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What does quantum decoding have to do with 
optimization?

We are given an optimization problem.

Using a quantum Fourier transform we can reduce this to a quantum decoding 
problem.

Sometimes, this reduction is advantageous!

Plan: We will explore new ways to solve quantum decoding problems.

Goals: Improve upon current quantum state of the art, ideally by so much that 
we find new exponential quantum speedups.
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Example: max-XORSAT / Nearest Codeword Problem

nearest codeword:

find

If we can make a superposition over codewords 
close to v, we can find approximate solutions to 
the Nearest Codeword Problem.

Image credit: O. Regev



6
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A strategy

Make this:

Fourier Transform
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Image credit: O. Regev

Ok, but how do we make the initial state?

uncompute d
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Ok, but how do we make the initial state?

suppose

then our state is simply
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The Quantum Decoding Problem:

given find d

the quantum channel we wish to decode from is:
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The quantum channel we wish to decode from is:

If we measure in the computational basis, we recover the classical binary 
symmetric channel:

0

1

0

1

…we could then use classical 
decoding algorithms.
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Beyond the Classical Strategy

Measuring each bit in the computational basis is not 
information-theoretically optimal; the Shannon bound is lower than the 
Holevo bound.

Reaching the Shannon bound requires classical decoding algorithms with 
exponential runtime.

Truly optimal decoding requires entangled operations across the qubits. 
These may require exponentially many gates to implement.

But one can get surprisingly far using optimized unentangled 
measurements and polynomial-time classical postprocessing!



General Framework

for reducing optimization to quantum decoding



ProductSample: more natural than it appears

Given:

Sample:



ProductSample, Application 1

Given:

Let:
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Then implies



ProductSample, Application 1

If 𝜖 is small, then sampling from:

yields: close to

i.e. finds approximate solutions to the nearest 
codeword problem (= max-XORSAT):



ProductSample, Application 2
Let:

Can you see what problem this solves?



ProductSample, Application 2

Recall:

Let:

So, our samples come from:



ProductSample, Application 2

This is constrained max-XORSAT!

Our samples will come from:

According to:



ProductSample, Application 2

are the hard constraints.

are the soft constraints, in other words:

is the objective function.



ProductSample, Application 3

Given:

Let:



ProductSample, Application 3

Then uniformly samples from



ProductSample, Application 3

Finding an element of

is the Chen-Liu-Zhandry problem (SIS  )∞

Quantum computers efficiently solve this in a 
parameter regime where no efficient classical 
algorithm is known!



How can we solve ProductSample?

Convolution Theorem:

Image credit: O. RegevImage credit: O. Regev

FT



How can we solve ProductSample?

First, make:

and:

Our final goal is to make:



How can we solve ProductSample?

Next, apply quantum Fourier transforms, yielding:

and:

where:



How can we solve ProductSample?

Now we have:

Using reversible addition we get:



How can we solve ProductSample?

Now we have:

Recall, what we want is:

by convolution thm



How can we solve ProductSample?

Thus our last two tasks are:

1) to uncompute e

2) apply a Fourier transform



The Quantum Decoding Problem

For each codeword d, we have a coherent superposition 
over errors e. The probability of error on symbol i is:



The Quantum Decoding Problem

If we have a method that works on any given codeword, 
then by linearity it works on the superposition.

So, we can forget about superposition over the code.



The Quantum Decoding Problem

If we have a method that works using measurements 
we can always replace these with controlled operations.

So, we can forget about maintaining coherence.



The Quantum Decoding Problem

The classical strategy:

1) measure in the computational basis
2) use a classical decoding algorithm



The Quantum Decoding Problem

The classical strategy sometimes yields good results. 
See Yamakawa-Zhandry and DQI for OPI. But it is not 
optimal even information-theoretically.
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The Quantum Decoding Problem

Unentangled strategies:

1) Measure each symbol in some carefully chosen basis
2) Classically decode the results



The Quantum Decoding Problem

Unentangled strategies are also not optimal.

But they are simpler to think about than general quantum 
strategies.

They have already gotten some great results and led to 
promising research directions.

See talks by Mark Zhandry and Noah Shutty!



Key Papers



Quantum Advantage

We have neither NP-hardness nor query complexity lower 
bounds to rule out classical algorithms.

We just need to play cat and mouse.

Two key competitors:
Simulated annealing
Prange’s algorithm



Simulated Annealing

Simulated annealing is formidable
when the generator matrix of C
is sparse.



Prange’s Algorithm

Example: max-XORSAT

B
x v
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Example: max-XORSAT (n variables, m constraints)

B
x v

1) Pick n of the m constraints
2) Solve the resulting linear system

Result:

n constraints satisfied with certainty

(n-m) constraints each satisfied with prob. 1/2
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Prange’s Algorithm

Example: max-XORSAT (n variables, m constraints)

B
x v

1) Pick n of the m constraints
2) Solve the resulting linear system

Result:

n constraints satisfied with certainty

(n-m) constraints each satisfied with prob. 1/2

If you can beat SA & Prange 
you might be onto something!

Good Luck!


