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R2
t-SNE

https://projector.tensorflow.org/

t-SNE: Visualization technique  
via “matching” geometric graphs.
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t-SNE: Visualization technique  
via “matching” geometric graphs.
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<latexit sha1_base64="dRYsUSUgIHRsuCuWyA/1YJNnqKI=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzfBIlaQkohUl0U3gpsK9gJtKJPJpB06mYSZiVhCNr6KGxeKuPUx3Pk2TtsstPrDwMd/zuHM+b2YUals+8soLCwuLa8UV0tr6xubW+b2TktGicCkiSMWiY6HJGGUk6aiipFOLAgKPUba3uhqUm/fEyFpxO/UOCZuiAacBhQjpa2+uXdzVOkpynySPmQnOY2z475Ztqv2VNZfcHIoQ65G3/zs+RFOQsIVZkjKrmPHyk2RUBQzkpV6iSQxwiM0IF2NHIVEuun0gMw61I5vBZHQjytr6v6cSFEo5Tj0dGeI1FDO1ybmf7VuooILN6U8ThTheLYoSJilImuShuVTQbBiYw0IC6r/auEhEggrnVlJh+DMn/wXWqdVp1at3Z6V65d5HEXYhwOogAPnUIdraEATMGTwBC/wajwaz8ab8T5rLRj5zC78kvHxDVoqlkg=</latexit>

K 0(x̃, ỹ)

t-SNE

https://projector.tensorflow.org/

<latexit sha1_base64="c+2K9XlEtknYW8aeVzr7nY9QDJw="></latexit>

K(x, y) = exp

✓
�kx� yk22

2�2

◆
Ex:

<latexit sha1_base64="rahpLjTnNG2pqQi7eb+13l/wcH8=">AAACE3icbVDJSgNBEO1xjXGLevTSGITEJcwEiV6EoBfBSwQThUwMPZ2epEnPQneNZJjkH7z4K148KOLVizf/xs5y0OiDgsd7VVTVc0LBFZjmlzEzOze/sJhaSi+vrK6tZzY2ayqIJGVVGohA3jpEMcF9VgUOgt2GkhHPEezG6Z4P/Zt7JhUP/GuIQ9bwSNvnLqcEtNTM7F3megdxHp9iWzAXchbex3a/dxjb/WbxrmhL3u5A/i45tAbNTNYsmCPgv8SakCyaoNLMfNqtgEYe84EKolTdMkNoJEQCp4IN0nakWEhol7RZXVOfeEw1ktFPA7yrlRZ2A6nLBzxSf04kxFMq9hzd6RHoqGlvKP7n1SNwTxoJ98MImE/Hi9xIYAjwMCDc4pJRELEmhEqub8W0QyShoGNM6xCs6Zf/klqxYJUKpaujbPlsEkcKbaMdlEMWOkZldIEqqIooekBP6AW9Go/Gs/FmvI9bZ4zJzBb6BePjG7+Im6E=</latexit>

K(x, y) =
�
1 + kx� yk22

��1

t-SNE: Visualization technique  
via “matching” geometric graphs.



<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

Kernel Function

<latexit sha1_base64="NOpzJY9Gyt/Y+LZX4Ss2kKfdILo=">AAACF3icbVBPS8MwHE39O+e/qkcvwSFM0NGOoR5FL4KXCW4KaxlplmowTUvyq6zUfQsvfhUvHhTxqje/jVm3g04fJDze+/1I3gsSwTU4zpc1NT0zOzdfWigvLi2vrNpr620dp4qyFo1FrK4CopngkrWAg2BXiWIkCgS7DG5Phv7lHVOax/ICsoT5EbmWPOSUgJG6du2s2t/F2Q72IMaOuVkfckw0HmDvvr+XeffdeuF5XIaQde2KU3MK4L/EHZMKGqPZtT+9XkzTiEmggmjdcZ0E/Jwo4FSwQdlLNUsIvSXXrGOoJBHTfl7kGuBto/RwGCtzJOBC/bmRk0jrLArMZETgRk96Q/E/r5NCeOjnXCYpMElHD4WpwCbnsCTc44pREJkhhCpu/orpDVGEgqmybEpwJyP/Je16zd2vNc4blaPjcR0ltIm2UBW56AAdoVPURC1E0QN6Qi/o1Xq0nq036300OmWNdzbQL1gf37o+ndk=</latexit>

K(x, y) ! 0 as kx� yk2 ! 1

<latexit sha1_base64="PajmKszr7rUFPFABUu6+Alp3OTo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdVl047KKfUAby2Q6aYdOJmFmUighf+LGhSJu/RN3/o2TNgttPTBwOOde7pnjx5wp7Tjf1tr6xubWdmmnvLu3f3BoHx23VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnO/M6VSsUg86llMvRCPBAsYwdpIA9vuh1iPfT99yJ7SmuNkA7viVJ050CpxC1KBAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVu4nisaYTPCI9gwVOKTKS+fJM3RulCEKImme0Giu/t5IcajULPTNZJ5TLXu5+J/XS3Rw7aVMxImmgiwOBQlHOkJ5DWjIJCWazwzBRDKTFZExlphoU1bZlOAuf3mVtGtVt16t319WGjdFHSU4hTO4ABeuoAF30IQWEJjCM7zCm5VaL9a79bEYXbOKnRP4A+vzBxfyk1I=</latexit>

R200
<latexit sha1_base64="YONp2s5f5VhPaX79PI8SLfl2J3w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRFqsuiG5dV7APatEymk3boZBJmJkoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cL+JMadv+tgpr6xubW8Xt0s7u3v5B+fCorcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1vepP5nUcqFQvFg55F1A3wWDCfEayNNOgHWE88L7lPB0ktHZYrdtWeA60SJycVyNEclr/6o5DEARWacKxUz7Ej7SZYakY4TUv9WNEIkyke056hAgdUuck8dYrOjDJCfijNExrN1d8bCQ6UmgWemcxSqmUvE//zerH2r9yEiSjWVJDFIT/mSIcoqwCNmKRE85khmEhmsiIywRITbYoqmRKc5S+vknat6tSr9buLSuM6r6MIJ3AK5+DAJTTgFprQAgISnuEV3qwn68V6tz4WowUr3zmGP7A+fwC5tJKt</latexit>

R2

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="dRYsUSUgIHRsuCuWyA/1YJNnqKI=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzfBIlaQkohUl0U3gpsK9gJtKJPJpB06mYSZiVhCNr6KGxeKuPUx3Pk2TtsstPrDwMd/zuHM+b2YUals+8soLCwuLa8UV0tr6xubW+b2TktGicCkiSMWiY6HJGGUk6aiipFOLAgKPUba3uhqUm/fEyFpxO/UOCZuiAacBhQjpa2+uXdzVOkpynySPmQnOY2z475Ztqv2VNZfcHIoQ65G3/zs+RFOQsIVZkjKrmPHyk2RUBQzkpV6iSQxwiM0IF2NHIVEuun0gMw61I5vBZHQjytr6v6cSFEo5Tj0dGeI1FDO1ybmf7VuooILN6U8ThTheLYoSJilImuShuVTQbBiYw0IC6r/auEhEggrnVlJh+DMn/wXWqdVp1at3Z6V65d5HEXYhwOogAPnUIdraEATMGTwBC/wajwaz8ab8T5rLRj5zC78kvHxDVoqlkg=</latexit>

K 0(x̃, ỹ)

t-SNE

https://projector.tensorflow.org/

• In low-dimensional space: 

• Computational geometry — kd-trees, ball-trees, 
vantage point trees, …, etc. 

• Scientific computing — fast multipole methods, 
n-body simulations, …, etc.

t-SNE: Visualization technique  
via “matching” geometric graphs.



