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Contrastive Learning 

Unsupervised way to learn representations

Built on a simple idea: 
- Pairs of points : For every point, we are given a “partner” point

- Partner may be same modality, or a different modality 

- Contrastive Loss : Embedding of a point should be close to its 
     “partner” while being far from everything else



Contrastive Learning 

Unsupervised way to learn representations

Built on a simple idea: 
- Pairs of points : For every point, we are given a “partner” point

- Partner may be same modality, or a different modality 

- Contrastive Loss : Embedding of a point should be close to its 
     “partner” while being far from everything else

Common recent theme:

Train (very large) models on a (very large) corpus of unsupervised data using 
contrastive loss

Fine-tune / further train / adapt this model to downstream task (e.g. classification)

The simple idea works, often zero-shot, often with no knowledge of the 
downstream task



Contrastive Learning

Example 1:

SimCLR 
[Chen et. al., 2020]

Partners from
(natural image 
specific)
augmentations
like cropping, rotation
Etc.

Trunk model trained using SimCLR + last layer fine-tuned on imagenet-1k

beat previous state of the art (and fully supervised training) by 7% in accuracy



Contrastive Learning

Example 2: 
Dense Passage Retrieval (DPR)
[Karpukhin et. al]

Example 3: 
CLIP  [Radford et. al.]

multimodal“multimodal”



Contrastive Losses: InfoNCE

Data is              pairs 

Point and its partner are close

Point is far from random other point

Linear case:
<latexit sha1_base64="nKqzp6STS5XE3jBYcCa+sd0lXk4=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsquSPUiVL14rGA/pC0lm2bb0CS7JFlpWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMPD/iTBvX/XYyK6tr6xvZzdzW9s7uXn7/oK7DWBFaIyEPVdPHmnImac0ww2kzUhQLn9OGP7yd+o0nqjQL5YMZR7QjcF+ygBFsrPQYFEen6Apdj7r5gltyZ0DLxEtJAVJUu/mvdi8ksaDSEI61bnluZDoJVoYRTie5dqxphMkQ92nLUokF1Z1kdvAEnVilh4JQ2ZIGzdTfEwkWWo+FbzsFNgO96E3F/7xWbILLTsJkFBsqyXxREHNkQjT9HvWYosTwsSWYKGZvRWSAFSbGZpSzIXiLLy+T+lnJK5fK9+eFyk0aRxaO4BiK4MEFVOAOqlADAgKe4RXeHOW8OO/Ox7w146Qzh/AHzucPBj+PRA==</latexit>

f(x) = Ax

<latexit sha1_base64="v7fLQTrWeqxiVexKEkBQ/2PgewY="></latexit>

min
f

→ Ex

[
log

(
exp(f(x)T f(x̂))

Ey[exp(f(x)T f(y))]

)]

<latexit sha1_base64="AyE4gkufQ0YR4Mvm+rwkj+XZYlk=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQQcquSPVY9OKxgv2A7VKyadqGZpMlmZWWpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMC2PBDbjut5NbW9/Y3MpvF3Z29/YPiodHTaMSTVmDKqF0OySGCS5ZAzgI1o41I1EoWCsc3c381hPThiv5CJOYBREZSN7nlICV/PL4ojMkkI6n591iya24c+BV4mWkhDLUu8WvTk/RJGISqCDG+J4bQ5ASDZwKNi10EsNiQkdkwHxLJYmYCdL5yVN8ZpUe7ittSwKeq78nUhIZM4lC2xkRGJplbyb+5/kJ9G+ClMs4ASbpYlE/ERgUnv2Pe1wzCmJiCaGa21sxHRJNKNiUCjYEb/nlVdK8rHjVSvXhqlS7zeLIoxN0isrIQ9eohu5RHTUQRQo9o1f05oDz4rw7H4vWnJPNHKM/cD5/AMU9kPE=</latexit>

(x, x̂)



