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in reality X(t) ~ p(a,t)

T large but finite
then, ideally
YL X(T) = Y(T)

but, in reality

LawX (T) unknown = Y (0) £ X (c0) ~ N (0, 1)
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB;
ideally
Score
 score error Y(0) £ X (00) ~ N(0, 1) s(z,t) := V, log p(z, 1)
- integration error in reality X(t) ~ p(z, 1)

et s T large but finite
* |nitialization error

then, ideally

d

Y (0) =[X(T) | discrepancy propagated

| thru Y dynamics > error

but, in reality

LawX (T) unknown = Y (0) 2 [X (c0) ~ N(0,I)
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(2. _samp_lmg/mference process: dX = — Xdt 4+ /2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB;
score

score error s(x,t) := V, logp(x,t)

integration error X(t) ~ p(x,t)

initialization error

early stopping
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(2. _samp_lmg/mference process: dX = —Xdt +/2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB;
Sscore
* score error common: | | s(x,t) := V logp(w,t)
low dim. data manifold assumption
* integration error X(t) ~ p(x,t)

initialization error

early stopping
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D0 t=T>>1 "~ N(0, 1)
sources of error dY = Ydt+ 2s(Y,T — t)dt + V2dB;
score

e score error common: | | s(x,t) == V, log p(, t)
low dim. data manifold assumption

* integration error X(t) ~ p(x,t)
p(-,0) is supported on M

 initialization error 2 €RP. D> dimM

« early stopping

0
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only numerical simulation - sample Y
already highly nontrivial D0 t=T>>1 "~ N(0, 1)
sources of error dY = Ydt+ 2s(Y,T — t)dt + V2dB;
score

* score error common: | | s(x,t) := V, log p(z, t)
low dim. data manifold assumption

* integration error X(t) ~ p(x,t)
p(-,0) is supported on M

initialization error 2z €RP. D> dimM n

0

early stopping = p(-,0) has a jump in n direction
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D0 t=T>>1 "~ N(0,1)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB;
Score

* score error common: | | s(z,t) == V, log p(x,t)
low dim. data manifold assumption

* integration error X(t) ~ p(z,t)
p(-,0) is supported on M

* initialization error 2z €RP. D> dimM n

early stopping = p(-,0) has a jump in n direction

= (V;logp(x,0),n) = oo '

i.e. score at t=0 is ill-defined
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY = Ydt+ 2s(Y,T — t)dt + V2dB;
score

e score error common: | | s(x,t) == V, log p(, t)
low dim. data manifold assumption

* integration error X(t) ~ p(x,t)
p(-,0) is supported on M

 initialization error 2 €RP. D> dimM

_ Y(T) not usable
« early stopping

= p(+,0) has a jump in n direction

= (V;logp(x,0),n) = oo

i.e. score at t=0 is ill-defined
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D0 t=T>>1 "~ N(0, 1)
sources of error dY = Ydt+ 2s(Y,T — t)dt + V2dB;
score

e score error common: | | s(x,t) == V, log p(, t)
low dim. data manifold assumption

* integration error X(t) ~ p(x,t)
p(-,0) is supported on M

 initialization error 2 €RP. D> dimM

Y(T) not usable

* early stopping = p(-,0) has a jump in n direction

use Y(T-0) instead
= (V;logp(x,0),n) = oo

I.e. score at t=0 is ill-defined
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D0 t=T>>1 "~ N(0, 1)
sources of error dY = Ydt+ 2s(Y,T — t)dt + V2dB;
score

e score error common: | | s(x,t) == V, log p(, t)
low dim. data manifold assumption

* integration error X(t) ~ p(x,t)
p(-,0) is supported on M

 initialization error 2 €RP. D> dimM

Y(T) not usable

* early stopping = p(-,0) has a jump in n direction

use Y(T-0) instead
= (V;logp(x,0),n) = oo

accuracy quantifier

KL (Law(Xo)|Law(Y7))

I.e. score at t=0 is ill-defined
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(2. _samp_lmg/mference process: dX = —Xdt +/2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB;
Sscore
* score error common: | | s(x,t) := V logp(w,t)
low dim. data manifold assumption
* integration error X(t) ~ p(x,t)

p(+,0) is supported on M

 initialization error 2 €RP. D> dimM

| Y(T) not usable
* early stopping = p(-,0) has a jump in n direction

use Y(T-0) instead
= (V;logp(x,0),n) = oo

accuracy quantifier : P .
yq I.e. score at t=0 is ill-defined KL, (LaW(X(;) \LaW(YT_(;))