<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

Kernel Function

<latexit sha1_base64="NOpzJY9Gyt/Y+LZX4Ss2kKfdILo=">AAACF3icbVBPS8MwHE39O+e/qkcvwSFM0NGOoR5FL4KXCW4KaxlplmowTUvyq6zUfQsvfhUvHhTxqje/jVm3g04fJDze+/1I3gsSwTU4zpc1NT0zOzdfWigvLi2vrNpr620dp4qyFo1FrK4CopngkrWAg2BXiWIkCgS7DG5Phv7lHVOax/ICsoT5EbmWPOSUgJG6du2s2t/F2Q72IMaOuVkfckw0HmDvvr+XeffdeuF5XIaQde2KU3MK4L/EHZMKGqPZtT+9XkzTiEmggmjdcZ0E/Jwo4FSwQdlLNUsIvSXXrGOoJBHTfl7kGuBto/RwGCtzJOBC/bmRk0jrLArMZETgRk96Q/E/r5NCeOjnXCYpMElHD4WpwCbnsCTc44pREJkhhCpu/orpDVGEgqmybEpwJyP/Je16zd2vNc4blaPjcR0ltIm2UBW56AAdoVPURC1E0QN6Qi/o1Xq0nq036300OmWNdzbQL1gf37o+ndk=</latexit>

K(x, y) ! 0 as kx� yk2 ! 1

<latexit sha1_base64="PajmKszr7rUFPFABUu6+Alp3OTo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBFclaRIdVl047KKfUAby2Q6aYdOJmFmUighf+LGhSJu/RN3/o2TNgttPTBwOOde7pnjx5wp7Tjf1tr6xubWdmmnvLu3f3BoHx23VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONPbnO/M6VSsUg86llMvRCPBAsYwdpIA9vuh1iPfT99yJ7SmuNkA7viVJ050CpxC1KBAs2B/dUfRiQJqdCEY6V6rhNrL8VSM8JpVu4nisaYTPCI9gwVOKTKS+fJM3RulCEKImme0Giu/t5IcajULPTNZJ5TLXu5+J/XS3Rw7aVMxImmgiwOBQlHOkJ5DWjIJCWazwzBRDKTFZExlphoU1bZlOAuf3mVtGtVt16t319WGjdFHSU4hTO4ABeuoAF30IQWEJjCM7zCm5VaL9a79bEYXbOKnRP4A+vzBxfyk1I=</latexit>

R200
<latexit sha1_base64="YONp2s5f5VhPaX79PI8SLfl2J3w=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRFqsuiG5dV7APatEymk3boZBJmJkoJ+Q83LhRx67+482+ctFlo64GBwzn3cs8cL+JMadv+tgpr6xubW8Xt0s7u3v5B+fCorcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1vepP5nUcqFQvFg55F1A3wWDCfEayNNOgHWE88L7lPB0ktHZYrdtWeA60SJycVyNEclr/6o5DEARWacKxUz7Ej7SZYakY4TUv9WNEIkyke056hAgdUuck8dYrOjDJCfijNExrN1d8bCQ6UmgWemcxSqmUvE//zerH2r9yEiSjWVJDFIT/mSIcoqwCNmKRE85khmEhmsiIywRITbYoqmRKc5S+vknat6tSr9buLSuM6r6MIJ3AK5+DAJTTgFprQAgISnuEV3qwn68V6tz4WowUr3zmGP7A+fwC5tJKt</latexit>

R2

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n
<latexit sha1_base64="dRYsUSUgIHRsuCuWyA/1YJNnqKI=">AAACAHicbZDLSsNAFIZP6q3WW9SFCzfBIlaQkohUl0U3gpsK9gJtKJPJpB06mYSZiVhCNr6KGxeKuPUx3Pk2TtsstPrDwMd/zuHM+b2YUals+8soLCwuLa8UV0tr6xubW+b2TktGicCkiSMWiY6HJGGUk6aiipFOLAgKPUba3uhqUm/fEyFpxO/UOCZuiAacBhQjpa2+uXdzVOkpynySPmQnOY2z475Ztqv2VNZfcHIoQ65G3/zs+RFOQsIVZkjKrmPHyk2RUBQzkpV6iSQxwiM0IF2NHIVEuun0gMw61I5vBZHQjytr6v6cSFEo5Tj0dGeI1FDO1ybmf7VuooILN6U8ThTheLYoSJilImuShuVTQbBiYw0IC6r/auEhEggrnVlJh+DMn/wXWqdVp1at3Z6V65d5HEXYhwOogAPnUIdraEATMGTwBC/wajwaz8ab8T5rLRj5zC78kvHxDVoqlkg=</latexit>

K 0(x̃, ỹ)

t-SNE

https://projector.tensorflow.org/

• In high-dimensional space: 

• Currently, explicitly working with nxn matrix 
• Incorporate tools from TCS:  

• LSH, sketching, random projections, 
coresets, …, etc.

t-SNE: Visualization technique  
via “matching” geometric graphs.



<latexit sha1_base64="NOpzJY9Gyt/Y+LZX4Ss2kKfdILo=">AAACF3icbVBPS8MwHE39O+e/qkcvwSFM0NGOoR5FL4KXCW4KaxlplmowTUvyq6zUfQsvfhUvHhTxqje/jVm3g04fJDze+/1I3gsSwTU4zpc1NT0zOzdfWigvLi2vrNpr620dp4qyFo1FrK4CopngkrWAg2BXiWIkCgS7DG5Phv7lHVOax/ICsoT5EbmWPOSUgJG6du2s2t/F2Q72IMaOuVkfckw0HmDvvr+XeffdeuF5XIaQde2KU3MK4L/EHZMKGqPZtT+9XkzTiEmggmjdcZ0E/Jwo4FSwQdlLNUsIvSXXrGOoJBHTfl7kGuBto/RwGCtzJOBC/bmRk0jrLArMZETgRk96Q/E/r5NCeOjnXCYpMElHD4WpwCbnsCTc44pREJkhhCpu/orpDVGEgqmybEpwJyP/Je16zd2vNc4blaPjcR0ltIm2UBW56AAdoVPURC1E0QN6Qi/o1Xq0nq036300OmWNdzbQL1gf37o+ndk=</latexit>

K(x, y) ! 0 as kx� yk2 ! 1

<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

Kernel Density Evaluation: Estimating “Degree” in 
Geometric Graph

Kernel Density Estimation (KDE)

Preprocess: a dataset 
<latexit sha1_base64="WntBCaiM9UHs7YkiNhi7W4urhms=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYqoSVAFjBQtjQfQhNaGyHae16jiR7SBVoQO/wsIAQqz8Bht/g9NmgJYjWTo6517d44MTzpR2nG+rtLS8srpWXq9sbG5t79i7e20Vp5LQFol5LLsYKcqZoC3NNKfdRFIUYU47eHSV+50HKhWLxZ0eJ9SP0ECwkBGkjdS3D5rQUylWVEMvQnqIcXY7uQ/6dtWpOVPAReIWpAoKNPv2lxfEJI2o0IQjpXquk2g/Q1Izwumk4qWKJoiM0ID2DBUoosrPpvkn8NgoAQxjaZ7QcKr+3shQpNQ4wmYyz6jmvVz8z+ulOrzwMyaSVFNBZofClEMdw7wMGDBJieZjQxCRzGSFZIgkItpUVjEluPNfXiTt05p7Vqvf1KuNy6KOMjgER+AEuOAcNMA1aIIWIOARPINX8GY9WS/Wu/UxGy1Zxc4++APr8weuipXo</latexit>

P ⇢ Rd

Query: a point
<latexit sha1_base64="pPg67hSonVIYWrjXpY4+178SMwA=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5WgChgrWBgLog+pDZXjuK1Vxwm2g6ii/AoLAwix8iNs/A1umwFajmTp6Jx7dY+PH3OmtON8W4WV1bX1jeJmaWt7Z3fP3i+3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr6Z++5FKxSJxpycx9UI8FGzACNZG6tvlB9RjAvVCrEe+n95m90HfrjhVZwa0TNycVCBHo29/9YKIJCEVmnCsVNd1Yu2lWGpGOM1KvUTRGJMxHtKuoQKHVHnpLHuGjo0SoEEkzRMazdTfGykOlZqEvpmcZlSL3lT8z+smenDhpUzEiaaCzA8NEo50hKZFoIBJSjSfGIKJZCYrIiMsMdGmrpIpwV388jJpnVbds2rtplapX+Z1FOEQjuAEXDiHOlxDA5pA4Ame4RXerMx6sd6tj/lowcp3DuAPrM8fiHiUIg==</latexit>

q 2 Rd

<latexit sha1_base64="PYetc0wxJze4nZ6INzy1qd44gm8=">AAACF3icbVDLSsNAFJ3UV62vqks3g0WoICWRom6Eohuhmwj2AU0Ik+mkHTqZxJmJUNL8hRt/xY0LRdzqzr9x+lho64GBwznncuceP2ZUKtP8NnJLyyura/n1wsbm1vZOcXevKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cD32Ww9ESBrxOzWMiRuiHqcBxUhpyStW6mX7BN4fw0voBALh1MrSkT3KoCOT0Etj6FAO7QzWy/E45hVLZsWcAC4Sa0ZKYAbbK3453QgnIeEKMyRlxzJj5aZIKIoZyQpOIkmM8AD1SEdTjkIi3XRyVwaPtNKFQST04wpO1N8TKQqlHIa+ToZI9eW8Nxb/8zqJCi7clPI4UYTj6aIgYVBFcFwS7FJBsGJDTRAWVP8V4j7S9ShdZUGXYM2fvEiapxXrrFK9rZZqV7M68uAAHIIysMA5qIEbYIMGwOARPINX8GY8GS/Gu/ExjeaM2cw++APj8wfpMZ1L</latexit>

K(P, q) =
1

|P |
X

p2P

K(p, q)Compute                 (approximately) 

Time-Space Tradeoffs

for          -approx w.h.p<latexit sha1_base64="XSY0g7Zs3BVQpbstg8vhs/wJmgM="></latexit>

K(P, q) =
1

|P |
X

p2P

K(p, q)
def
= µ

<latexit sha1_base64="pdRkMXlINgh1IFjTK+3xeddbuIg=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7UtRj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7LmX9XqD/VK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8lGQ/g==</latexit>

(1 + ✏)