Contrastive Losses: CLIP

Data is                   pairs 
<latexit sha1_base64="fNQjkBm75bYEGDNmNPbHizzsQDE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BItQQUoiUj0WvXis0C9pQ9hsN+3S3U3Y3UhL6K/w4kERr/4cb/4bt20O2vpg4PHeDDPzgphRpR3n28qtrW9sbuW3Czu7e/sHxcOjlooSiUkTRyySnQApwqggTU01I51YEsQDRtrB6G7mt5+IVDQSDT2JicfRQNCQYqSN9Fge+62Lsd8494slp+LMYa8SNyMlyFD3i1+9foQTToTGDCnVdZ1YeymSmmJGpoVeokiM8AgNSNdQgThRXjo/eGqfGaVvh5E0JbQ9V39PpIgrNeGB6eRID9WyNxP/87qJDm+8lIo40UTgxaIwYbaO7Nn3dp9KgjWbGIKwpOZWGw+RRFibjAomBHf55VXSuqy41Ur14apUu83iyMMJnEIZXLiGGtxDHZqAgcMzvMKbJa0X6936WLTmrGzmGP7A+vwBsfyPtA==</latexit>

(xV , xT )

<latexit sha1_base64="yTlrMm/Udb3Bk4Dxfvv5McnFaUs="></latexit>

min
fV ,fT

→ Ex

[
log

(
exp(fV (xV )T fT (xT ))

Ey[exp(fV (xV )T fT (yT ))]

)]

<latexit sha1_base64="OURXQwPvYiUGYwS2u0RsXsTP0tI="></latexit>

→Ex

[
log

(
exp(fV (xV )T fT (xT ))

Ey[exp(fT (xT )T fV (yV ))]

)]

Linear case:
<latexit sha1_base64="B+wC9gX/bWx3WTT5MVllAIijLU4=">AAAB+3icbZDLSsNAFIZP6q3WW6xLN4NFqJuSiFQ3QtWNywo2LbQhTKaTdujkwsxEWkJfxY0LRdz6Iu58G6dtFtr6w8DHf87hnPn9hDOpLOvbKKytb2xuFbdLO7t7+wfmYdmRcSoIbZGYx6LjY0k5i2hLMcVpJxEUhz6nbX90N6u3n6iQLI4e1SShbogHEQsYwUpbnlkOPKc69pwzdI1uPAdp9MyKVbPmQqtg51CBXE3P/Or1Y5KGNFKEYym7tpUoN8NCMcLptNRLJU0wGeEB7WqMcEilm81vn6JT7fRREAv9IoXm7u+JDIdSTkJfd4ZYDeVybWb+V+umKrhyMxYlqaIRWSwKUo5UjGZBoD4TlCg+0YCJYPpWRIZYYKJ0XCUdgr385VVwzmt2vVZ/uKg0bvM4inAMJ1AFGy6hAffQhBYQGMMzvMKbMTVejHfjY9FaMPKZI/gj4/MHadKSww==</latexit>

fV (xV ) = AV xV
<latexit sha1_base64="Tgm3LH6Ua/EKuNbHAllh5KRFabc=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIdVMSkepGqLpxWSG9QBvCZDpph04uzEykJfRV3LhQxK0v4s63cdpmoa0/DHz85xzOmd9POJPKsr6NtfWNza3twk5xd2//4NA8KrVknApCmyTmsej4WFLOItpUTHHaSQTFoc9p2x/dz+rtJyokiyNHTRLqhngQsYARrLTlmaXAcypjzzlHN+jWc5BGzyxbVWsutAp2DmXI1fDMr14/JmlII0U4lrJrW4lyMywUI5xOi71U0gSTER7QrsYIh1S62fz2KTrTTh8FsdAvUmju/p7IcCjlJPR1Z4jVUC7XZuZ/tW6qgms3Y1GSKhqRxaIg5UjFaBYE6jNBieITDZgIpm9FZIgFJkrHVdQh2MtfXoXWRdWuVWuPl+X6XR5HAU7gFCpgwxXU4QEa0AQCY3iGV3gzpsaL8W58LFrXjHzmGP7I+PwBXXaSuw==</latexit>

fT (xT ) = ATxT

Point and its (other modality) partner are close

Point is far from random other point (in other modality)



Understanding Contrastive Learning

Why does the simple idea of contrastive learning, using pairs of points, work so well 
in learning representations …. ?

i.e. what is so special about the “partner points” that makes this idea powerful ?