K {FawZmtbawt¥rh > +Wo(Law(Xg), Law(X5))?
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already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB,
score

assumptions on data distribution s(x,t) := V,logp(x,t)

X(t) ~ p(z,t)
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Ex (prior to diffusion model & its analysis) X(t) ~ p(x,t)
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(2. _samp_lmg/mference process: dX = — Xdt 4+ /2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB,
score

assumptions on data distribution s(x,t) := V,logp(x,t)

Ex (prior to diffusion model & its analysis) X(t) ~ p(x,t)

(overdamped) Langevin dynamics:

dZ; = =V (Z)dt + v2dB;, —=—22219) ;7. 0)dt + v/2dB,
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only

sampling/inference process: Y _ _x 5
numerical simulation - sample Y ] d dt + v/2dW;

already highly nontrivial D =0 t=T>>1 " ~ N (0, I)

sources of error dY = Ydt+ 2s(Y,T — t)dt + V2dB;

assumptions on data distribution

Score
s(x,t) == Vlogp(z,1)

Ex (prior to diffusion model & its analysis) X(t) ~ p(x,t)

(overdamped) Langevin dynamics:

dZ;

= —VV(Zy)dt + V2dB, =—=S20 §(7,,0)dt + V2dB,  Z(c0) ~ p(-,0)

/

need long time to conv.
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/

How long? need long time to conv.
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(2. _samp_lmg/mference process: dX = — Xdt 4+ /2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB,
score

need T time to corv.
reach p(-,0)

assumptions on data distribution s(x,t) := V,logp(x,t)

Ex (prior to diffusion model & its analysis) X(t) ~ p(x,t)

(overdamped) Langevin dynamics:

7, = —VV(Z)dt + V2dB, “o=22Y (7, 0)dt +v2dB,  Z(c0) ~ p(-,0)
/
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(2. _samp_lmg/mference process: dX = — Xdt 4+ /2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB,
score

need T time to corv.
reach p(-,0)

Ex (prior to diffusion model & its analysis) to multimodality! X (t) ~ p(x,t)

assumptions on data distribution s(x,t) := V,logp(x,t)

(overdamped) Langevin dynamics:

7, = —VV(Z)dt + V2dB, “o=22Y (7, 0)dt +v2dB,  Z(c0) ~ p(-,0)
/

How long? Depends on V and thus data distribution ~ N€ed long time to conv.

~1/m m-convex unimodal

can be exp. longer nonconvex multimodal



1.2 Quantification of Diffusion Model’s Generation Quality: Existing Results - Sampling Only

(2. _samp_lmg/mference process: dX = — Xdt 4+ /2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY =Ydt +2s(Y, T — t)dt + v/2dB,
score

need T time to corv.
reach p(-,0)

to multimodality! X(t) ~ p(x,t)

assumptions on data distribution s(x,t) := V,logp(x,t)

7, = —VV(Z)dt + V2dB, “o=22Y (7, 0)dt +v2dB,  Z(c0) ~ p(-,0)

suffer from multimodality etc.
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sampling/inference process:

numerical simulation - sample Y

dX = —Xdt +/2dW,

|

only

already highly nontrivial

sources of error

D “ t=0 t=T>>1 "~ N(0,1)

. dY =Ydt +2s(Y, T — t)dt + V/2dB,

assumptions on data distribution

difference?

l

dZ; = —VV(Z)dt + V2dB; 2P0

s(Z;,0)dt + v/ 2d By

score

need | time to corv.
o s(x,t) == Vlogp(z,1)

reach p(-,0)

to multimodality! X(t) ~ p(x,t)

Z(o0) ~ p(-,0)

suffer from multimodality etc.
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difference?
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to multimodality!

Score
s(x,t) == Vlogp(z,1)

X(t) ~ p(z,t)
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suffer from multimodality etc.
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reach p(-,0)
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assumptions on data distribution s(x,t) := V,logp(x,t)

difference?

l

7, = —VV(Z)dt + V2dB, “o=22Y (7, 0)dt +v2dB,  Z(c0) ~ p(-,0)

suffer from multimodality etc.