[Charikar-Siminelakis ’17, 

Backurs-Charikar-Indyk-Siminelakis ’18, 

Alman, Chu, Schild, Song ’20, …, etc]



<latexit sha1_base64="NOpzJY9Gyt/Y+LZX4Ss2kKfdILo=">AAACF3icbVBPS8MwHE39O+e/qkcvwSFM0NGOoR5FL4KXCW4KaxlplmowTUvyq6zUfQsvfhUvHhTxqje/jVm3g04fJDze+/1I3gsSwTU4zpc1NT0zOzdfWigvLi2vrNpr620dp4qyFo1FrK4CopngkrWAg2BXiWIkCgS7DG5Phv7lHVOax/ICsoT5EbmWPOSUgJG6du2s2t/F2Q72IMaOuVkfckw0HmDvvr+XeffdeuF5XIaQde2KU3MK4L/EHZMKGqPZtT+9XkzTiEmggmjdcZ0E/Jwo4FSwQdlLNUsIvSXXrGOoJBHTfl7kGuBto/RwGCtzJOBC/bmRk0jrLArMZETgRk96Q/E/r5NCeOjnXCYpMElHD4WpwCbnsCTc44pREJkhhCpu/orpDVGEgqmybEpwJyP/Je16zd2vNc4blaPjcR0ltIm2UBW56AAdoVPURC1E0QN6Qi/o1Xq0nq036300OmWNdzbQL1gf37o+ndk=</latexit>

K(x, y) ! 0 as kx� yk2 ! 1

<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

Kernel Density Evaluation: Estimating “Degree” in 
Geometric Graph

Kernel Density Estimation (KDE)

Preprocess: a dataset 
<latexit sha1_base64="WntBCaiM9UHs7YkiNhi7W4urhms=">AAAB/3icbVC7TsMwFHXKq5RXAImFxaJCYqoSVAFjBQtjQfQhNaGyHae16jiR7SBVoQO/wsIAQqz8Bht/g9NmgJYjWTo6517d44MTzpR2nG+rtLS8srpWXq9sbG5t79i7e20Vp5LQFol5LLsYKcqZoC3NNKfdRFIUYU47eHSV+50HKhWLxZ0eJ9SP0ECwkBGkjdS3D5rQUylWVEMvQnqIcXY7uQ/6dtWpOVPAReIWpAoKNPv2lxfEJI2o0IQjpXquk2g/Q1Izwumk4qWKJoiM0ID2DBUoosrPpvkn8NgoAQxjaZ7QcKr+3shQpNQ4wmYyz6jmvVz8z+ulOrzwMyaSVFNBZofClEMdw7wMGDBJieZjQxCRzGSFZIgkItpUVjEluPNfXiTt05p7Vqvf1KuNy6KOMjgER+AEuOAcNMA1aIIWIOARPINX8GY9WS/Wu/UxGy1Zxc4++APr8weuipXo</latexit>

P ⇢ Rd

Query: a point
<latexit sha1_base64="pPg67hSonVIYWrjXpY4+178SMwA=">AAAB+3icbVC7TsMwFL0pr1JeoYwsFhUSU5WgChgrWBgLog+pDZXjuK1Vxwm2g6ii/AoLAwix8iNs/A1umwFajmTp6Jx7dY+PH3OmtON8W4WV1bX1jeJmaWt7Z3fP3i+3VJRIQpsk4pHs+FhRzgRtaqY57cSS4tDntO2Pr6Z++5FKxSJxpycx9UI8FGzACNZG6tvlB9RjAvVCrEe+n95m90HfrjhVZwa0TNycVCBHo29/9YKIJCEVmnCsVNd1Yu2lWGpGOM1KvUTRGJMxHtKuoQKHVHnpLHuGjo0SoEEkzRMazdTfGykOlZqEvpmcZlSL3lT8z+smenDhpUzEiaaCzA8NEo50hKZFoIBJSjSfGIKJZCYrIiMsMdGmrpIpwV388jJpnVbds2rtplapX+Z1FOEQjuAEXDiHOlxDA5pA4Ame4RXerMx6sd6tj/lowcp3DuAPrM8fiHiUIg==</latexit>

q 2 Rd

<latexit sha1_base64="PYetc0wxJze4nZ6INzy1qd44gm8=">AAACF3icbVDLSsNAFJ3UV62vqks3g0WoICWRom6Eohuhmwj2AU0Ik+mkHTqZxJmJUNL8hRt/xY0LRdzqzr9x+lho64GBwznncuceP2ZUKtP8NnJLyyura/n1wsbm1vZOcXevKaNEYNLAEYtE20eSMMpJQ1HFSDsWBIU+Iy1/cD32Ww9ESBrxOzWMiRuiHqcBxUhpyStW6mX7BN4fw0voBALh1MrSkT3KoCOT0Etj6FAO7QzWy/E45hVLZsWcAC4Sa0ZKYAbbK3453QgnIeEKMyRlxzJj5aZIKIoZyQpOIkmM8AD1SEdTjkIi3XRyVwaPtNKFQST04wpO1N8TKQqlHIa+ToZI9eW8Nxb/8zqJCi7clPI4UYTj6aIgYVBFcFwS7FJBsGJDTRAWVP8V4j7S9ShdZUGXYM2fvEiapxXrrFK9rZZqV7M68uAAHIIysMA5qIEbYIMGwOARPINX8GY8GS/Gu/ExjeaM2cw++APj8wfpMZ1L</latexit>

K(P, q) =
1

|P |
X

p2P

K(p, q)Compute                 (approximately) 

Time-Space Tradeoffs

for          -approx w.h.p<latexit sha1_base64="XSY0g7Zs3BVQpbstg8vhs/wJmgM="></latexit>

K(P, q) =
1

|P |
X

p2P

K(p, q)
def
= µ

<latexit sha1_base64="pdRkMXlINgh1IFjTK+3xeddbuIg=">AAAB83icbVBNSwMxEJ2tX7V+VT16WSxCRSi7UtRj0YvHCvYDukvJptk2NJuEJCuUpX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMiySj2njet1NYW9/Y3Cpul3Z29/YPyodHbS1ShUkLCyZUN0KaMMpJy1DDSFcqgpKIkU40vpv5nSeiNBX80UwkCRM05DSmGBkrBVX/IiBSUyb4eb9c8WreHO4q8XNSgRzNfvkrGAicJoQbzJDWPd+TJsyQMhQzMi0FqSYS4TEakp6lHCVEh9n85ql7ZpWBGwtlixt3rv6eyFCi9SSJbGeCzEgvezPxP6+XmvgmzCiXqSEcLxbFKXONcGcBuAOqCDZsYgnCitpbXTxCCmFjYyrZEPzll1dJ+7LmX9XqD/VK4zaPowgncApV8OEaGnAPTWgBBgnP8ApvTuq8OO/Ox6K14OQzx/AHzucP8lGQ/g==</latexit>

(1 + ✏)

[Charikar-Siminelakis ’17, 

Backurs-Charikar-Indyk-Siminelakis ’18, 

Alman, Chu, Schild, Song ’20, …, etc]

Trivial: 
<latexit sha1_base64="90561AJ6KygTbnh7kgL7Hp+6UwI=">AAACAnicbVDLSgNBEJz1GeMr6km8DAYhXsKuSPQY9OLNCOYBSQizk04yZHZ2nekVwxK8+CtePCji1a/w5t84eRw0saChqOqmu8uPpDDout/OwuLS8spqai29vrG5tZ3Z2a2YMNYcyjyUoa75zIAUCsooUEIt0sACX0LV71+O/Oo9aCNCdYuDCJoB6yrREZyhlVqZ/eucah/TBsIDJvQuBj2gKALID1uZrJt3x6DzxJuSLJmi1Mp8NdohjwNQyCUzpu65ETYTplFwCcN0IzYQMd5nXahbqlgAppmMXxjSI6u0aSfUthTSsfp7ImGBMYPAt50Bw56Z9Ubif149xs55MxEqihEUnyzqxJJiSEd50LbQwFEOLGFcC3sr5T2mGUebWtqG4M2+PE8qJ3mvkC/cnGaLF9M4UuSAHJIc8cgZKZIrUiJlwskjeSav5M15cl6cd+dj0rrgTGf2yB84nz8s+5au</latexit>

O(nd) query time.