To get some insight, we study contrastive learning in a simple context:

 Linear representation learning for Gaussian Mixtures Models 

Part 1: Gaussian Mixture Models (for InfoNCE-style losses)

Part 2: “Multi-modal” Gaussian Mixture Models (for CLIP style losses)



Part 1: Gaussian Mixture Models
  (Single modality)

       (and InfoNCE loss)



Background: Gaussian Mixture Models (GMMs)

• Gaussian Mixture Model : 

Spherical GMMs 
      Identity Covariance

<latexit sha1_base64="X6VHusVQc1fgsCJdp10dF9U2AlY="></latexit>

F =
X

k2[K]

wkN (µk,⌃k)

<latexit sha1_base64="ArR6qwzgGzdf5OIGv6coBF88Ri0="></latexit>

F =
X

k2[K]

wkN (µk, I)

<latexit sha1_base64="amiSYcvMmEQfDJIPdjk0AFpj9bE="></latexit>

F =
X

k2[K]

wkN (µk,⌃)

Shared Covariance GMMs



Task: Find a projection

so that the projected components are better separated than they were 
originally

… so that subsequent tasks (e.g. k-means clustering, nearest neighbors, 
classification etc.) become easier …

A rudimentary form of “representation learning”

Classical approach: find the top-r SVD-subspace of data matrix

Linear Representations for GMMs

<latexit sha1_base64="k1m5ltKluqocZJtTrMHsLxjK4M8=">AAACK3icbVDJTsMwFHTKVsoW4MjFokLiVCUIFY5VEYhjkbpJTYgcx2mtOotsB1FF+R8u/AoHOLCIK/+B0+ZAW55keTzznvxm3JhRIQ3jUyutrK6tb5Q3K1vbO7t7+v5BV0QJx6SDIxbxvosEYTQkHUklI/2YExS4jPTc8VWu9x4IFzQK23ISEztAw5D6FCOpKEdvWgGSI9dNrzMntdyIeWISqCt9zKAlaABvssE8Pf+6b9uOXjVqxrTgMjALUAVFtRz91fIinAQklJghIQamEUs7RVxSzEhWsRJBYoTHaEgGCoYoIMJOp14zeKIYD/oRVyeUcMr+nUhRIPLtVGfuTCxqOfmfNkikf2mnNIwTSUI8+8hPGJQRzIODHuUESzZRAGFO1a4QjxBHWKp4KyoEc9HyMuie1cx6rX53Xm00izjK4Agcg1NgggvQALegBToAgyfwAt7Bh/asvWlf2vestaQVM4dgrrSfX24ZqkY=</latexit>

Ex⇠F [xx
T ]

<latexit sha1_base64="LApvb89xPJd7h69qap+qgRJV8nk=">AAACBXicbVBNS8NAEJ34WetX1aMeFovgqSQi1WPVi8cq9gOaWDabTbt0swm7G6GEXrz4V7x4UMSr/8Gb/8Ztm4O2Phh4vDfDzDw/4Uxp2/62FhaXlldWC2vF9Y3Nre3Szm5TxakktEFiHsu2jxXlTNCGZprTdiIpjnxOW/7gauy3HqhULBZ3ephQL8I9wUJGsDZSt3RwgVwmkBth3ff97HZ0nwWuZhFVSI66pbJdsSdA88TJSRly1LulLzeISRpRoQnHSnUcO9FehqVmhNNR0U0VTTAZ4B7tGCqw2eNlky9G6MgoAQpjaUpoNFF/T2Q4UmoY+aZzfK2a9cbif14n1eG5lzGRpJoKMl0UphzpGI0jQQGTlGg+NAQTycytiPSxxESb4IomBGf25XnSPKk41Ur15rRcu8zjKMA+HMIxOHAGNbiGOjSAwCM8wyu8WU/Wi/VufUxbF6x8Zg/+wPr8ASGgmGA=</latexit>

A → Rd→r

“Spectral methods”



Spectral Clustering
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Example: two isotropic  clusters in       , projected down toR50 R2

Random 2-d subspace First two singular vectors



Linear Representations for GMMs

<latexit sha1_base64="DMTBzwxwzum9060rf3Whs5gp2aM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiMxDwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUI05i7od0qMRAMIpWatV7ab15N+0VS27ZnYOsEi8jJchQ6xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvCh7lXLl4bJUvcniyMMJnMI5eHAFVbiHGjSAwRie4RXenNh5cd6dj0VrzslmjuEPnM8fBiqPYg==</latexit>

