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Group theory

Examples (groups)

@ symmetric group Sym(n)
@ the integers Z
@ general linear group GL,(K)

Multiplication table G x G — G Cayley graph: edge g — gs
E.g. G = Sym(3) e
\
a=() b=(12) c=(123)
d=(132) e=(13) f=(23) d
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Finitely presented groups

Definition

The group generated by A with relations R C F(A) = (AU A"Y)*/~is
(A|R) :=F(A)/{(R)). Itis finitely presented if A and R are finite.

72>~ {(a,b|a"tblab), Z/5=(t|t)

Theorem (Novikov—Boone)

There exist finitely presented groups with undecidable word problem.
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Semidecidable problems

Many group-theoretical questions are (often obviously) semidecidable but
not decidable:

e word problem (Novikov—Boone)
@ does the group have a non-trivial finite quotient? (Bridson-Wilton)
@ is the group abelian?

Some problems are semidecidable given an oracle for the word problem:

@ does the group have non-trivial torsion?
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Group rings

Definition
Let G be a group and K be a field. The group ring K[G] is the ring

{Zagg‘age K,g € G}

of finite formal K-linear sums with multiplication

(Z agg) . (Z bhh) = Z agbp)(gh) = chk

where ¢, = 3,y 3gbp.

If G =7 = (t|) then K[G] = K[t, t"!], the ring of Laurent polynomials.

Noether: K[G]-modules < reps of G on K-vector spaces
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Group ring arithmetic

In F2[Z/5], have (1 + t+ t*)(1 + t2 + t3) = 1.

If g € G has finite order n > 2 (i.e. is non-trivial torsion) then
(1-g)(l+g+---+g")=1-g"=0and 1— g is a zero divisor.

Giles Gardam (University of Bonn) Solving semidecidable problems 8 April 2025 6/18



Kaplansky conjectures

A group is torsion-free if it has no non-trivial torsion, e.g.

e mi(aspherical manifold)

o finitely generated subgroups of GL,(C) (up to finite index)

The Kaplansky conjectures (Higman 1940, Kaplansky 1950s+)

Let G be a torsion-free group and let K be a field. Then K[G] has

@ no non-trivial units, i.e. xy =yx =1 — x=kg, ke K\{0},g€ G
@ no non-zero zero divisors, i.e. xy =0 = x=0o0ry =0

@ no non-trivial idempotents, i.e. x> =x = x=0o0r 1

Unit conjecture for G = Z = (t| ): consider highest and lowest powers of t.
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Conjectures everywhere

For each K[G], G torsion-free:

Atiyah Baum-Connes or .
: sofic
conjecture Farrell-Jones
b ke
unit zero divisor idempotent direct
conjecture conjecture conjecture finiteness

Direct finiteness conjecture

Let G be any group (possibly with torsion) and K be a field. Then K[G] is
directly finiteie. xy =1 — yx =1.
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The unit conjecture is false

Theorem (G. 2021)

Let P be the torsion-free group (a, b| b=1a?ba?, a~b%ab?) and set
x=a’,y = b% z = (ab)?. Set

p=1+x)1+y)1+z") g=xlylextylztz
r=14+x+y lz+xyz s=1+(x+x1+y+yHz 1

Then p + ga+ rb+ sab is a non-trivial unit in the group ring F>[P].

& verified in Lean (Gadgil-Tadipatri, 2022)

P is very tame: it has an index-4 subgroup isomorphic to Z3, satisfies all the
other conjectures.

In fact, C[P] also has non-trivial units (G. 2023).
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Equations

Elements of K[G] have finite support in G.

Given finite sets A, B C G, the set of solutions to xy = 1 with
supp(x) C A, supp(y) C B is just the set of solutions of a system of |AB|
polynomial (in fact quadratic) equations in |A| + | B| variables.

For G = Z = (t), the equation (ag + a1t + axt?)(bg + b1t + bat?) =1 is
equivalent to

aoby =1

agb1 +aibp =0

aobo + aib1 + a2bp =0
aibo +axby =0

arby
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Kaplansky is co-semidecidable

Observation

Given a torsion-free group G and an oracle for the word problem, G being a
counterexample to the unit conjecture is semidecidable.

WLOG K has positive characteristic p

@ exhaust the group by finite candidate support sets By, By, ...
@ enumerate pairs (B;, p)

@ for each pair, solve polynomial system for xy = 1 with
supp(x),supp(y) C B; by Grobner basis computation over I,
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Theory vs practice

In practice, the system has ~200 variables and ~600 equations.

Grobner basis computation is doubly exponentiall

For simplicity, let's stick to 5. Deciding solvability of our polynomial system
given the partial multiplication table A x B — G is in NP... and we can
solve it by reducing to SAT.
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Boolean satisfiability (SAT)

SAT was the first NP-complete problem (Cook-Levin, early 1970's). It asks:

Given a Boolean formula in propositional logic, is there an assignment of its
variables to true and false that makes the formula evaluate to true, i.e.
that satisfies the formula?

SAT solvers expect input in conjunctive normal form, a “big AND of ORs",
e.g.
(xVY)ANKXVyVz)A(yVZz).
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SAT encoding of Kaplansky

Want xy = 1 supported on B; in F5[G].

Let n = [B;|; have 2n variables for x =3, g agg and y =3, g bgg.

Assert non-triviality with the clauses
ap and \/ ag.
g€Bi\{1}

2 o o ;
variables x; j 1= ag - by, via

Introduce n

(Xg.nVag) A (XgnV bp) A (3gV by V xgp), ie.,
(Xg7/7 — ag) VAN (ngh — bh) AN ((ag VAN bh) — Xth) .

Each equation Zgh:k Xg.h = 01,k is asserted by breaking it up into smaller
sums, introducing auxiliary variables, with each atomic equation asserted

exhaustively, for instance x + y + z = 0 being

(XVYVZ)A(XVyVzZ)A(xVYyVz)A(xVyVZ).
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Hindsight

The counterexample can be found by a modern SAT solver in a matter of
minutes or hours.

Why does this work? (speculation)
@ natural encoding
@ many equations are short
@ combinatorial flavour
@ solver reasons about solutions rather than equations

@ solver doesn't care about solution support size
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Unique product property

One weird trick to prove the unit conjecture:

Definition

A group G has the unique product property if for all non-empty finite
subsets A, B C G there exists u € G such that u = r - s for a unique pair
(r,s) e Ax B.

UPP — zero divisor conjecture:

(D 28)(D_ buh) = arbs-u+ Y (aghn)(gh)

gEA heB gh#u

Strojnowski: you get a second unique product for free, so unit conjecture
follows too.
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Big problems

Mild groups previously known not to have the unique product property all
satisfy the zero divisor conjecture. Using some preprocessing, | could show:

The torsion-free group (a, b| aba®b~1a?b~2, ab3ab*a=1b) does not have
the unique product property.

The SAT problem has millions of variables.

i

i B DAY heud o

Giles Gardam (University of Bonn) Solving semidecidable problems 8 April 2025 17 /18



Final thoughts

@ There is more to do with the Kaplansky conjectures
@ SAT solvers cut through superficial difficulty

@ SAT solving is fun
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