<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

Two approaches for “beating           query time”
<latexit sha1_base64="qTfUx5pYD7BRZRixPOeK+BcrtDU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvXizgmkLbSibzaZdutmE3Y1QQn+DFw+KePUHefPfuE1z0NYHA4/3ZpiZ5yecKW3b31ZpbX1jc6u8XdnZ3ds/qB4edVScSkJdEvNY9nysKGeCupppTnuJpDjyOe36k9u5332iUrFYPOppQr0IjwQLGcHaSO59XQTnw2rNbtg50CpxClKDAu1h9WsQxCSNqNCEY6X6jp1oL8NSM8LprDJIFU0wmeAR7RsqcESVl+XHztCZUQIUxtKU0ChXf09kOFJqGvmmM8J6rJa9ufif1091eO1lTCSppoIsFoUpRzpG889RwCQlmk8NwUQycysiYywx0SafignBWX55lXQuGs5lo/nQrLVuijjKcAKnUAcHrqAFd9AGFwgweIZXeLOE9WK9Wx+L1pJVzBzDH1ifP/q9jic=</latexit>

O(nd)

<latexit sha1_base64="XSY0g7Zs3BVQpbstg8vhs/wJmgM="></latexit>

K(P, q) =
1

|P |
X

p2P

K(p, q)
def
= µ

Uniform Random Sampling:
<latexit sha1_base64="7Ez5r5t8gyD+MQAEbA562cerHhk=">AAACEHicbVA9SwNBEN3zM8avqKXNYhC1CXdB1FK0sTOCiULuDHubuWRxb+/YnRPCcT/Bxr9iY6GIraWd/8bNR+HXg4HHezPMzAtTKQy67qczNT0zOzdfWigvLi2vrFbW1lsmyTSHJk9koq9DZkAKBU0UKOE61cDiUMJVeHs69K/uQBuRqEscpBDErKdEJDhDK3UqO+e+hAh3qR9pxnOvyP04oz6kRshE3dQLX4teH/c6lapbc0egf4k3IVUyQaNT+fC7Cc9iUMglM6btuSkGOdMouISi7GcGUsZvWQ/alioWgwny0UMF3bZKl0aJtqWQjtTvEzmLjRnEoe2MGfbNb28o/ue1M4yOglyoNENQfLwoyiTFhA7ToV2hgaMcWMK4FvZWyvvMJoM2w7INwfv98l/Sqte8g9rBxX71+GQSR4lski2ySzxySI7JGWmQJuHknjySZ/LiPDhPzqvzNm6dciYzG+QHnPcvaHCc2g==</latexit>

O

✓
1

µ✏2

◆



<latexit sha1_base64="BFPwKi7Eayuwacd19+Y651EuiH8=">AAAB+3icbVBNS8NAEJ34WetXrEcvi0WoUEoiRT0WvQheKtgPSEPZbDft0s0m7G6kpfSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trW9sbm3ndvK7e/sHh/ZRoaniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHg781tPVCoWi0c9Tqgf4b5gISNYG6lrF+5LozIan6MOE8hzysj1u3bRqThzoFXiZqQIGepd+6vTi0kaUaEJx0p5rpNof4KlZoTTab6TKppgMsR96hkqcESVP5nfPkVnRumhMJamhEZz9ffEBEdKjaPAdEZYD9SyNxP/87xUh9f+hIkk1VSQxaIw5UjHaBYE6jFJieZjQzCRzNyKyABLTLSJK29CcJdfXiXNi4p7Wak+VIu1myyOHJzAKZTAhSuowR3UoQEERvAMr/BmTa0X6936WLSuWdnMMfyB9fkDZWOSGQ==</latexit>

K(x, y) 2 [0, 1]

Two approaches for “beating           query time”
<latexit sha1_base64="qTfUx5pYD7BRZRixPOeK+BcrtDU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkoiRT0WvXizgmkLbSibzaZdutmE3Y1QQn+DFw+KePUHefPfuE1z0NYHA4/3ZpiZ5yecKW3b31ZpbX1jc6u8XdnZ3ds/qB4edVScSkJdEvNY9nysKGeCupppTnuJpDjyOe36k9u5332iUrFYPOppQr0IjwQLGcHaSO59XQTnw2rNbtg50CpxClKDAu1h9WsQxCSNqNCEY6X6jp1oL8NSM8LprDJIFU0wmeAR7RsqcESVl+XHztCZUQIUxtKU0ChXf09kOFJqGvmmM8J6rJa9ufif1091eO1lTCSppoIsFoUpRzpG889RwCQlmk8NwUQycysiYywx0SafignBWX55lXQuGs5lo/nQrLVuijjKcAKnUAcHrqAFd9AGFwgweIZXeLOE9WK9Wx+L1pJVzBzDH1ifP/q9jic=</latexit>

O(nd)

LSH Sampling 

[Charikar, Siminelakis ’17] 

<latexit sha1_base64="XSY0g7Zs3BVQpbstg8vhs/wJmgM="></latexit>

K(P, q) =
1

|P |
X

p2P

K(p, q)
def
= µ

Uniform Random Sampling:
<latexit sha1_base64="7Ez5r5t8gyD+MQAEbA562cerHhk=">AAACEHicbVA9SwNBEN3zM8avqKXNYhC1CXdB1FK0sTOCiULuDHubuWRxb+/YnRPCcT/Bxr9iY6GIraWd/8bNR+HXg4HHezPMzAtTKQy67qczNT0zOzdfWigvLi2vrFbW1lsmyTSHJk9koq9DZkAKBU0UKOE61cDiUMJVeHs69K/uQBuRqEscpBDErKdEJDhDK3UqO+e+hAh3qR9pxnOvyP04oz6kRshE3dQLX4teH/c6lapbc0egf4k3IVUyQaNT+fC7Cc9iUMglM6btuSkGOdMouISi7GcGUsZvWQ/alioWgwny0UMF3bZKl0aJtqWQjtTvEzmLjRnEoe2MGfbNb28o/ue1M4yOglyoNENQfLwoyiTFhA7ToV2hgaMcWMK4FvZWyvvMJoM2w7INwfv98l/Sqte8g9rBxX71+GQSR4lski2ySzxySI7JGWmQJuHknjySZ/LiPDhPzqvzNm6dciYzG+QHnPcvaHCc2g==</latexit>

O

✓
1

µ✏2

◆

<latexit sha1_base64="LOinDTDWpC8vQwNCeOWvOC9CoRw=">AAACF3icbVA9SwNBEN3z2/gVtbRZDEJswl2QaCna2KlgjJCLYW8zlyzZ2zt354Rw3L+w8a/YWChiq53/xs1HodEHA4/3ZpiZFyRSGHTdL2dmdm5+YXFpubCyura+UdzcujZxqjnUeSxjfRMwA1IoqKNACTeJBhYFEhpB/3ToN+5BGxGrKxwk0IpYV4lQcIZWahcr576EEMvUDzXjmZdnvrnTmPlRmlMfEiNkrG6rua9Ft4f77WLJrbgj0L/Em5ASmeCiXfz0OzFPI1DIJTOm6bkJtjKmUXAJecFPDSSM91kXmpYqFoFpZaO/crpnlQ4NY21LIR2pPycyFhkziALbGTHsmWlvKP7nNVMMj1qZUEmKoPh4UZhKijEdhkQ7QgNHObCEcS3srZT3mA0IbZQFG4I3/fJfcl2teLVK7fKgdHwyiWOJ7JBdUiYeOSTH5IxckDrh5IE8kRfy6jw6z86b8z5unXEmM9vkF5yPb6BqoD4=</latexit>

O

✓
1

p
µ✏2

◆

,

<latexit sha1_base64="Ed0jUOfm5ORZvPQP+jqn6sxKENA=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSJUFzUpUl0W3bisYB/Q1DKZTtqh8wgzEyGE/IMbf8WNC0XcunHn3zhpu9DqgQuHc+7l3nuCiBKlXffLKiwtr6yuFddLG5tb2zv27l5biVgi3EKCCtkNoMKUcNzSRFPcjSSGLKC4E0yucr9zj6Uigt/qJMJ9BkechARBbaSBfeKHEqLUZ1CPJUsjQRMqRlnFO/VZfJylPo4UoYLf1bKBXXar7hTOX+LNSRnM0RzYn/5QoJhhrhGFSvU8N9L9FEpNEMVZyY8VjiCawBHuGcohw6qfTn/KnCOjDJ1QSFNcO1P150QKmVIJC0xnfrta9HLxP68X6/CinxIexRpzNFsUxtTRwskDcoZEYqRpYghEkphbHTSGJiRtYiyZELzFl/+Sdq3q1av1m7Ny43IeRxEcgENQAR44Bw1wDZqgBRB4AE/gBbxaj9az9Wa9z1oL1nxmH/yC9fENLCae+g==</latexit>

polylog(1/µ)

✏2
(smooth)

[Backurs, Charikar, 

Indyk, Siminelakis ’18]

<latexit sha1_base64="vf6z4E5atmIR4YVvsVr6zoPM8g0=">AAACDnicbVBNS8NAEN34bf2KevSyWAr1UhKR6lH04s0KVoWmlM120i5uNmF3IpSQX+DFv+LFgyJePXvz37htc/DrwcDjvRlm5oWpFAY979OZmZ2bX1hcWq6srK6tb7ibW1cmyTSHNk9kom9CZkAKBW0UKOEm1cDiUMJ1eHs69q/vQBuRqEscpdCN2UCJSHCGVuq5tfNAQoT1INKM536RB3FGA0iNkIkqaKDFYIh7PbfqNbwJ6F/il6RKSrR67kfQT3gWg0IumTEd30uxmzONgksoKkFmIGX8lg2gY6liMZhuPnmnoDWr9GmUaFsK6UT9PpGz2JhRHNrOmOHQ/PbG4n9eJ8PoqJsLlWYIik8XRZmkmNBxNrQvNHCUI0sY18LeSvmQ2WDQJlixIfi/X/5LrvYbfrPRvDioHp+UcSyRHbJL6sQnh+SYnJEWaRNO7skjeSYvzoPz5Lw6b9PWGaec2SY/4Lx/AS7cnDY=</latexit>