SSV D

<latexit sha1_base64="DMTBzwxwzum9060rf3Whs5gp2aM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiMxDwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUI05i7od0qMRAMIpWatV7ab15N+0VS27ZnYOsEi8jJchQ6xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvCh7lXLl4bJUvcniyMMJnMI5eHAFVbiHGjSAwRie4RXenNh5cd6dj0VrzslmjuEPnM8fBiqPYg==</latexit>

SSV D

Spherical “Parallel 
Pancakes”

<latexit sha1_base64="8heamkcrggoO8TgHH6vpr6DYMno="></latexit>

max
A

Tr

[
AT

(
∑

k

wk(!k + µkµ
T
k )

)
A

]

Works really well
Works really poorly

Reason: SVD-based approach is equivalent to:



Background: Fisher Discriminant

• Intuitive characterization of a “good” projection subspace 
– Low intra-component variance
– High inter-component variance

• Fisher Discriminant formalizes this notion for projection matrix A

<latexit sha1_base64="6ipLJs5D4zaLWspncdmDC1eVm+s="></latexit>

J(A) = Tr

 
AT (

X

k

wk⌃k)A

��1
AT (

X

k

wkµkµ
T
k )A

�!

Inter-cluster 
covariance

Across cluster
covariance



Background: Fisher Subspace

• Minimal Optimal Subspace w.r.t. Fisher Discriminant 

<latexit sha1_base64="bd4U8a0GAOrZ0t4tuMGIt+NVmlo="></latexit>

SF = Span{⌃̄�1
µ1, ⌃̄

�1
µ2, . . . , ⌃̄

�1
µK}

<latexit sha1_base64="FxRZ6e66XMSPDzPIn1ayH1R/yEw="></latexit>

where ⌃̄ =
X

wk⌃k

<latexit sha1_base64="6Gus1vs7y2hRz1vEWGPfOC0WCjs=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgQsqMSHVZVMRlpfYB7TBk0rQNTTJDkhGGof6KGxeKuPVD3Pk3ZtpZaOuBcA/n3Mu9OUHEqNKO820VVlbX1jeKm6Wt7Z3dPXv/oK3CWGLSwiELZTdAijAqSEtTzUg3kgTxgJFOMLnO/M4jkYqG4kEnEfE4Ggk6pBhpI/l2uemnfR5PT01ttm+yeuvbFafqzACXiZuTCsjR8O2v/iDEMSdCY4aU6rlOpL0USU0xI9NSP1YkQniCRqRnqECcKC+dHT+Fx0YZwGEozRMaztTfEyniSiU8MJ0c6bFa9DLxP68X6+Gll1IRxZoIPF80jBnUIcySgAMqCdYsMQRhSc2tEI+RRFibvEomBHfxy8ukfVZ1a9Xa/XmlfpXHUQSH4AicABdcgDq4Aw3QAhgk4Bm8gjfryXqx3q2PeWvBymfK4A+szx/YPJRD</latexit>

Sµ, SSV D, SF
<latexit sha1_base64="2lhxeqGjVD48cNygVcUlXMPD6qY=">AAAB8nicbVBNSwMxEJ31s9avqkcvwSJ4kLIrUj0WBfFYqf2A7VKyabYNTTZLkhXK0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut7Oyura+sVnYKm7v7O7tlw4OW1qmitAmkVyqTog15SymTcMMp51EUSxCTtvh6Hbqt5+o0kzGj2ac0EDgQcwiRrCxkt/oZV2RTs4bvbteqexW3BnQMvFyUoYc9V7pq9uXJBU0NoRjrX3PTUyQYWUY4XRS7KaaJpiM8ID6lsZYUB1ks5Mn6NQqfRRJZSs2aKb+nsiw0HosQtspsBnqRW8q/uf5qYmug4zFSWpoTOaLopQjI9H0f9RnihLDx5Zgopi9FZEhVpgYm1LRhuAtvrxMWhcVr1qpPlyWazd5HAU4hhM4Aw+uoAb3UIcmEJDwDK/w5hjnxXl3PuatK04+cwR/4Hz+AN0LkP8=</latexit>

Sµ, SF

<latexit sha1_base64="DMTBzwxwzum9060rf3Whs5gp2aM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiMxDwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUI05i7od0qMRAMIpWatV7ab15N+0VS27ZnYOsEi8jJchQ6xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvCh7lXLl4bJUvcniyMMJnMI5eHAFVbiHGjSAwRie4RXenNh5cd6dj0VrzslmjuEPnM8fBiqPYg==</latexit>

