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Examples

Primal-dual optimization
GANSs

Reinforcement learning

Multi-agent games
- ,




—Xxamples

Convex optimization with equality constraints

min f(x)
s.t. Ax=Db

v

min max f(x) 4+ (y, Ax — b)
X y



—Xxamples

Generative adversarial networks (GANS)

min max By, [108(D(x))] + Eznp,i [1 — log(D(G(2)))

Karras et al., PROGRESSIVE GROWING OF GANS FOR IMPROVED QUALITY, STABILITY, AND VARIATION. ICLR, 2018.



Optimization problem
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f(', y) convex in x for all y

f(x,-) concaveiny for all x

Restricted gap

A

G X,y) 1= X,y) — min f(x,
apxxy(%,¥) = max f(x,y) — min f(x, y)
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Operator Representation

- fo(x,y) _

z = (x,Y) F(z) := —V, f(x,y)




Operator Representation

F(z) := _ Vif(X,¥) _

2= ) - [V /f(xy)

-
fis convex-concave <—> F is monotone

<F(Z1) — F(Zg),Zl — Z2> Z 0

-

New formulation
Find z* st. (F(z*),z—2") >0 VzecR"™™"

(How do we quantify performance?

T
Generate {z};_, -> Compute Regret := Z 0:(F(z¢),2: — 2)
t=1

f(}_(T7Y) _ f(XayT) < Zet<F(Zt)7Zt o Z>




Recap: Lipschitz gradient setting

-
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f has L1-Lipschitz gradient <—> Fis L1-Lipschitz
|¥(z1) — F(z2)|| < L1]|z1 — 22|

Lower bound [Nemirovski, 1992]:

When F is monotone and Lipschitz continuous =—> () (%)

11




Recap: Lipschitz gradient setting

f has L1-Lipschitz gradient <—> Fis L1-Lipschitz
|¥(z1) — F(z2)|| < L1]|z1 — 22|

Lower bound [Nemirovski, 1992]:

When F is monotone and Lipschitz continuous =—> () <i>

T

-
Many algorithms have matching upper complexity bounds

- Extragradient [Korpelevich, 1978] & Mirror-Prox [Nemirovski, 2004]
Zi11/2 = Zt — n:F(z¢)
Zty1 = Zy — UtF(ZtH/Q)

- Optimistic Method & Forward-Reflected-Backward [Malitsky & Tam, 2020]
9 zi1 = Z — [NeF(2e) + i1 (F(2¢) — F(z-1)))




Our focus: Lipschitz Hessian setting

g f has L2-Lipschitz Hessian <—> F’iIs L2-Lipschitz
L
|F(z1) — F(z2) — F'(22)(z1 — 22)]| < f\\zl — 25|
L

Lower bound [Adil et al., 2022]:
1

When F is monotone and F’ is Lipschitz continuous —> () <—T1 5)



Our focus: Lipschitz Hessian setting

8 f has L2-Lipschitz Hessian <—> F’is L2-Lipschitz h
Lo
/ 2
[F(z1) — F(z2) — F(22)(z1 — 22)|| < |21 — 22|
\_ ),
Lower bound [Adil et al., 2022]:
1
When F is monotone and F’ is Lipschitz continuous —> {2 (ﬁ
( _ )
2 classes of second-order algorithms
- Line search methods —> need to take large enough steps
Iterative line search subroutine —> extra computation
- Sub solver-based methods —> ferate update does not have a closed form
Iterative sub solver to compute the next iterate —> extra computation
\ W,
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g Iterative line search subroutine —> extra computation p
- Sub solver-based methods —> ferate update does not have a closed form
Iterative sub solver to compute the next iterate —> extra computation
\ W,
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Our focus: Lipschitz Hessian setting

g f has L2-Lipschitz Hessian <—> F’ is L2-Lipschitz A
|F(z1) — F(z2) — F'(z2)(z1 — 22)[| < —-[|z1 — 22
9 % y
Lower bound [Adil et al., 2022]:
1
When F is monotone and F’ is Lipschitz continuous —> {2 (ﬁ)
("~ )
Our Goal
- Achieve optimal rate
- No line search and no sub solver required
- No need to know problem parameters
- Simple and intuitive algorithm
\ V.

16



Optimistic method and Proximal point method

Proximal point method (PPM) is an implicit method

Zt11 — 4y — ntF(Zt—H)
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Optimistic method and Proximal point method

Proximal point method (PPM) is an implicit method

Zt11 — 4y — ntF(Zt—H)

How does optimism work?

Predict F(z¢11) using the current information at z;

Correct the prediction by using the previous prediction terms at time ¢ — 1

Scale the prediction and correction terms with 7)¢ and 7)1, respectively

\_
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Second-order optimistic method

Prediction term is a linearization by means of the second-order term

F(zi1) = (F(zt) + F(2¢) (2041 — 21))

Correction = Current term - Previous prediction

e; = F(z;) —F(zi_1) — F'(z2¢_1)(2: — 2¢_1)

Combine the prediction and correction terms

NeF (2e41) = e [F(2¢) + F'(2¢) (2641 — 2¢)] + me—1€4

Rearranging the terms will yield the update rule

zi11 = 2 — (L+ 0 (20)) " (0:F (2e) + 16— 1€4)

19



Why linesearch?