Lee, Risteski, Ge 18
a specific annealing scheme made multimodal sampling effectively  Chehab, Hyvarinen, Risteski 23
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 shooting e;'noving target | /)
sources of error . dY = Ydt + 2s(Y|T — t)dt + v/2dB,
score

need T time to corv.
reach p(-,0)

to multimodality! X(t) ~ p(x,t)

assumptions on data distribution s(x,t) := V,logp(x,t)

difference?

l

7, = —VV(Z)dt + V2dB, “o=22Y (7, 0)dt +v2dB,  Z(c0) ~ p(-,0)

suffer from multimodality etc.

Lee, Risteski, Ge 18
a specific annealing scheme made multimodal sampling effectively  Chehab, Hyvarinen, Risteski 23
Guo, Tao, Chen 24
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only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
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assumptions on data distribution denoising diffusion annealing: to multimodality
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error dY = Ydt+ 2s(Y,T — t)dt + V2dB;
assumptions on data distribution denoising diffusion annealing: to multimodality
—

ideally: «/
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assumptions on data distribution denoising diffusion annealing: to multimodality
~ ~

ideally: </ practically: nontrivial
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(2. _samp_lmg/mference process: AX — —Xdt + /3,
only numerical simulation - sample Y

already highly nontrivial D =0 t=T>>1 " ~ N (0, I)

sources of error  score, integration, initialization. .. dY = Ydt+ 2s(Y,T — t)dt + V2dB;

assumptions on data distribution denoising diffusion annealing: to multimodality
~ ~

ideally: </ practically: nontrivial

errors propagate thru Y dynamics
in controlled fashion?
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« bounded 2" moment: ~0-1 years ago
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error  score, integration, initialization. .. dY = Ydt+ 2s(Y,T — t)dt + V2dB;
assumptions on data distribution denoising diffusion annealing: to multimodality
~ ~
ideally: </ practically: nontrivial
- strongly log concave: contraction, relatively easy errors propagate thru Y dynamics

in controlled fashion?
« isoperimetric ineq. (LSI, PI, ...): ~2-3 years ago

« bounded 2" moment + Lipschitz score: ~1-2 years ago

[Benton+ 23]
[Conforti+ 23]

« bounded 2" moment: ~0-1 years ago
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already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error  score, integration, initialization. .. dY = Ydt+ 2s(Y,T — t)dt + V2dB;
assumptions on data distribution denoising diffusion annealing: to multimodality
~ ~
ideally: </ practically: nontrivial
- strongly log concave: contraction, relatively easy errors propagate thru Y dynamics

in controlled fashion?
« isoperimetric ineq. (LSI, PI, ...): ~2-3 years ago

« bounded 2" moment + Lipschitz score: ~1-2 years ago

time schedule

[Benton+ 23] exponential

« bounded 2" moment: ~0-1 years ago
[Conforti+ 23] constant step
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(2. _samp_lmg/mference process: dX = —Xdt + V2dW,
only numerical simulation - sample Y
already highly nontrivial D =0 t=T>>1 " ~ N (0, I)
sources of error  score, integration, initialization. .. dY = Ydt+ 2s(Y,T — t)dt + V2dB;
assumptions on data distribution denoising diffusion annealing: to multimodality
~ ~
ideally: </ practically: nontrivial
- strongly log concave: contraction, relatively easy errors propagate thru Y dynamics

in controlled fashion?
« isoperimetric ineq. (LSI, PI, ...): ~2-3 years ago

« bounded 2" moment + Lipschitz score: ~1-2 years ago

time schedule

[Benton+ 23] exponential Variance Preserving

« bounded 2" moment: ~0-1 years ago
[Conforti+ 23] constant step SDE




1.3 Quantification of Diffusion Model’s Generation Quality: New Results - Sampling Part

(2. _samp_lmg/mference process: [dX — —Xdt + \/§th]
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ldX = —Xdt + v2dW, |

minimal data assumption
D “ t=0 t=T>>1 "~ N(0,1)

| dY = Ydt +2s(Y, T — t)dt + V/2dB,
time schedule

[Benton+ 23] exponential

+ Variance Preserving SDE
[Conforti+ 23] constant step
popular version (e.g., EDM [Karras+ 22])
[Wang+ 24] arbitrary +
motivation: dX = g(t)dW;
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( L] [
2. sampling/inference process:]
numerical simulation - sample Y

\.

+
1. forward training/learning process: |
optimization - score s

7

\.