SSV D

<latexit sha1_base64="ZBFceGs1Iokk1pVpTWwp9JoUWaA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiIB4rmrbQhrLZbtulm03YnQgl9Dd48aCIV3+QN/+N2zYHrT4YeLw3w8y8MJHCoOt+OYWV1bX1jeJmaWt7Z3evvH/QNHGqGfdZLGPdDqnhUijuo0DJ24nmNAolb4Xj65nfeuTaiFg94CThQUSHSgwEo2gl/76X3Ux75Ypbdecgf4mXkwrkaPTKn91+zNKIK2SSGtPx3ASDjGoUTPJpqZsanlA2pkPesVTRiJsgmx87JSdW6ZNBrG0pJHP150RGI2MmUWg7I4ojs+zNxP+8ToqDyyATKkmRK7ZYNEglwZjMPid9oTlDObGEMi3srYSNqKYMbT4lG4K3/PJf0jyrerVq7e68Ur/K4yjCERzDKXhwAXW4hQb4wEDAE7zAq6OcZ+fNeV+0Fpx85hB+wfn4BrsZjqc=</latexit>

SF

<latexit sha1_base64="aWIlLidYq1GryugIx+9qEj0JpFo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BLx4jmgckS5idzCZDZmaXeQhhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFKWfa+P63V1hb39jcKm6Xdnb39g/Kh0ctnVhFaJMkPFGdCGvKmaRNwwynnVRRLCJO29H4dua3n6jSLJGPZpLSUOChZDEj2Dip/dDPesJO++WKX/XnQKskyEkFcjT65a/eICFWUGkIx1p3Az81YYaVYYTTaalnNU0xGeMh7ToqsaA6zObnTtGZUwYoTpQradBc/T2RYaH1RESuU2Az0sveTPzP61oTX4cZk6k1VJLFothyZBI0+x0NmKLE8IkjmCjmbkVkhBUmxiVUciEEyy+vktZFNahVa/eXlfpNHkcRTuAUziGAK6jDHTSgCQTG8Ayv8Oal3ov37n0sWgtePnMMf+B9/gCBaI+z</latexit>

Sµ

<latexit sha1_base64="DMTBzwxwzum9060rf3Whs5gp2aM=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiMxDwgWcLsZJIMmZ1dZnqFsOQjvHhQxKvf482/cZLsQRMLGoqqbrq7glgKg6777eTW1jc2t/LbhZ3dvf2D4uFR00SJZrzBIhnpdkANl0LxBgqUvB1rTsNA8lYwvp35rSeujYjUI05i7od0qMRAMIpWatV7ab15N+0VS27ZnYOsEi8jJchQ6xW/uv2IJSFXyCQ1puO5Mfop1SiY5NNCNzE8pmxMh7xjqaIhN346P3dKzqzSJ4NI21JI5urviZSGxkzCwHaGFEdm2ZuJ/3mdBAfXfipUnCBXbLFokEiCEZn9TvpCc4ZyYgllWthbCRtRTRnahAo2BG/55VXSvCh7lXLl4bJUvcniyMMJnMI5eHAFVbiHGjSAwRie4RXenNh5cd6dj0VrzslmjuEPnM8fBiqPYg==</latexit>

SSV D

<latexit sha1_base64="/ZQ4uhoe3Iq6UJWOmtxEGU1Fltc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI97xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjD2NVQ==</latexit>

(a)
<latexit sha1_base64="yaE0A6BiX3P/IX8my1C+yNhqcO4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlh3Jw3iuW3Io7B1klXkZKkKHeK351+zFLI5SGCap1x3MT40+oMpwJnBa6qcaEshEdYMdSSSPU/mR+6pScWaVPwljZkobM1d8TExppPY4C2xlRM9TL3kz8z+ukJrz2J1wmqUHJFovCVBATk9nfpM8VMiPGllCmuL2VsCFVlBmbTsGG4C2/vEqaFxWvWqneX5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNEc6L8+58LFpzTjZzDH/gfP4AjcKNVg==</latexit>

(b)
<latexit sha1_base64="fuaK+lzswX/n1m5gphIpxwzqzr8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNi4pXrVTvL0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Aj0eNVw==</latexit>