Guided by the analysis, we need to satisfy an error condition:

neller+1] < af|zi41 — 2|

PPM satisfies the condition with &« = ()

Optimistic method requires o < 0.9



Why linesearch?

Guided by the analysis, we need to satisfy an error condition:

neller+1] < af|zi41 — 2|

PPM satisfies the condition with &« = ()

Optimistic method requires o < 0.9

However, the condition itself is implicit
We can compute Z¢ 1 only after we commit to 7}¢

Naive choice: small 7); —> slow progress and rate

We need T7]¢ to be large, but still satisfy the error condition
\_




Our goal

Lower bound [Adil et al., 2022]:

1
When F is monotone and F’ is Lipschitz continuous —> () <—T1 5)

Our Goal

Achieve optimal rate (large enough step size)

No line search and no sub solver required

No need to know problem parameters (parameter-independent step size)

Simple and intuitive algorithm




The algorithm

Algorithm 1 Adaptive Second-order Optimistic Method

1: Input: Initial points zg = z; € R™ x R", initial parameters ng = 0 and A\g > 0
2: fort=1,...,T do

3: CSet: e = F(Zt) — F(Zt_l) — F’(zt_l)(zt — Zt—lD
4:  Set the step size parameters

Lo (I) At

let|
max {)\t_1, ||zt—ztt_1||2} (1I) 2(ne—1llee]| + \/77,52_1||et||2 + M| |F(ze)]])

D: (Update: Zi1 — 2y — ()\tI -+ T}tF’(Zt))_l (’I’]tF(Zt) + nt_letD
6: end for
7: return zp,q = (Zfzo nt)_lzfzo NeZpa1
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1: Input: Initial points zg = z; € R™ x R", initial parameters ng = 0 and A\g > 0
2: fort=1,...,T do

3: Set: e; = F(Zt) — F(Zt_l) — F’(zt_l)(zt — Zt—l)
4:  Set the step size parameters

(- N\ )
NE (I) N
t= 2je: =
max < A¢—1, 11 2 2
\ (o el @) | oo + i ledd? + AEGI)
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(Scaled) error condition - constant step size

We compute the regret and simplify the expression:

E 77t Zt—l—l Zt—l—l_Z>

A A
Cllzs =2l = Sllzre — 2
o )
2 A
£ e = Flzee -z
= y

For small enough ¢, we want to achieve:

Tt
XHetHH < a||zi41 — 2z



(Scaled) error condition - constant step size

Rearrange the terms in the error condition

" leriall < allars —mll s ol

)\ )\CVHZt_|_1 _ZtH o




(Scaled) error condition - constant step size

Rearrange the terms in the error condition
Nt
A

lett1]] < al|zip1 — zef| — eller i <1

Aorf|zeqpr — 2| T

By the smoothness inequality and the update rule

L
lect1]| = |F(ze1) — F(2e) — F(2¢) (2641 — 2¢) || < 72”Zt+1 — 24|

1

1
|Zer1 = 2e|l < e[ F(2) || + =1l ex]
At At



(Scaled) error condition - constant step size

Rearrange the terms in the error condition

M lewall < ollzes — 2zl  «——s

Nelles+1]

A

By the smoothness inequality and the update rule

AO||Zgp1 — Ze|| T

leviall = F(ze1) — F(ze) — F'(2¢) (201 — 2e)|| <
1 1

|Zer1 = 2e|l < e[ F(2) || + =1l ex]
At At

HZt+1 - ZtH2
2

(Combining all implies the following inequality

ellesrall  _ Lone(nel[F (2l + 161 llet]])

Aa||zei1 — z¢|| T 2a)\?
-

=1

Explicit

Quadratic in 1
J




Convergence theorem (constant step size)

-
Assumptions

- F is monotone (convex-concave)
- F’is Ly-Lipschitz (Hessian Lipschitz)

+ Optionl: \;, = L,
-

Convergence results

Bounded iterates

2
|lz: — 27| < —=||z1 — 27|

3

Convergence rate

] Ls||zo — z"|| sup,c v xy |21 — 2]|°
GapXXy(ZT+1) S O ( T1€5 XY




Convergence theorem (parameter-free)

a .
Assumptions
- F is monotone (convex-concave)

- Fis L-Lipschitz (gradient Lipschitz)
- F’is Lo-Lipschitz (Hessian Lipschitz)

2
- Option II: \; = max {)\tl, el }

|21 — 24|

Convergence results

Bounded iterates

Ls
M

|z; — 2| < D where |Zz1 — z*H2

Convergence rate

_ Loz — 2°)| (supyenxy 12 — 2|2 + 3 D?
Gapyyy(zr4+1) <O ( ( 6;1%53) D)




Some experiments

min max f(x,y) = (Ax —b) 'y + (L2/6)| x|
XER” yeR™
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Some experiments
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The algorithm

Algorithm 1 Adaptive Second-order Optimistic Method

1: Input: Initial points zg = z; € R™ x R", initial parameters ng = 0 and A\g > 0
2: fort=1,...,T do

3: Set: e; = F(Zt) — F(Zt_l) — F’(zt_l)(zt — Zt—l)
4:  Set the step size parameters

(- N\ )
NE (I) N
t= 2je: =
max < A¢—1, 11 2 2
\ (o el @) | oo + i ledd? + AEGI)
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Thank you for listening!



