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Outline

 Classical algorithms
* Non-Hermitian time evolution
* SDE based algorithms
e Structure-preserving method

* Quantum algorithms
e Kraus form of the CPTP map
* Dilated Hamiltonian

* Application to control problems



Lindblad Dynamics

System-bath coupled dynamics
Hiot = Hs Q I + Is @ Hg + AH;
ps(t) = trg(Usor () ps(0) ® ppUror()T)

Lindblad-Gorini-Kossakowski-Sudarshan
semigroup M(t): p(t) = M(t)p(0)



Classical algorithms

Monte-Carlo trajectory (Breuer-Petruccione).
. . ) _ g _iym gty
Non-Hermitian Hamiltonian D = Hg 22121 L;L;
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* With some probability, the system jumps to

* |nterpretation via a jump SDE

_ ' 1 L[ (0)
dipe = i (Hs — 7’21L}L1+227’=1\|Lj¢|\)wdt+2§11< ’ 2—¢>dlvj

|Lj| (0

It is possible to apply regular time discretization (Platen&Bruti-Liberati).




Classical algorithms

SDE based approach
« Unravel Lindblad: idi = (Hs —-ézyglL}?Lj)lpdt + YL LipdW,
» SDE solver (e.g., Euler-Maruyama, or general weak Ito-Taylor)

* p(t) = E[[Y @) (6]

* Preserves CP, needs less memory, but requires more samples

Runge-Kutta?
. Example w P =5 {LLT p}+ LtpL
* Euler’s method: p(t + At) = p(t) — % {LLY, p} + AtLtpL

* not preserve CP!



Structure preserving classical algorithms

* A structure-preserving method (Cao-Lu 2021)
* Decompose a Lindbladian: L = L, + L;

AN 2
Lp =|—1iH — Ez LiL, s Lp = LipL;
j=1

Duhamel’s principle (Plenio-Knight 1998) .

(1) = e2p(0) + [ e tIoLyp(e)dt,
0
t

p(t) = et*rp(0) + J e(t_tl)LDL]etlﬁDp(O)dtl + 0(t%)
0

o ettp: Taylor expansion. The integrals: numerical quadrature.

* Overall this can be expressed in Kraus form



Quantum algorithms

2
e Kliesch etal.2011. O (t?) complexity.

3
) ) t2
e Childs-Li 2017. O <\/_E> ;

* Cleve-Wang 2017. 0 (tpolylog é)
* First-order approximation in Kraus form:
* Ep = AopAy + Tk AjpA] .

o Ag=1—ibtH—Z¥m LiL;, A; = VALL;

* A compression scheme is required.

Block-encode A4;: A; = sj((OI ® DU;(10) ® I)
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Boost the prob. using oblivious amplitude amplification for
isometries.



Reduction to a Kraus form (Li-Wang 2023)

 Duhamel expansion: p(t) = et*2p(0) + fote(t‘tl)LDL]etlﬁDp(O)dQ + fot fotl
] 1 - q q||f2q||
* Gaussian quadrature (s;,55,,5q), (wy, wy, -, wg) [ f(®O)dt =31_ w;f(s;) +0 <—(2q)!24q_1 :

. fe(t tk)£DL e(tk te=1Lp .. p(0)dty -+ dty,
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* The sum of the coefficients X; X, -~ X, w; ,w¢j, iy, W(j, ..j) = (ki D)!
. .1 _ log1/e
Truncation: K, q = Tog logL/e

* The algorithm yields an apprOX|mate p(t) = et p(0), with error within € using 0(t|ILI| polylog )
queries and 0(tm||£|| polylog ) additional 1- and 2-qubit gates.



Quantum algorithms via Hamiltonian simulation

First-order approximation (Cleve-Wang 2017) I
p(t) = try (e~ A |0)(0] ® ps(0)e™VAH) + 0(AL?)

Dilated Hamiltonian

WAtHg LY LY . LT ;
. . P 3
L, Lindblad equation ~ —~ = - ilH,p(0] + )
= ] j
L:Z p=E(|w)(w|) "
1 SDE d|v
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Numerical SDE "*.

Hamiltonian simulation U(t) = e

There are many algorithms for simulating U(¢t)

* Can we extend this to higher order?



Kraus from from unravelling

e Stochastic Schrodinger (unravelling)
M M
, L
idyp = (Hs = ) LiLypde + ) Lipdw;
j=1 j=1

« p(t) = E[|Y(t))y(t)] satisfies exactly the Lindblad equation

* |to-Taylor expansion (Platen-Kloeden)
« P(At) =y (0) + ) . P(0)1,.1,: stochastic integrals.
a€ly ]1 Jz J| | a-

At? At ' At ot '
» Example: P(At) = Y(0) + AeDY(0) +—D*P(0) + X; L; [ dW, + X, L;D [~ [, dt,dW,) +
* Approximate density operator
p(AL) = AoprAl + X, Aj puAl + 0(AtF1). A; = O(VAL, At, AtVAE, )

* Another approach to generate a Kraus form



From Kraus to Hamiltonian dynamics
Ding-Li-Lin 2024

* From Kraus for Stinespring

Ag Ao f
t t_ A A
AopnAg + ) Ajpndj =traf| | . 0){0[®ps (0)] .
J A 4
* Generate the Stinespring form using Hamiltonian simulations -
Ay ¢ \/A_tH(),O X e X
14:1 — o~ WALH g = H9,1 0
-A] . eeo e .- - HO,] 0

* Main theorem: There exists a dilated Hamiltonian defined with O(k log /) ancilla qubits such that
ps(At) = try(e"™VAtH|0)0] ® ps(0)eiVAtHY + O(At)k+L,



The Dilated Hamiltonian

* Expand operators in the Kraus form: F; = At®Y; o + At ) + ALY, 4+ - +
* Expand operators in the dilated Hamiltonian: H; = AtﬁfXj,O == Atﬁf“Xj,l 1= Atﬁf”Xj,z Fsegol

X First order dilated Hamiltonian solves a modified Lindblad
02 [VAtH; LV L o Lh]
7. |
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X21 L X22 Lm
Y30=— X30 X31 X35 H Near identity transformation

* Motivated by shadow Hamiltonians and canonical transformations t

* Extension to time-dependent Lindbladians: H contains time derivatives of Hg and V.



Other quantum algorithms

Schlimgen et al. 2021, 2022: unitary decomposition.
Patel-Wilde 2023: Wave matrix Lindbladian
Di Bartolomeo, 2023, guantum noise formalism

Pocrnic et al. 2023: repeated interactions.
Chen et al. 2023. Block encode the Lindbladian
Chen et al. 2024; David et al. 2024. g-DRIFT type idea



Application: optimal control
(He-Li-Li-Li-Wang-Wang 2024)

 Lindblad equation with a system control

da . N 1 + +
L p = —ilHo — 2¥ w©uy. p| ~ 2 SALIL, p} + B Lo L.
* The control is applied to the system only

* The objective function
ax& (T 2
maxJ[u],] = tr(0p(T)) _EZf lu; (D] de.
—d Jo
j=1

* Unlike closed systems, open guantum systems may not be controllable (Altafini J. Math. Phys.
2003).

* We treat it as an optimization problem.



Simulating time-dependent Lindblad

e Duhamel’s principle + Kraus form
* |nteraction picture

* L4-time scaling



Estimating the cost function

* To determine the optimal control variables, we optimize the cost function using its gradient
* We use a quantum gradient estimation algorithm?.
» The efficiency depends on the smoothness of J[u]

> Discretize the control variables to NV time steps = a finite dimensional problem

» Lindblad simulation algorithm: p(T) = trz(|pr){pr]). = Jlul = (o]0 & Ilpy).

> Phase oracle Of|x)|0) = e/ (¥)|x)|0), converted from a probability oracle using f = 1_]21[u].

* Theorem. Suppose we have the access to the phase oracle, then the quantum gradient algorithm
outputs g such that ||g — VJ|| < e with probability at least 1 — y using O (NCT log%) queries to

< e
Or and O (N) additional 1- and 2-qubits gates.

2. Gilyén-Arunachalam-Wiebe 2019



Optimization

 The gradient descent algorithm: x;,; < x; — a;Vf(x;) is guaranteed to reach stationary point.
But it may get stuck at local stationary points

* Perturbed gradient descent3 : If the gradielnt Vf is L-Lipschitz and it is estimated with variance
g% = €2, and the learning rate is a; < 0 (Z , then the PSGD visits a stationary point satisfying
e first- and second-order optimality condition with probability at least 1 — 6 at least once with

the following number of iterations O (? log% :

* Perturbed Accelerated Gradient Descent*

» based on Nesterov’s accelerated gradient descent
> Introduce a Gaussian perturbation when |Vf| < €.
» a negative curvature exploitation step

» Finds a first- and second-order e-stationary point within O (—7) iterations.

€4

3. Jin et al. JACM 2021; 4. Jin et al PMLR, 2018



Overall complexity

* First-order stationary point (||V/|| < €). O (NCT”L(Z_?”be’w> queries to the operators in the
€8
Lindbladian.

* The sampling error in the gradient estimation can be easily incorporated in the convergence
analysis.

7
NCT4||L(t)”be,oo
€5

* First- and second-order stationary point (||V/|| < ¢, [|V?]|| > —9/€). 0( ) queries

to the operators in the Lindbladian.

* The sampling error in the gradient estimation has to be much less than € in order to maintain the
convergence of AGD.



Summary

* Quantum algorithms for Lindblad
* Duhamel’s --> Kraus form
* Kraus form = Stinespring =2 shadow Hamiltonians
e Extension to non-Markovian? (Li-Wang 2023).
* Open: Non-Markovian without weak coupling..

* Quantum optimal control
* Closed quantum system (Li-Wang 2023)
* Open quantum system.
* Open: Control landscape = better optimization complexity?
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