O

✓
1

µ✏

◆

Our work:

<latexit sha1_base64="yXMQp4xMpncedUqf47eE3GYNzLw=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSLUTU1EqsuiG5cV7AOaUibTSTt0HmFmIoSQX3Djr7hxoYhbd+78GydtFtp64MLhnHu5954gokRp1/22Siura+sb5c3K1vbO7p69f9BRIpYIt5GgQvYCqDAlHLc10RT3IokhCyjuBtOb3O8+YKmI4Pc6ifCAwTEnIUFQG2lo1/xQQpT6DOqJZGkkaELFOKt5Zz6LT7PUx5EiVPBsaFfdujuDs0y8glRBgdbQ/vJHAsUMc40oVKrvuZEepFBqgijOKn6scATRFI5x31AOGVaDdPZR5pwYZeSEQpri2pmpvydSyJRKWGA688vVopeL/3n9WIdXg5TwKNaYo/miMKaOFk4ejzMiEiNNE0MgksTc6qAJNBFpE2LFhOAtvrxMOud1r1Fv3F1Um9dFHGVwBI5BDXjgEjTBLWiBNkDgETyDV/BmPVkv1rv1MW8tWcXMIfgD6/MH5xCeVg==</latexit>

polylog(1/µ)

✏

(smooth)

Coresets via Discrepancy

[Phillips-Tai ’20]



Random/LSH Sampling 
<latexit sha1_base64="9drLzl6nAY+GK+Nc3TWytyxWMFk="></latexit>

Store p1, . . . ,pt ⇠ P ⇢ Rd

<latexit sha1_base64="PKWiF65qNsxBpJUDxIIx1f19z7g="></latexit>

Query: 1
t

Pt
i=1 K(pi, q)

<latexit sha1_base64="fvQXaPS5vORrLVBdrjqVtxGw3as="></latexit>

E

"
1

t

tX

i=1

K(pi, q)

#
= µ

Var

"
1

t

tX

i=1

K(pi, q)

#
. µ

t

Random

<latexit sha1_base64="PF2rkONhvOVY/z2MWUef4Cl222A="></latexit>

Pr


accurate
estimate

�
 1

(✏µ)2
·Var

LSH

Chebyshev:



Random/LSH Sampling 
<latexit sha1_base64="9drLzl6nAY+GK+Nc3TWytyxWMFk="></latexit>

Store p1, . . . ,pt ⇠ P ⇢ Rd

<latexit sha1_base64="PKWiF65qNsxBpJUDxIIx1f19z7g="></latexit>

Query: 1
t

Pt
i=1 K(pi, q)

<latexit sha1_base64="fvQXaPS5vORrLVBdrjqVtxGw3as="></latexit>

E

"
1

t

tX

i=1

K(pi, q)

#
= µ

Var

"
1

t

tX

i=1

K(pi, q)

#
. µ

t

Random

<latexit sha1_base64="PF2rkONhvOVY/z2MWUef4Cl222A="></latexit>

Pr


accurate
estimate

�
 1

(✏µ)2
·Var

LSH

Chebyshev:

<latexit sha1_base64="A1qNhHeAqwb6FBHP8wnPrQ2J4xk=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwYklEqseiF48V7Ac0oWy2m3bpbhJ2J2IJ9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b19++CwreNUUdaisYhVNyCaCR6xFnAQrJsoRmQgWCcY3+R+54EpzePoHiYJ8yUZRjzklICR+nbFk6kH7BGys1ARmovTvl11as4MeJm4BamiAs2+/eUNYppKFgEVROue6yTgZ0QBp4JNy16qWULomAxZz9CISKb9bHb8FJ8YZYDDWJmKAM/U3xMZkVpPZGA6JYGRXvRy8T+vl0J45Wc8SlJgEZ0vClOBIcZ5EnjAFaMgJoYQqri5FdMRyUMweZVNCO7iy8ukfV5z67X63UW1cV3EUUJH6BidIhddoga6RU3UQhRN0DN6RW/Wk/VivVsf89YVq5ipoD+wPn8AclqVTg==</latexit>

µ-fraction



Random/LSH Sampling 
<latexit sha1_base64="9drLzl6nAY+GK+Nc3TWytyxWMFk="></latexit>

Store p1, . . . ,pt ⇠ P ⇢ Rd

<latexit sha1_base64="PKWiF65qNsxBpJUDxIIx1f19z7g="></latexit>

Query: 1
t

Pt
i=1 K(pi, q)

<latexit sha1_base64="fvQXaPS5vORrLVBdrjqVtxGw3as="></latexit>

E

"
1

t

tX

i=1

K(pi, q)

#
= µ

Var

"
1

t

tX

i=1

K(pi, q)

#
. µ

t

Random

<latexit sha1_base64="PF2rkONhvOVY/z2MWUef4Cl222A="></latexit>

Pr


accurate
estimate

�
 1

(✏µ)2
·Var

LSH

Chebyshev:

<latexit sha1_base64="A1qNhHeAqwb6FBHP8wnPrQ2J4xk=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwYklEqseiF48V7Ac0oWy2m3bpbhJ2J2IJ9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b19++CwreNUUdaisYhVNyCaCR6xFnAQrJsoRmQgWCcY3+R+54EpzePoHiYJ8yUZRjzklICR+nbFk6kH7BGys1ARmovTvl11as4MeJm4BamiAs2+/eUNYppKFgEVROue6yTgZ0QBp4JNy16qWULomAxZz9CISKb9bHb8FJ8YZYDDWJmKAM/U3xMZkVpPZGA6JYGRXvRy8T+vl0J45Wc8SlJgEZ0vClOBIcZ5EnjAFaMgJoYQqri5FdMRyUMweZVNCO7iy8ukfV5z67X63UW1cV3EUUJH6BidIhddoga6RU3UQhRN0DN6RW/Wk/VivVsf89YVq5ipoD+wPn8AclqVTg==</latexit>

µ-fraction



Random/LSH Sampling 
<latexit sha1_base64="9drLzl6nAY+GK+Nc3TWytyxWMFk="></latexit>

Store p1, . . . ,pt ⇠ P ⇢ Rd

<latexit sha1_base64="PKWiF65qNsxBpJUDxIIx1f19z7g="></latexit>

Query: 1
t

Pt
i=1 K(pi, q)

<latexit sha1_base64="fvQXaPS5vORrLVBdrjqVtxGw3as="></latexit>

E

"
1

t

tX

i=1

K(pi, q)

#
= µ

Var

"
1

t

tX

i=1

K(pi, q)

#
. µ

t

Random

<latexit sha1_base64="PF2rkONhvOVY/z2MWUef4Cl222A="></latexit>

Pr


accurate
estimate

�
 1

(✏µ)2
·Var

LSH

Chebyshev:

[Charikar, 

Siminelakis ’17]

[Backurs, Charikar 

Indyk, Siminelakis ’18]

<latexit sha1_base64="FWlT+Gg+7cNunHHYNVu1gBEm7Ps=">AAACFnicbVA9SwNBEN2L3/ErammzGAQtDHciaina2BnBaCAXw95mLlmyt3fuzgnhuF9h41+xsVDEVuz8N24+CjU+GHi8N8PMvCCRwqDrfjmFqemZ2bn5heLi0vLKamlt/drEqeZQ47GMdT1gBqRQUEOBEuqJBhYFEm6C3tnAv7kHbUSsrrCfQDNiHSVCwRlaqVXau/AlhLhD/VAznnl55ps7jZkfpbkPiREyVrf7ua9Fp4u7rVLZrbhD0EnijUmZjFFtlT79dszTCBRyyYxpeG6CzYxpFFxCXvRTAwnjPdaBhqWKRWCa2fCtnG5bpU3DWNtSSIfqz4mMRcb0o8B2Rgy75q83EP/zGimGx81MqCRFUHy0KEwlxZgOMqJtoYGj7FvCuBb2Vsq7zOaDNsmiDcH7+/Ikud6veIeVw8uD8snpOI55skm2yA7xyBE5IeekSmqEkwfyRF7Iq/PoPDtvzvuoteCMZzbILzgf3z25oBQ=</latexit>