% bigger contribution
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“main stream” generation quality bound D =0 t=T>>1 ~ ~ N (0, 1)
if [[5g) — sl| < €, then --- dY = Ydt + 2s(Y, T — t)dt + v/2dB,

1

where does it come from ?

* nontrivial even when the target density is known (e.q., [Huang+ 24], [He, Rojas, Tao 24], [Gupta+ 24])

it also matters to innovation / generalization (an open question, to be discussed in the end)
A S(0;t, Xy)
ideal m91n§ /0 w(t)EXO]EX”XOHVx lngt|0(Xt|X0,t) — M)VHth

practice time discretization/sampling - empirical approximation = optimization
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> total weighting
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» Objective function (minimized by GD):

Lam 2nzz 5 tj — ti—1) 5¢.S(0; £, X)) + &;1?
\—/_/

i=1 j=1
Bi

£(0;i4)

» Architecture: deep ReLU network

5(9, XI_[) = WL+10( We--- W10'(W0[X,'j, tJ]))>

> WL+1 c Rdxm' WZ c Rmxm’ WO c Rmxd
> 0= (WOa Wlu R WLv WL+1)



Setup

> Input data (tj, Xj):



Setup

> Input data (tj, Xj):

Xy = i + 4y ~ Py(XIX(0) = x),



Setup

> Input data (tj, Xj):
X =1+ 3465 ~ Py(XIX(0) = ).

where 6%, is the variance of X;|Xo, and ;; ~ N(0,1)



Setup

> Input data (tj, Xj):
X =1+ 3465 ~ Py(XIX(0) = ).

_2 - .
where G is the variance of Xy |Xo, and &j ~ N(0,1)
» &:: monotonically increasing functions of t; 59 =0



Setup

> Input data (tj, Xj):
X =1+ 3465 ~ Py(XIX(0) = ).

_2 - .
where G is the variance of Xy |Xo, and &j ~ N(0,1)
» &:: monotonically increasing functions of t; 59 =0

» Output data:
—&;

O'tj



Setup

> Input data (tj, Xj):
X =1+ 3465 ~ Py(XIX(0) = ).

where 6%, is the variance of X;|Xo, and ;; ~ N(0,1)
» &:: monotonically increasing functions of t; 59 =0
» Output data:

O'tj

> Very large if 51, ~ 0



Setup

» Number of samples:

~—~ ~—~
n samples N time points
from initial for forward /backward SDEs

distribution Py
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Theory: assumptions

» Assumptions: mild + preserve the nature of diffusion models

> For example,
Assumption

> Data scaling: ||x;|| = ©(v/d) for all i.

Interpretation:

» Recall input data:
Xij = xi + 51

> & ~N(0,1) = ||l = Vd

Data Noise
x; ~ P dominates ;i ~ V(0,I) dominates
= [l = Q(/d) = [lxll = 6/d)
>

0 0,



Theory: training

Theorem
For any €train > 0, consider m > M(eqain). With high probability,

ﬁ_em(G(k))
k—1 mdaoZ_l
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E_em(G(k))
k—1 mdaoZ_l

< H (1 — Gsh W(tj*(s))(tj*(s) = tj*(s)_l)ﬁtj*(s)w> Eem(e(o))
s=0

Moreover, when K = @(dl_fao n2NIog(L)),

€train

Eem(g(K)) < €train-

» Exponential decay
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Theorem
Lem(0W) <
k—1 md30;1
(1 — Gsh W(tj*(s))(tj*(s) — tj*(5)1)5tj*(s)n3/\12> ﬁem(e(o))
s=0
> Recall:

n,N
= 1 : .
Lem(0) = 5 i_;;_l f(6;1,))

> (i*(s),j*(s)) = the index of the largest loss f(8(*); 1, )
> Faster convergence:

want to maximize over all the indices
= want all £(6¢);/,) to be the largest loss
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Corollary

When f(65; i, j) ~ f(6); /', j') for all (i,}), (i, '), k, GD obtains
the optimal rate of convergence

ap—1 k
— _ md 02 —
ﬁem(a(k)) < (1 — C7hj:17??<7N W(tj)(tj — tj]_)O'tjn3IVz> ﬁem(e(o))
> (001, j) = F(OK); i j):
F0:) = B 1155500, Xy) + &l
~—

total weighting

» Claim: this implies how to choose the total weighting f3;
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In practice:
» EDM [Karras et al., 2022]