(c)



Our Work

We study the use of contrastive learning for finding projections for GMMs

 - Needs a new notion of “augmentations” in GMMs

Shows optimality of contrastive learning
– Using contrastive loss, we can learn the fisher subspace for class of 

shared covariance matrices, i.e., example (b),(c) in previous slide



Augmentations in GMMs

Define a new distribution for pairs of points

<latexit sha1_base64="IyzyDvCU1zo0EXG2Bvs+DmRLhlk="></latexit>

F̂ =�
X

k2[K]

wk

✓
N (µk,⌃k)⇥N (µk,⌃k)

◆

+(1� �)

✓ X

k2[K]

wkN (µk,⌃k)⇥
X

k02[K]

wk0N (µk0 ,⌃k0)

◆

denote augmentation pairs

Both points from same component with prob
<latexit sha1_base64="MDgEFHG+rOA0wuw3Whqt17tGLDE=">AAAB/HicbVBNS8NAEN3Ur1q/oj16WSyCp5KIVI9FLx4r2FpoQtlspu3SzSbsboQQ6l/x4kERr/4Qb/4bt2kO2vpg4PHezM7OCxLOlHacb6uytr6xuVXdru3s7u0f2IdHPRWnkkKXxjyW/YAo4ExAVzPNoZ9IIFHA4SGY3sz9h0eQisXiXmcJ+BEZCzZilGgjDe26V7yRBzyFGfZC4JoM7YbTdArgVeKWpIFKdIb2lxfGNI1AaMqJUgPXSbSfE6kZ5TCreamChNApGcPAUEEiUH5eLJ7hU6OEeBRLU0LjQv09kZNIqSwKTGdE9EQte3PxP2+Q6tGVnzORpBoEXSwapRzrGM+TwCGTQDXPDCFUMvNXTCdEEqpNXjUTgrt88irpnTfdVrN1d9FoX5dxVNExOkFnyEWXqI1uUQd1EUUZekav6M16sl6sd+tj0Vqxypk6+gPr8wcb35UV</latexit>

ω

Both points unrelated with prob
<latexit sha1_base64="5gWhMHDfFSGkxG+bckG33EyR4eE=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCG0siUl0W3bisYB/QhDKZ3LZDJ5MwMxFK7MJfceNCEbf+hjv/xmmahbYeuHA45965c0+QcKa043xbS8srq2vrpY3y5tb2zq69t99ScSopNGnMY9kJiALOBDQ10xw6iQQSBRzawehm6rcfQCoWi3s9TsCPyECwPqNEG6lnH3r5G5mEcIJdfIa9ELgmPbviVJ0ceJG4BamgAo2e/eWFMU0jEJpyolTXdRLtZ0RqRjlMyl6qICF0RAbQNVSQCJSf5bsn+MQoIe7H0pTQOFd/T2QkUmocBaYzInqo5r2p+J/XTXX/ys+YSFINgs4W9VOOdYynYeCQSaCajw0hVDLzV0yHRBKqTWRlE4I7f/IiaZ1X3Vq1dndRqV8XcZTQETpGp8hFl6iOblEDNRFFj+gZvaI368l6sd6tj1nrklXMHKA/sD5/AOYClWQ=</latexit>

1→ ω



Result for Single Modality GMMs 

Minimizing the InfoNCE loss leads to embeddings of points lying EXACTLY in 
the fisher subspace for shared covariance gaussians 

<latexit sha1_base64="7eqQdfE5Ibm/0HGaz/juyd1650Q="></latexit>

Theorem 0.1 Suppose F parameterized by {wk,µk,⌃}k2[K] be a shared co-

variance gaussian mixture model and F̂ be its augmentation-distribution with
bias �. Let SF be the fisher subspace of F and A⇤ be the optimal solution of the
InfoNCE loss :

A⇤ = argmin
A2Rd⇥r

L(A)

Then given r � K, Col(A⇤) ✓ SF . Moreover if � = 1, then Col(A⇤) = SF .

