACKHicbVHLTgIxFG3xhYgKutSYicTEFTODC10S3biExAESmJBO6UCl05m0HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T72IUaksawozG5tb2zvZ3dxefv/gsFA8asgwFpg4OGShaHlIEkY5cRRVjLQiQVDgMdL0hnep33wiQtKQP6hRRNwA9Tn1KUZKS42OGIRdu1soWWVrBmOd2AtSqp5O6j8vZ5NatwjznV6I44BwhRmSsm1bkXITJBTFjIxznViSCOEh6pO2phwFRLrJbN2xcaGVnuGHQj+ujJn6tyNBgZSjwNOVAVIDueql4n9eO1b+jZtQHsWKcDwf5MfMUKGR3m70qCBYsZEmCAuqdzXwAAmElU5oaYrpSC2ZgkpqMqTIsynSlJcOSyLdmn7RWOdnr6a1ThqVsn1VrtR1kLdgjiw4AefgEtjgGlTBPagBB2DwCF7BG3iHH/ATfsHpvDQDFz3HYAnw+xeX7qnt</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢3
<latexit sha1_base64="SsWX4KjmSnirnZ3Wzmdu4ZO9SgA=">AAACKHicbVHLTgIxFG3xhYgKutSYRmLiipmBhS6JblxC4gAJTEindKDaeaTtGMmEpXu3+gl+AZ/hzrB160/YARYCnqTJyTn35t576kacSWWaU5jZ2Nza3snu5vby+weHheJRU4axINQmIQ9F28WSchZQWzHFaTsSFPsupy338Tb1W09USBYG92oUUcfHg4B5jGClpWZXDMNetVcomWVzBrROrAUp1U4njZ+Xs0m9V4T5bj8ksU8DRTiWsmOZkXISLBQjnI5z3VjSCJNHPKAdTQPsU+kks3XH6EIrfeSFQr9AoZn6tyPBvpQj39WVPlZDueql4n9eJ1betZOwIIoVDch8kBdzpEKU3o76TFCi+EgTTATTuyIyxAITpRNammLYUkuGYJIZHCv6bIg05aXDkki3pl801vlZq2mtk2albFXLlYYO8gbMkQUn4BxcAgtcgRq4A3VgAwIewCt4A+/wA37CLzidl2bgoucYLAF+/wKbbKnv</latexit>

fout
<latexit sha1_base64="MlkhQSJk1t3NEEe1MbBe+cr1k4M="></latexit>

Learned equivariant 
linear transformation.

⇢1
<latexit sha1_base64="R9hRAkmJj1XMBqoH6FDXZ4PdsSc=">AAACKHicbVHLTgIxFG3xhYgKutSYicTEFTODC10S3biExAESmJBO6UCl05m0HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T72IUaksawozG5tb2zvZ3dxefv/gsFA8asgwFpg4OGShaHlIEkY5cRRVjLQiQVDgMdL0hnep33wiQtKQP6hRRNwA9Tn1KUZKS42OGIRdu1soWWVrBmOd2AtSqp5O6j8vZ5NatwjznV6I44BwhRmSsm1bkXITJBTFjIxznViSCOEh6pO2phwFRLrJbN2xcaGVnuGHQj+ujJn6tyNBgZSjwNOVAVIDueql4n9eO1b+jZtQHsWKcDwf5MfMUKGR3m70qCBYsZEmCAuqdzXwAAmElU5oaYrpSC2ZgkpqMqTIsynSlJcOSyLdmn7RWOdnr6a1ThqVsn1VrtR1kLdgjiw4AefgEtjgGlTBPagBB2DwCF7BG3iHH/ATfsHpvDQDFz3HYAnw+xeX7qnt</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢2
<latexit sha1_base64="ydXxl0gwdTN961w54UTVeCn00N4=">AAACKHicbVHLTgIxFO3gCxEVdKkxE4mJK2YGF7okunEJiQMkMCGd0oFKp520HSOZsHTvVj/BL+Az3Bm2bv0JO8BCwJM0OTnn3tx7T/2IEqlse2pkNja3tneyu7m9/P7BYaF41JA8Fgi7iFMuWj6UmBKGXUUUxa1IYBj6FDf94V3qN5+wkISzBzWKsBfCPiMBQVBpqdERA96tdAslu2zPYK4TZ0FK1dNJ/eflbFLrFo18p8dRHGKmEIVSth07Ul4ChSKI4nGuE0scQTSEfdzWlMEQSy+ZrTs2L7TSMwMu9GPKnKl/OxIYSjkKfV0ZQjWQq14q/ue1YxXceAlhUawwQ/NBQUxNxc30drNHBEaKjjSBSBC9q4kGUECkdEJLUyxXaskSRBKLQoWfLZGmvHRYEunW9IvGOj9nNa110qiUnatypa6DvAVzZMEJOAeXwAHXoAruQQ24AIFH8ArewLvxYXwaX8Z0XpoxFj3HYAnG9y+Zranu</latexit>