» Other total weighting functions used in practice (mostly
monotone): e.g., #5 = = [Song et al., 2021]

» Performance: EDM > other models
= “bell-shape” is preferable

> Roughly, Theory ~ Practice
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Proof of convergence

> Recall: input data Xj = x; + 5+,&j;,

output data — ;—’tf
J

where x; ~ Py, & ~ N(0,1)
» Framework [Allen-Zhu et al., 2019]:

semi-smoothness + local strongly convex

key

» No longer works in denoising diffusion models
» Reason: (1)  scaling ;(2) correlation
N ) ~—

bad “good”
sma ata dat ility

» Our proof: high probability bound using some
high-dimensional geometry facts



Theory: more about training

Recall:

Theorem
For any €train > 0, consider m > M(€gain). With high probability,

Lem(0X))

k—1 mdao2_1
< H (1 _ C5h W( )( *(s) — t H(B)= 1) (5)n3l\l2> Eem(e(o))
Moreover, when K = @(d > 2N log( 2 — ),

Eem(e(K) ) < €train-
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Properties of denoising score matching objective:
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Interesting generalization setting #1

No contradiction:
can have both Le,(0) ~0and L~ —C >0

Reason:
» Overparameterized setting: fix m,

» Lem(0) < €train: sample size n < m = nis bounded
» Lem — L asn— oo

Consequence:
> e, = |Lem(#) — L(9)|

P If €train is small = ¢, is large
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approximated density of ps.
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2
Oty
Es < max 7J(5train+ €n + €t T €Eapprox )
1<<N w(tn—j) ~— ~— —_——

Lam(6)~E(6)  estimation  approcimation
> €n + €est + Eapprox
[Chen et al., 2023, Oko et al., 2023, Han et al., 2024]

P> Regression generalization — Diffusion models
» Open problem:

> cirain +€n > —2C >0 = error bound 4 0

change decomposition = tighter analysis?
> S(0;t, Xt) 4 Vi log pe(Xt)



Example full error analysis

Theorem (EDM polynomial schedule [Karras et al., 2022])

m2  da?Ts 5 2Ts BT
KL(pslar—s) S = + T + (m3 + d) + =

~T 0 s SN 53N2
E

Ep

ER— K
L, (1-an md
70 G S W 2R I A

N~

Es

where § = ty, a=17, ap € (1/2,1).

> G =€n+ et + €approx
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time variance
schedule schedule

.
I
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sampling + optimization

> «;(tj,7r,) # B, the weighting for training objective
> First choose total weighting /3;; then apply the schedules t;, 5,
> Next: focus on two concrete schedules used in practice

» Theoretical implication: how to choose between two
schedules
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Theory: full error analysis

Two most famous choices:
» Exponential schedules [Song et al., 2021]: first work
» Polynomial schedules [Karras et al., 2022]: improved design

Variance o; Time ty

[Karras et al., 2022] ¢ (grln/apx (54— 547 %)P
o, o\ Nok
[Song et al., 2021]  /t 52 (;g:i) N

» Time schedule tx: a function of k
| 2 p= 7



Implication from theory: How to choose schedules?

Well trained Less trained
Es< Ep+ E; E¢> Ep+ E; E
S
() O—— >
Exponential schedule Polynomial schedule

Smaller error Smaller error
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3.1 Summary

| dx =+veaw, |

» 1st quantitative result that analyzes .
forward training + sampling D easy distripution

* nontrivial analysis of training dynamics dY' = 25(Y,T — t)dt + v2dB;

- overparameterized ReLU MLP
- weaker data assumpts (no separability, unbdd output, ...)
- interesting generalization setting #1: SM - DSM gap

* Dbesides understanding, practical implication
- total weighting
- variance and time schedules
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Quantifications: d Ptraining data]lpgenerated data) < -

What if:  generated data = uniformly drawn from training data ?

. but not innovatjve exact density evolution
+ . (forward) t=0
Key: what exactly is this? 18]
T 1.4t
min [ w (OB, V. log p(X0,6) = s0( X0, 0) Pt
9 Jo \ , 1_
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Quantifications: d Ptraining data]lpgenerated data) < -

3.2 Discussion and Future Direction 1

What if:  generated data = uniformly drawn from training data ?
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3.2 Discussion and Future Direction 2

Can add to the success of LLM?

Quantitative error analysis (possible) 2
what is it good at?
difference and similarity to autoregressive model

how to best deploy it?
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