(we do not actually have a counter-example of it NOT working if               )
<latexit sha1_base64="Wpxi5WC6WHsuq9KQI1HGTEUd9+k=">AAAB8XicbVA9SwNBEN2LXzF+RS1tFoNgFe5EooVF0MYygvnA5Ah7e3PJkr29Y3dOCCH/wsZCEVv/jZ3/xk1yhUYfDDzem2FmXpBKYdB1v5zCyura+kZxs7S1vbO7V94/aJkk0xyaPJGJ7gTMgBQKmihQQifVwOJAQjsY3cz89iNoIxJ1j+MU/JgNlIgEZ2ilh14IEhm9ol6/XHGr7hz0L/FyUiE5Gv3yZy9MeBaDQi6ZMV3PTdGfMI2CS5iWepmBlPERG0DXUsViMP5kfvGUnlglpFGibSmkc/XnxITFxozjwHbGDIdm2ZuJ/3ndDKNLfyJUmiEovlgUZZJiQmfv01Bo4CjHljCuhb2V8iHTjKMNqWRD8JZf/ktaZ1WvVq3dnVfq13kcRXJEjskp8cgFqZNb0iBNwokiT+SFvDrGeXbenPdFa8HJZw7JLzgf3znEj/w=</latexit>

ω < 1



Part 2: Multimodal Gaussian Mixture Models

  (and CLIP loss)



Paired Gaussian Mixture Model
<latexit sha1_base64="U+YAltPm7po0H+ehnDljOQ22IzE=">AAACAnicbVBNS8NAEN34WetX1JN4WSyCp5KIVI9FLx6r2LTQxLDZbNqlm03Y3YglFC/+FS8eFPHqr/Dmv3HT5qCtDwYe780wMy9IGZXKsr6NhcWl5ZXVylp1fWNza9vc2XVkkglM2jhhiegGSBJGOWkrqhjppoKgOGCkEwwvC79zT4SkCb9Vo5R4MepzGlGMlJZ8c//Bd6BLOXRjpAZBkN+M7/LQd8bQN2tW3ZoAzhO7JDVQouWbX26Y4CwmXGGGpOzZVqq8HAlFMSPjqptJkiI8RH3S05SjmEgvn7wwhkdaCWGUCF1cwYn6eyJHsZSjONCdxaFy1ivE/7xepqJzL6c8zRTheLooyhhUCSzygCEVBCs20gRhQfWtEA+QQFjp1Ko6BHv25XninNTtRr1xfVprXpRxVMABOATHwAZnoAmuQAu0AQaP4Bm8gjfjyXgx3o2PaeuCUc7sgT8wPn8AnJqW8w==</latexit>

xV → RdV

<latexit sha1_base64="WeQrpGdP/wDIGe3i3h5FDzaTHzY=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURqS6LblxW6QuaGCaTSTt0MgkzE7GE4MZfceNCEbd+hTv/xknbhbYeuHA4517uvcdPGJXKsr6N0tLyyupaeb2ysbm1vWPu7nVknApM2jhmsej5SBJGOWkrqhjpJYKgyGek64+uCr97T4SkMW+pcULcCA04DSlGSkueefDgtaBDOXQipIa+n93md1ngtXLomVWrZk0AF4k9I1UwQ9Mzv5wgxmlEuMIMSdm3rUS5GRKKYkbyipNKkiA8QgPS15SjiEg3m7yQw2OtBDCMhS6u4ET9PZGhSMpx5OvO4lA57xXif14/VeGFm1GepIpwPF0UpgyqGBZ5wIAKghUba4KwoPpWiIdIIKx0ahUdgj3/8iLpnNbseq1+c1ZtXM7iKINDcAROgA3OQQNcgyZoAwwewTN4BW/Gk/FivBsf09aSMZvZB39gfP4AllqW7w==</latexit>

xT → RdT

<latexit sha1_base64="AwHX2TZgqi13HAEmZ+gClxsczh8="></latexit>

F̂ =
∑

k

wk [NdV (µV,k!V,k) → NdT (µT,k!T,k) ]

Each “component” == one Gaussian in each modality

Draw pairs from corresponding components

(here no augmentations needed)



Result for Multi Modality GMMs 

Cross-modality correspondence all you need to find a good within-modality
representations



Summary + Discussion

Developed a simple setting in which to understand why contrastive losses
work:

Linear representation learning for Gaussian mixtures, in single and multiple
modalities

… in which we relied on a new notion of what it means, statistically, to be a 
      “partner point”

Possible next steps:

- Use this understanding to develop a better contrastive loss

- Extend this analysis to 1-hidden-layer non-linear networks and non-shared
  covariance GMMs