⇢3
<latexit sha1_base64="SsWX4KjmSnirnZ3Wzmdu4ZO9SgA=">AAACKHicbVHLTgIxFG3xhYgKutSYRmLiipmBhS6JblxC4gAJTEindKDaeaTtGMmEpXu3+gl+AZ/hzrB160/YARYCnqTJyTn35t576kacSWWaU5jZ2Nza3snu5vby+weHheJRU4axINQmIQ9F28WSchZQWzHFaTsSFPsupy338Tb1W09USBYG92oUUcfHg4B5jGClpWZXDMNetVcomWVzBrROrAUp1U4njZ+Xs0m9V4T5bj8ksU8DRTiWsmOZkXISLBQjnI5z3VjSCJNHPKAdTQPsU+kks3XH6EIrfeSFQr9AoZn6tyPBvpQj39WVPlZDueql4n9eJ1betZOwIIoVDch8kBdzpEKU3o76TFCi+EgTTATTuyIyxAITpRNammLYUkuGYJIZHCv6bIg05aXDkki3pl801vlZq2mtk2albFXLlYYO8gbMkQUn4BxcAgtcgRq4A3VgAwIewCt4A+/wA37CLzidl2bgoucYLAF+/wKbbKnv</latexit>

Fixed equivariant 
nonlinearity

fpre
<latexit sha1_base64="zxrmWZEDng7P35K5q9Oa/9AM/iw="></latexit>

?



Harmonic Analysis

Peter-Weyl Thm:  Any finite dimensional representation of a compact group  reduces 
into a direct sum of irreducible representation.

G

<latexit sha1_base64="M5gPmyfsiE9Shq7r8tDyOtIhBRs="></latexit>

V = V0 � V1 � . . . � Vk

<latexit sha1_base64="vjzZ+IlYHtVDbpgCNKpj+xfuEOI="></latexit>

U1
1 � U2

1 � . . .� U⌧(1)
1

Isotopic subspaces

Irreducible subspaces



Bare bones harmonic analysis

<latexit sha1_base64="M5gPmyfsiE9Shq7r8tDyOtIhBRs="></latexit>

V = V0 � V1 � . . . � Vk

Ultimately we only need some decomposition into invariant subspaces

not necessarily the finest. How about just using the eigenspaces of the Laplacian?

Letting  denote the projector onto the ’th eigenspace of  this gives (1st order case)Πi i L

<latexit sha1_base64="FXL+SmxqxTk4cmQabS/jzDR0Q+8="></latexit>

fout =
X

i

⇧>
i wi⇧if

in

Learnable weights

[Schur Nets, NeurIPS 2024]



where they get the resulting representation X 2 Rn⇥n that can be considered as a 2nd order tensor
representation on the original graph.

D Analysis of Schur layer

First of all, we notice that the equivariant map characterized in 1 (or 3) may not be the full set
of equivariant maps w.r.t. AutS . Because (1) In the decomposition of U = Rmk

to eigenspaces
U = U1 � . . . Ut, while Ui is stable subspaces, it might not be irreducible and finer decomposition
may be possible. In other words, there might be two irreps (isomorphic or not) corresponding to
the same eigenvalue. (2) The maps defined by 1 didn’t take into account the isomorphic subspaces
corresponding to the same type of irrep, thus ignored the possible equivariant maps between V i

j and
V i
j0 . So, it is of interest to find out how much the gap would be between our approach and the group

theoretical approach. We first look at some examples in the first-order case (see table 4).

Graph AutS
# of distinct Eigenvalues

(Schur Layer)

P
i(i)2

irreps approach
P

i i

6-cycle D6 4 4 4
5-cycle D5 3 3 3
4-cycle D4 3 3 3
3-cycle D3 2 2 2
5-star S4 3 5 3
4-star S3 3 5 3
3-path S2 3 5 3
n-cliques Sn 2 2 2

5-cycle
with one branch S2 6 20 6

6-cycle
with one branch S2 7 29 7

Table 4: Examples on EVD approach vs group theoretical approach towards # of equivariant maps
w.r.t. AutS . To calculate the decomposition of Rm into irreps, one can calculate i = (�|�i) where
� and �i is the character of the first-order action and ith irrep respectively, and (|) is inner product.
Another quick approach is to use �(�) =

P
k k�k(�) and look at some examples of � to determine

what the k should be.

We note that for cycles in the graph case, there’s no gap. However, when we add branches to the
cycle to make the automorphism group smaller, the multiplicities of the irreps increase, e.g., in
5-cycle with one branch case, S2 only have two 1-dimensional irreps: trivial and sign representation
of permutation, and the first-order action decompose to 4 copies of trivial and 2 copies of sign
representation, gives in total 4 ⇤ 4 + 2 ⇤ 2 = 20 possible equivariant maps. However, note that # of
irreps (counting multiplicities given by

P
i i) is equal to # of distinct eigenvalues, meaning that

each eigenspace corresponds to an irreducible subspace and the decomposition of Rm provided by
eigenspaces is indeed a decomposition to the irreps in all of the cases listed in the table. Therefore,
the multiplicities are the key reason for the gap between our EVD approach and the group theoretical
approach, since our EVD approach can’t capture the isomorphic property between subspaces. In
principle, it is possible to find out which eigenspace is isomorphic to which, but in our current
implementation, we didn’t take this into account because we found out that only considering cycles is
enough for a very good performance in the datasets we used.

Generally, it’s complicated to determine the gap between our EVD approach and the group theoretic
approach, especially in higher-order cases (where merely determining the i’s is tricky), so we leave
this into feature exploration.

E A brief overview about P-tensor framework

The P-tensor framework is a framework for linear equivariant maps w.r.t. Sn both between the same
subgraph and across different subgraphs. It is built on the equivariant maps characterized by [32].
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Summary

P-tensors are an abstraction that can
unify a wide range of graph, hypergraph and 
simplicial neural networks 
make it easy to construct domain specific networks 
tailored to particular types of substructures 
afford a unified efficient implementation on GPUs

• Attention 
• Generative models 
• Combine with spectral ideas 
• Incorporating local topology

Extensions:


