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Parameter-free (Second-order) Methods

for Min-max Optimization



General problem setting
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Examples

Primal-dual optimization

Multi-agent games

Reinforcement learning

GANs

General problem setting



Examples
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Convex optimization with equality constraints
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s.t. Ax = b

<latexit sha1_base64="6zzblftaRSq3Hbg/qotaVZycKSw="></latexit>

min
x

max
y

f(x) + hy,Ax� bi
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Generative adversarial networks (GANs)

Karras et al., PROGRESSIVE GROWING OF GANS FOR IMPROVED QUALITY, STABILITY, AND VARIATION. ICLR, 2018.

<latexit sha1_base64="CCbhYtJnSEcSzRxA2sL8TtZoX4o="></latexit>

min
G

max
D

Ex⇠pdata [log(D(x))] + Ez⇠pnoise [1� log(D(G(z)))]
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f(·,y)
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f(x, ·)

convex in x for all y

concave in y for all x

Restricted gap
<latexit sha1_base64="er4SVM4eyebLbGr0t3/iNQCfYw0="></latexit>
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f(x̂,y)�min
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f(x, ŷ)
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f(x,y) = hx,yi

Restricted gap



Operator Representation
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z = (x,y)
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F(z) :=
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Operator Representation
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z = (x,y)

<latexit sha1_base64="taXeBgAYFlhsKjkvVPuCk9Krzk0="></latexit>

F(z) :=


rxf(x,y)
�ryf(x,y)

�

How do we quantify performance?

<latexit sha1_base64="NyAOjHJ2Il2LHQ1FnzhbmK84+rY="></latexit>

f(x̄T ,y)� f(x, ȳT ) 
TX

t=1

✓thF(zt), zt � zi

f is convex-concave   <—>   F is monotone 
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hF(z1)� F(z2), z1 � z2i � 0
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Generate {zt}Tt=1

<latexit sha1_base64="9fUNvWIJgWUyo8xySSCMazpCAa0="></latexit>

Compute Regret :=
TX

t=1

✓thF(zt), zt � zi—>

New formulation
<latexit sha1_base64="W+4lyohftEgsr1XbJfWla0vn/AE="></latexit>

Find z⇤ s.t. hF(z⇤), z� z⇤i � 0 8z 2 Rm+n



Recap: Lipschitz gradient setting
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Lower bound [Nemirovski, 1992]:
When F is monotone and Lipschitz continuous   —>
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kF(z1)� F(z2)k  L1kz1 � z2k
f has L1-Lipschitz gradient   <—>   F is L1-Lipschitz 



Recap: Lipschitz gradient setting
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Lower bound [Nemirovski, 1992]:

Many algorithms have matching upper complexity bounds

- Extragradient [Korpelevich, 1978] & Mirror-Prox [Nemirovski, 2004]

- Optimistic Method & Forward-Reflected-Backward [Malitsky & Tam, 2020]

<latexit sha1_base64="7BjX8WBxn2FAj6vLMyR2IXgoqIs="></latexit>

⌦
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◆
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zt+1/2 = zt � ⌘tF(zt)

zt+1 = zt � ⌘tF(zt+1/2)

<latexit sha1_base64="8L37zmtFaUhh3vyOokS/g00sDXU="></latexit>

zt+1 = zt � [⌘tF(zt) + ⌘t�1 (F(zt)� F(zt�1))]
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kF(z1)� F(z2)k  L1kz1 � z2k
f has L1-Lipschitz gradient   <—>   F is L1-Lipschitz 

When F is monotone and Lipschitz continuous   —>



Our focus: Lipschitz Hessian setting
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Lower bound [Adil et al., 2022]:
When F is monotone and F’ is Lipschitz continuous   —>

<latexit sha1_base64="r7takpANohYo6IOfllWhyVqO9so="></latexit>

⌦
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f has L2-Lipschitz Hessian   <—>   F’ is L2-Lipschitz 
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kF(z1)� F(z2)� F0(z2)(z1 � z2)k  L2

2
kz1 � z2k2



Our focus: Lipschitz Hessian setting
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Lower bound [Adil et al., 2022]:

Iterative line search subroutine    —>    extra computation

Iterative sub solver to compute the next iterate   —>    extra computation

2 classes of second-order algorithms

<latexit sha1_base64="r7takpANohYo6IOfllWhyVqO9so="></latexit>
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T 1.5

◆

- Line search methods   —>   need to take large enough steps

- Sub solver-based methods  —>   iterate update does not have a closed form

f has L2-Lipschitz Hessian   <—>   F’ is L2-Lipschitz 
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When F is monotone and F’ is Lipschitz continuous   —>
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Lower bound [Adil et al., 2022]:
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Our Goal
- Achieve optimal rate 

- No line search and no sub solver required 

- No need to know problem parameters 

- Simple and intuitive algorithm

Our focus: Lipschitz Hessian setting
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Lower bound [Adil et al., 2022]:
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f has L2-Lipschitz Hessian   <—>   F’ is L2-Lipschitz 
<latexit sha1_base64="0inmz84Z80DvK1QYtZuOMQb+ZK8="></latexit>

kF(z1)� F(z2)� F0(z2)(z1 � z2)k  L2

2
kz1 � z2k2

When F is monotone and F’ is Lipschitz continuous   —>



Optimistic method and Proximal point method

17

Proximal point method (PPM) is an implicit method
<latexit sha1_base64="NcEguvIle4MAtQuWLOIuopUyG9A="></latexit>

zt+1 = zt � ⌘tF(zt+1)



Predict                   using the current information at 

Optimistic method and Proximal point method
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Proximal point method (PPM) is an implicit method

How does optimism work?

Correct the prediction by using the previous prediction terms at time 

Scale the prediction and correction terms with        and            , respectively

<latexit sha1_base64="NPXydwLEuxDES1q6aS1tLMA7mHU="></latexit>

F(zt+1)
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zt+1 = zt � ⌘tF(zt+1)
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Second-order optimistic method
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Prediction term is a linearization by means of the second-order term

Correction  =  Current term  -  Previous prediction
<latexit sha1_base64="exyf/iujwLRyelxdeQJ9zLlZeCs="></latexit>

et := F(zt)� F(zt�1)� F0(zt�1)(zt � zt�1)

Combine the prediction and correction terms

Rearranging the terms will yield the update rule

<latexit sha1_base64="CAJkJH3zJ3IRprWd2ULHVZtcbmE="></latexit>

F(zt+1) ⇡ (F(zt) + F0(zt)(zt+1 � zt))
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⌘tF(zt+1) ⇡ ⌘t[F(zt) + F0(zt)(zt+1 � zt)] + ⌘t�1et
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zt+1 = zt � (I+ ⌘tF
0(zt))

�1(⌘tF(zt) + ⌘t�1et)



Why linesearch?

Guided by the analysis, we need to satisfy an error condition:

PPM satisfies the condition with
<latexit sha1_base64="o38O8+hc39wVlM3D94Ny8xsfD4g="></latexit>

↵ = 0

Optimistic method requires
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⌘tket+1k  ↵kzt+1 � ztk



Why linesearch?

Guided by the analysis, we need to satisfy an error condition:

However, the condition itself is implicit

We can compute             only after we commit to<latexit sha1_base64="WI72XSwm8bD+UOLftRhKSIVI3iM="></latexit>zt+1

Naive choice: small         —>  slow progress and rate

We need          to be large, but still satisfy the error condition

PPM satisfies the condition with
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↵ = 0

Optimistic method requires
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↵  0.5
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⌘tket+1k  ↵kzt+1 � ztk
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Our goal

Our Goal
- Achieve optimal rate (large enough step size) 

- No line search and no sub solver required 

- No need to know problem parameters (parameter-independent step size) 

- Simple and intuitive algorithm

Lower bound [Adil et al., 2022]:
<latexit sha1_base64="r7takpANohYo6IOfllWhyVqO9so="></latexit>
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◆
When F is monotone and F’ is Lipschitz continuous   —>



The algorithm



The algorithm



(Scaled) error condition - constant step size

We compute the regret and simplify the expression:
<latexit sha1_base64="tgSyl7+fv1xzlZN6nGW4XJLwJqk="></latexit>

TX

t=1

⌘thF(zt+1), zt+1 � zi  �

2
kz1 � zk2 � �

4
kzT+1 � zk2

+
TX

t=1

⌘2t
�
ket+1k2 �

�

4
kzt+1 � ztk2
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�
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For small enough      , we want to achieve:<latexit sha1_base64="xfvhKHsoiMYbobCVRQuRJAQbHIM="></latexit>↵



Rearrange the terms in the error condition
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⌘tket+1k
�↵kzt+1 � ztk

 1

(Scaled) error condition - constant step size



Rearrange the terms in the error condition
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�↵kzt+1 � ztk

 1

By the smoothness inequality and the update rule
<latexit sha1_base64="YqPQhFfpX4majhOXVY4iMPa4CK0="></latexit>

ket+1k = kF(zt+1)� F(zt)� F0(zt)(zt+1 � zt)k  L2

2
kzt+1 � ztk2
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kzt+1 � ztk  1

�t
⌘tkF(zt)k+

1

�t
⌘t�1ketk

(Scaled) error condition - constant step size



Rearrange the terms in the error condition
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Combining all implies the following inequality
<latexit sha1_base64="phIjZ7UtR9LU6nUC0PjtcBm2ihY="></latexit>

⌘tket+1k
�↵kzt+1 � ztk

 L2⌘t(⌘tkF(zt)k+ ⌘t�1ketk)
2↵�2

= 1

(Scaled) error condition - constant step size

Explicit 
Quadratic in <latexit sha1_base64="9IPoDwqQkVADdnPVr9CBysAHIOo="></latexit>⌘t



Convergence theorem (constant step size)

• F is monotone (convex-concave) 

• F’ is      -Lipschitz (Hessian Lipschitz) 

• Option I: <latexit sha1_base64="/+QUrUFGr/FtfDMrQlPT8E+d6vE="></latexit>

�t = L2

<latexit sha1_base64="P9MwcTLK8i7Y8l3OqiTjT3dI+3M="></latexit>

L2

<latexit sha1_base64="D6qMIpbB4gAAJoSIAwKKRzJKyWY="></latexit>

GapX⇥Y(z̄T+1)  O

✓
L2kz0 � z⇤k supz2X⇥Y kz1 � zk2

T 1.5

◆

Assumptions
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Convergence theorem (parameter-free)
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• F is monotone (convex-concave) 

• F is      -Lipschitz (gradient Lipschitz) 

• F’ is      -Lipschitz (Hessian Lipschitz) 

• Option II:
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Some experiments
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f(x,y) = (Ax� b)>y + (L2/6)kxk3



Some experiments
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f(x,y) = (Ax� b)>y + (L2/6)kxk3

Small Lipschitz constant Large Lipschitz constant



The algorithm



Thank you for listening!