O

✓
1

p
µ✏2

◆

<latexit sha1_base64="Ed0jUOfm5ORZvPQP+jqn6sxKENA=">AAACE3icbVDLSsNAFJ3UV62vqEs3wSJUFzUpUl0W3bisYB/Q1DKZTtqh8wgzEyGE/IMbf8WNC0XcunHn3zhpu9DqgQuHc+7l3nuCiBKlXffLKiwtr6yuFddLG5tb2zv27l5biVgi3EKCCtkNoMKUcNzSRFPcjSSGLKC4E0yucr9zj6Uigt/qJMJ9BkechARBbaSBfeKHEqLUZ1CPJUsjQRMqRlnFO/VZfJylPo4UoYLf1bKBXXar7hTOX+LNSRnM0RzYn/5QoJhhrhGFSvU8N9L9FEpNEMVZyY8VjiCawBHuGcohw6qfTn/KnCOjDJ1QSFNcO1P150QKmVIJC0xnfrta9HLxP68X6/CinxIexRpzNFsUxtTRwskDcoZEYqRpYghEkphbHTSGJiRtYiyZELzFl/+Sdq3q1av1m7Ny43IeRxEcgENQAR44Bw1wDZqgBRB4AE/gBbxaj9az9Wa9z1oL1nxmH/yC9fENLCae+g==</latexit>

polylog(1/µ)

✏2

<latexit sha1_base64="A1qNhHeAqwb6FBHP8wnPrQ2J4xk=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwYklEqseiF48V7Ac0oWy2m3bpbhJ2J2IJ9a948aCIV3+IN/+NmzYHbX0w8Hhvhpl5QSK4Bsf5tlZW19Y3Nktb5e2d3b19++CwreNUUdaisYhVNyCaCR6xFnAQrJsoRmQgWCcY3+R+54EpzePoHiYJ8yUZRjzklICR+nbFk6kH7BGys1ARmovTvl11as4MeJm4BamiAs2+/eUNYppKFgEVROue6yTgZ0QBp4JNy16qWULomAxZz9CISKb9bHb8FJ8YZYDDWJmKAM/U3xMZkVpPZGA6JYGRXvRy8T+vl0J45Wc8SlJgEZ0vClOBIcZ5EnjAFaMgJoYQqri5FdMRyUMweZVNCO7iy8ukfV5z67X63UW1cV3EUUJH6BidIhddoga6RU3UQhRN0DN6RW/Wk/VivVsf89YVq5ipoD+wPn8AclqVTg==</latexit>

µ-fraction

(smooth)



<latexit sha1_base64="opSpVItc4KszIOp9dg7NxmKa0q8="></latexit>

Find “important” p1, . . . , pt 2 P

Query:
1

t

tX

i=1

K(pi, q).

Coresets via Discrepancy (PSD)

[Phillips-Tai ’20]



<latexit sha1_base64="opSpVItc4KszIOp9dg7NxmKa0q8="></latexit>

Find “important” p1, . . . , pt 2 P

Query:
1

t

tX

i=1

K(pi, q).

Coresets via Discrepancy (PSD)

[Phillips-Tai ’20]

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="d/IEDN41JGnkSzcq4wvjGhHrFdY=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKIbwU0Fe4EmlMl02g6dTMLMRBpCn8GNr+LGhSJuXbnzbZymWWjrgYGP/z+HM+f3QkalsqxvI7eyura+kd8sbG3v7O6Z+wctGUQCkyYOWCA6HpKEUU6aiipGOqEgyPcYaXvj65nffiBC0oDfqzgkro+GnA4oRkpLPbN8W5pU4jK8hA5DfMgIdMIRLU3KlTloyxGp0TOLVtVKCy6DnUERZNXomV9OP8CRT7jCDEnZta1QuQkSimJGpgUnkiREeIyGpKuRI59IN0lPmsITrfThIBD6cQVT9fdEgnwpY9/TnT5SI7nozcT/vG6kBhduQnkYKcLxfNEgYlAFcJYP7FNBsGKxBoQF1X+FeIQEwkqnWNAh2IsnL0PrtGqfVWt3tWL9KosjD47AMSgBG5yDOrgBDdAEGDyCZ/AK3own48V4Nz7mrTkjmzkEf8r4/AF21ZuB</latexit>

K(x, y) = h�(x),�(y)i
“Kernel Trick”



<latexit sha1_base64="opSpVItc4KszIOp9dg7NxmKa0q8="></latexit>

Find “important” p1, . . . , pt 2 P

Query:
1

t

tX

i=1

K(pi, q).

Coresets via Discrepancy (PSD)

[Phillips-Tai ’20]

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="d/IEDN41JGnkSzcq4wvjGhHrFdY=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKIbwU0Fe4EmlMl02g6dTMLMRBpCn8GNr+LGhSJuXbnzbZymWWjrgYGP/z+HM+f3QkalsqxvI7eyura+kd8sbG3v7O6Z+wctGUQCkyYOWCA6HpKEUU6aiipGOqEgyPcYaXvj65nffiBC0oDfqzgkro+GnA4oRkpLPbN8W5pU4jK8hA5DfMgIdMIRLU3KlTloyxGp0TOLVtVKCy6DnUERZNXomV9OP8CRT7jCDEnZta1QuQkSimJGpgUnkiREeIyGpKuRI59IN0lPmsITrfThIBD6cQVT9fdEgnwpY9/TnT5SI7nozcT/vG6kBhduQnkYKcLxfNEgYlAFcJYP7FNBsGKxBoQF1X+FeIQEwkqnWNAh2IsnL0PrtGqfVWt3tWL9KosjD47AMSgBG5yDOrgBDdAEGDyCZ/AK3own48V4Nz7mrTkjmzkEf8r4/AF21ZuB</latexit>

K(x, y) = h�(x),�(y)i
“Kernel Trick”

“Halving Technique”

How to decrease your dataset by a factor of 2?



<latexit sha1_base64="opSpVItc4KszIOp9dg7NxmKa0q8="></latexit>

Find “important” p1, . . . , pt 2 P

Query:
1

t

tX

i=1

K(pi, q).

Coresets via Discrepancy (PSD)

[Phillips-Tai ’20]

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="d/IEDN41JGnkSzcq4wvjGhHrFdY=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKIbwU0Fe4EmlMl02g6dTMLMRBpCn8GNr+LGhSJuXbnzbZymWWjrgYGP/z+HM+f3QkalsqxvI7eyura+kd8sbG3v7O6Z+wctGUQCkyYOWCA6HpKEUU6aiipGOqEgyPcYaXvj65nffiBC0oDfqzgkro+GnA4oRkpLPbN8W5pU4jK8hA5DfMgIdMIRLU3KlTloyxGp0TOLVtVKCy6DnUERZNXomV9OP8CRT7jCDEnZta1QuQkSimJGpgUnkiREeIyGpKuRI59IN0lPmsITrfThIBD6cQVT9fdEgnwpY9/TnT5SI7nozcT/vG6kBhduQnkYKcLxfNEgYlAFcJYP7FNBsGKxBoQF1X+FeIQEwkqnWNAh2IsnL0PrtGqfVWt3tWL9KosjD47AMSgBG5yDOrgBDdAEGDyCZ/AK3own48V4Nz7mrTkjmzkEf8r4/AF21ZuB</latexit>

K(x, y) = h�(x),�(y)i
“Kernel Trick”

Vector Balancing:  
Find a setting of signs                                     such that


for (unknown) query     we minimize

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="a3suI8Olp/RfRS9Yfq4YK74Gf1E=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120i7dbOLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP5JeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzfOKV61U7y7Ktes8jgIcwwmcgQeXUINbqEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzUTjSo=</latexit>q

<latexit sha1_base64="C9xXU2Ld+1OtFBFv3QGn7pMPklw="></latexit>�����
X

ai=1

h�(pi),�(q)i �
X

ai=�1

h�(pi),�(q)i

�����  1



<latexit sha1_base64="opSpVItc4KszIOp9dg7NxmKa0q8="></latexit>

Find “important” p1, . . . , pt 2 P

Query:
1

t

tX

i=1

K(pi, q).

Coresets via Discrepancy (PSD)

[Phillips-Tai ’20]

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="d/IEDN41JGnkSzcq4wvjGhHrFdY=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKIbwU0Fe4EmlMl02g6dTMLMRBpCn8GNr+LGhSJuXbnzbZymWWjrgYGP/z+HM+f3QkalsqxvI7eyura+kd8sbG3v7O6Z+wctGUQCkyYOWCA6HpKEUU6aiipGOqEgyPcYaXvj65nffiBC0oDfqzgkro+GnA4oRkpLPbN8W5pU4jK8hA5DfMgIdMIRLU3KlTloyxGp0TOLVtVKCy6DnUERZNXomV9OP8CRT7jCDEnZta1QuQkSimJGpgUnkiREeIyGpKuRI59IN0lPmsITrfThIBD6cQVT9fdEgnwpY9/TnT5SI7nozcT/vG6kBhduQnkYKcLxfNEgYlAFcJYP7FNBsGKxBoQF1X+FeIQEwkqnWNAh2IsnL0PrtGqfVWt3tWL9KosjD47AMSgBG5yDOrgBDdAEGDyCZ/AK3own48V4Nz7mrTkjmzkEf8r4/AF21ZuB</latexit>

K(x, y) = h�(x),�(y)i
“Kernel Trick”

Vector Balancing:  
Find a setting of signs                                     such that


for (unknown) query     we minimize

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="a3suI8Olp/RfRS9Yfq4YK74Gf1E=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120i7dbOLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP5JeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzfOKV61U7y7Ktes8jgIcwwmcgQeXUINbqEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzUTjSo=</latexit>q

<latexit sha1_base64="C9xXU2Ld+1OtFBFv3QGn7pMPklw="></latexit>�����
X

ai=1

h�(pi),�(q)i �
X

ai=�1

h�(pi),�(q)i

�����  1

[PT’20]

<latexit sha1_base64="5sLwgDoMf/tViRLeA7PtJ3GBZ7Y=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevFmBPOA7BJmZyfJkNkHM71CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nSeutIijR5wk3AvpMBIDwSgayXVRyIBn99Oqc94vV+yaPQdZJU5OKpCj2S9/uUHM0pBHyCTVuufYCXoZVSiY5NOSm2qeUDamQ94zNKIh1142v3lKzowSkEGsTEVI5urviYyGWk9C33SGFEd62ZuJ/3m9FAfXXiaiJEUescWiQSoJxmQWAAmE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukfVFz6rX6w2WlcZPHUYQTOIUqOHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPSDuRNA==</latexit>

Õ(1)



<latexit sha1_base64="opSpVItc4KszIOp9dg7NxmKa0q8="></latexit>

Find “important” p1, . . . , pt 2 P

Query:
1

t

tX

i=1

K(pi, q).

Coresets via Discrepancy (PSD)

[Phillips-Tai ’20]

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="d/IEDN41JGnkSzcq4wvjGhHrFdY=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKIbwU0Fe4EmlMl02g6dTMLMRBpCn8GNr+LGhSJuXbnzbZymWWjrgYGP/z+HM+f3QkalsqxvI7eyura+kd8sbG3v7O6Z+wctGUQCkyYOWCA6HpKEUU6aiipGOqEgyPcYaXvj65nffiBC0oDfqzgkro+GnA4oRkpLPbN8W5pU4jK8hA5DfMgIdMIRLU3KlTloyxGp0TOLVtVKCy6DnUERZNXomV9OP8CRT7jCDEnZta1QuQkSimJGpgUnkiREeIyGpKuRI59IN0lPmsITrfThIBD6cQVT9fdEgnwpY9/TnT5SI7nozcT/vG6kBhduQnkYKcLxfNEgYlAFcJYP7FNBsGKxBoQF1X+FeIQEwkqnWNAh2IsnL0PrtGqfVWt3tWL9KosjD47AMSgBG5yDOrgBDdAEGDyCZ/AK3own48V4Nz7mrTkjmzkEf8r4/AF21ZuB</latexit>

K(x, y) = h�(x),�(y)i
“Kernel Trick”

Vector Balancing:  
Find a setting of signs                                     such that


for (unknown) query     we minimize

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="a3suI8Olp/RfRS9Yfq4YK74Gf1E=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120i7dbOLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP5JeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzfOKV61U7y7Ktes8jgIcwwmcgQeXUINbqEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzUTjSo=</latexit>q

<latexit sha1_base64="C9xXU2Ld+1OtFBFv3QGn7pMPklw="></latexit>�����
X

ai=1

h�(pi),�(q)i �
X

ai=�1

h�(pi),�(q)i

�����  1

As long as dataset is large,

error incurred is at most

<latexit sha1_base64="994DiDkpaiZZPmtP+l7pBztZU3Q=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXeNQY9ELx4xcYEENqRbutDQbTdt14Qs/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRU8tUEeoTyaVqh1hTzgT1DTOcthNFcRxy2gpHdzO/9USVZlI8mnFCgxgPBIsYwcZKvncxaUx65YpbdedAq8TLSQVyNHrlr25fkjSmwhCOte54bmKCDCvDCKfTUjfVNMFkhAe0Y6nAMdVBNj92is6s0keRVLaEQXP190SGY63HcWg7Y2yGetmbif95ndREN0HGRJIaKshiUZRyZCSafY76TFFi+NgSTBSztyIyxAoTY/Mp2RC85ZdXSfOy6tWqtYerSv02j6MIJ3AK5+DBNdThHhrgAwEGz/AKb45wXpx352PRWnDymWP4A+fzB0ztjl8=</latexit>

1/|P |

[PT’20]

<latexit sha1_base64="bmptKlAAe250szTCIW/5eT7wtBU=">AAACF3icbVBNS8NAEN34WetX1aOXxSLopSQi1WPRizcrWBWaUDabSbu42YTdiVBC/oUX/4oXD4p41Zv/xu3Hwa8HA4/3ZpiZF2ZSGHTdT2dmdm5+YbGyVF1eWV1br21sXpk01xw6PJWpvgmZASkUdFCghJtMA0tCCdfh7enIv74DbUSqLnGYQZCwvhKx4Ayt1Ks1fBQyguK89CXEuEf9WDNeeGXhJzn1ITNCpqqkvhb9Ae73anW34Y5B/xJvSupkinav9uFHKc8TUMglM6bruRkGBdMouISy6ucGMsZvWR+6liqWgAmK8V8l3bVKRONU21JIx+r3iYIlxgyT0HYmDAfmtzcS//O6OcbHQSFUliMoPlkU55JiSkch0Uho4CiHljCuhb2V8gGzwaCNsmpD8H6//JdcHTS8ZqN5cVhvnUzjqJBtskP2iEeOSIuckTbpEE7uySN5Ji/Og/PkvDpvk9YZZzqzRX7Aef8CaOagFg==</latexit>

Õ

✓
1

µ✏

◆
<latexit sha1_base64="5sLwgDoMf/tViRLeA7PtJ3GBZ7Y=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevFmBPOA7BJmZyfJkNkHM71CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nSeutIijR5wk3AvpMBIDwSgayXVRyIBn99Oqc94vV+yaPQdZJU5OKpCj2S9/uUHM0pBHyCTVuufYCXoZVSiY5NOSm2qeUDamQ94zNKIh1142v3lKzowSkEGsTEVI5urviYyGWk9C33SGFEd62ZuJ/3m9FAfXXiaiJEUescWiQSoJxmQWAAmE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukfVFz6rX6w2WlcZPHUYQTOIUqOHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPSDuRNA==</latexit>

Õ(1)



<latexit sha1_base64="opSpVItc4KszIOp9dg7NxmKa0q8="></latexit>

Find “important” p1, . . . , pt 2 P

Query:
1

t

tX

i=1

K(pi, q).

Coresets via Discrepancy (PSD)

[Phillips-Tai ’20]

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD
<latexit sha1_base64="hpnySaJh+/CAhHti5mNvHw101yA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1mvfHQqLVuizjKcAbncAkeXEML7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEWdo5I</latexit>

�

<latexit sha1_base64="d/IEDN41JGnkSzcq4wvjGhHrFdY=">AAACEnicbZDLSsNAFIYn9VbrLerSzWARWiglkaJuhKIbwU0Fe4EmlMl02g6dTMLMRBpCn8GNr+LGhSJuXbnzbZymWWjrgYGP/z+HM+f3QkalsqxvI7eyura+kd8sbG3v7O6Z+wctGUQCkyYOWCA6HpKEUU6aiipGOqEgyPcYaXvj65nffiBC0oDfqzgkro+GnA4oRkpLPbN8W5pU4jK8hA5DfMgIdMIRLU3KlTloyxGp0TOLVtVKCy6DnUERZNXomV9OP8CRT7jCDEnZta1QuQkSimJGpgUnkiREeIyGpKuRI59IN0lPmsITrfThIBD6cQVT9fdEgnwpY9/TnT5SI7nozcT/vG6kBhduQnkYKcLxfNEgYlAFcJYP7FNBsGKxBoQF1X+FeIQEwkqnWNAh2IsnL0PrtGqfVWt3tWL9KosjD47AMSgBG5yDOrgBDdAEGDyCZ/AK3own48V4Nz7mrTkjmzkEf8r4/AF21ZuB</latexit>

K(x, y) = h�(x),�(y)i
“Kernel Trick”

Vector Balancing:  
Find a setting of signs                                     such that


for (unknown) query     we minimize

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="a3suI8Olp/RfRS9Yfq4YK74Gf1E=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGK/YA2lM120i7dbOLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LBjBP0IzqQPOSMGivdP5JeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa88jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzfOKV61U7y7Ktes8jgIcwwmcgQeXUINbqEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzUTjSo=</latexit>q

<latexit sha1_base64="C9xXU2Ld+1OtFBFv3QGn7pMPklw="></latexit>�����
X

ai=1

h�(pi),�(q)i �
X

ai=�1

h�(pi),�(q)i

�����  1

As long as dataset is large,

error incurred is at most

<latexit sha1_base64="994DiDkpaiZZPmtP+l7pBztZU3Q=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiCXeNQY9ELx4xcYEENqRbutDQbTdt14Qs/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRU8tUEeoTyaVqh1hTzgT1DTOcthNFcRxy2gpHdzO/9USVZlI8mnFCgxgPBIsYwcZKvncxaUx65YpbdedAq8TLSQVyNHrlr25fkjSmwhCOte54bmKCDCvDCKfTUjfVNMFkhAe0Y6nAMdVBNj92is6s0keRVLaEQXP190SGY63HcWg7Y2yGetmbif95ndREN0HGRJIaKshiUZRyZCSafY76TFFi+NgSTBSztyIyxAoTY/Mp2RC85ZdXSfOy6tWqtYerSv02j6MIJ3AK5+DBNdThHhrgAwEGz/AKb45wXpx352PRWnDymWP4A+fzB0ztjl8=</latexit>

1/|P |Main Idea? 
1. Apply LSH.

2. Run discrepancy after.

[PT’20]

<latexit sha1_base64="bmptKlAAe250szTCIW/5eT7wtBU=">AAACF3icbVBNS8NAEN34WetX1aOXxSLopSQi1WPRizcrWBWaUDabSbu42YTdiVBC/oUX/4oXD4p41Zv/xu3Hwa8HA4/3ZpiZF2ZSGHTdT2dmdm5+YbGyVF1eWV1br21sXpk01xw6PJWpvgmZASkUdFCghJtMA0tCCdfh7enIv74DbUSqLnGYQZCwvhKx4Ayt1Ks1fBQyguK89CXEuEf9WDNeeGXhJzn1ITNCpqqkvhb9Ae73anW34Y5B/xJvSupkinav9uFHKc8TUMglM6bruRkGBdMouISy6ucGMsZvWR+6liqWgAmK8V8l3bVKRONU21JIx+r3iYIlxgyT0HYmDAfmtzcS//O6OcbHQSFUliMoPlkU55JiSkch0Uho4CiHljCuhb2V8gGzwaCNsmpD8H6//JdcHTS8ZqN5cVhvnUzjqJBtskP2iEeOSIuckTbpEE7uySN5Ji/Og/PkvDpvk9YZZzqzRX7Aef8CaOagFg==</latexit>

Õ

✓
1

µ✏

◆
<latexit sha1_base64="5sLwgDoMf/tViRLeA7PtJ3GBZ7Y=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoMevFmBPOA7BJmZyfJkNkHM71CWPIbXjwo4tWf8ebfOEn2oIkFDUVVN91dfiKFRtv+tgpr6xubW8Xt0s7u3v5B+fCoreNUMd5isYxV16eaSxHxFgqUvJsoTkNf8o4/vp35nSeutIijR5wk3AvpMBIDwSgayXVRyIBn99Oqc94vV+yaPQdZJU5OKpCj2S9/uUHM0pBHyCTVuufYCXoZVSiY5NOSm2qeUDamQ94zNKIh1142v3lKzowSkEGsTEVI5urviYyGWk9C33SGFEd62ZuJ/3m9FAfXXiaiJEUescWiQSoJxmQWAAmE4gzlxBDKlDC3EjaiijI0MZVMCM7yy6ukfVFz6rX6w2WlcZPHUYQTOIUqOHAFDbiDJrSAQQLP8ApvVmq9WO/Wx6K1YOUzx/AH1ucPSDuRNA==</latexit>

Õ(1)



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


<latexit sha1_base64="ugoG/gcVq9ovdpKPelya0osImcY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkjYFYlehKAXwUsE84AkhtlJJxkyO7vMzEqWJXjxV7x4UMSrX+HNv3HyOGhiQUNR1U13lxdyprTjfFuphcWl5ZX0amZtfWNzy97eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvfzXyqw8gFQvEnY5DaPqkK1iHUaKN1LL3bnKDYxwf4Qs8uE8aTGiQlPAhjlt21sk7Y+B54k5JFk1RatlfjXZAIx+EppwoVXedUDcTIjWjHIaZRqQgJLRPulA3VBAfVDMZvzDEh0Zp404gTQmNx+rviYT4SsW+Zzp9ontq1huJ/3n1SHfOmwkTYaRB0MmiTsSxDvAoD9xmEqjmsSGESmZuxbRHJKEmCJUxIbizL8+TykneLeQLt6fZ4uU0jjTaRwcoh1x0horoGpVQGVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHQiiWGw==</latexit>

K(x, y) = x|y

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                           .

<latexit sha1_base64="ugoG/gcVq9ovdpKPelya0osImcY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkjYFYlehKAXwUsE84AkhtlJJxkyO7vMzEqWJXjxV7x4UMSrX+HNv3HyOGhiQUNR1U13lxdyprTjfFuphcWl5ZX0amZtfWNzy97eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvfzXyqw8gFQvEnY5DaPqkK1iHUaKN1LL3bnKDYxwf4Qs8uE8aTGiQlPAhjlt21sk7Y+B54k5JFk1RatlfjXZAIx+EppwoVXedUDcTIjWjHIaZRqQgJLRPulA3VBAfVDMZvzDEh0Zp404gTQmNx+rviYT4SsW+Zzp9ontq1huJ/3n1SHfOmwkTYaRB0MmiTsSxDvAoD9xmEqjmsSGESmZuxbRHJKEmCJUxIbizL8+TykneLeQLt6fZ4uU0jjTaRwcoh1x0horoGpVQGVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHQiiWGw==</latexit>

K(x, y) = x|y

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="UhV61b7oFGqs1nGhqNMlWqXyW4I=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCh1ISkeqx6MVjFdsKbQib7bZdutmE3Y1QQm9e/CtePCji1b/gzX/jps1BWx8MPN6b2Z15QcyZ0o7zbRWWlldW14rrpY3Nre0de3evpaJEEtokEY/kfYAV5UzQpmaa0/tYUhwGnLaD0VXmtx+oVCwSd3ocUy/EA8H6jGBtJN8+jH23grq9SKsKin2BusxUiPUwCNLbiW+XnaozBVokbk7KkKPh21/mLZKEVGjCsVId14m1l2KpGeF0UuomisaYjPCAdgwVOKTKS6d3TNCxUXqoH0lTQqOp+nsixaFS4zAwndmGat7LxP+8TqL7F17KRJxoKsjso37CkY5QFgrqMUmJ5mNDMJHM7IrIEEtMtImuZEJw509eJK3Tqlur1m7OyvXLPI4iHMARnIAL51CHa2hAEwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w9CmphU</latexit>

p1, . . . , pn 2 R
<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="5y5Cj7UN6AUyCiwR2ajEleJQNr4=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQyCWIRdkWgjBG0sI5gLZOMyO5lNhszOrjNnhbDJO9j4KjYWitja2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFsLi0vLK6u5tfz6xubWtr2zW9Nxqiir0ljEqhEQzQSXrAocBGskipEoEKwe9K5G9foDU5rH8hb6CWtFpCN5yCkBY/n2sSdYCAN87+k08jN+4Q7vJCY+xx5tx4CTESne6cLAtwtO0RkLz4M7hQKaquLbX147pmnEJFBBtG66TgKtjCjgVLBh3ks1SwjtkQ5rGpQkYrqVjW8a4kPjtHEYK/Mk4LH7eyIjkdb9KDCdEYGunq2NzP9qzRTC81bGZZICk3SyKEwFhhiPAsJtrhgF0TdAqOLmr5h2iSIUTIx5E4I7e/I81E6KbqlYujktlC+nceTQPjpAR8hFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0nrgjWd2UN/ZH3+AIl0nfY=</latexit>�����q

nX

i=1

ai · pi

�����



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                           .

<latexit sha1_base64="ugoG/gcVq9ovdpKPelya0osImcY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkjYFYlehKAXwUsE84AkhtlJJxkyO7vMzEqWJXjxV7x4UMSrX+HNv3HyOGhiQUNR1U13lxdyprTjfFuphcWl5ZX0amZtfWNzy97eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvfzXyqw8gFQvEnY5DaPqkK1iHUaKN1LL3bnKDYxwf4Qs8uE8aTGiQlPAhjlt21sk7Y+B54k5JFk1RatlfjXZAIx+EppwoVXedUDcTIjWjHIaZRqQgJLRPulA3VBAfVDMZvzDEh0Zp404gTQmNx+rviYT4SsW+Zzp9ontq1huJ/3n1SHfOmwkTYaRB0MmiTsSxDvAoD9xmEqjmsSGESmZuxbRHJKEmCJUxIbizL8+TykneLeQLt6fZ4uU0jjTaRwcoh1x0horoGpVQGVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHQiiWGw==</latexit>

K(x, y) = x|y

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="UhV61b7oFGqs1nGhqNMlWqXyW4I=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCh1ISkeqx6MVjFdsKbQib7bZdutmE3Y1QQm9e/CtePCji1b/gzX/jps1BWx8MPN6b2Z15QcyZ0o7zbRWWlldW14rrpY3Nre0de3evpaJEEtokEY/kfYAV5UzQpmaa0/tYUhwGnLaD0VXmtx+oVCwSd3ocUy/EA8H6jGBtJN8+jH23grq9SKsKin2BusxUiPUwCNLbiW+XnaozBVokbk7KkKPh21/mLZKEVGjCsVId14m1l2KpGeF0UuomisaYjPCAdgwVOKTKS6d3TNCxUXqoH0lTQqOp+nsixaFS4zAwndmGat7LxP+8TqL7F17KRJxoKsjso37CkY5QFgrqMUmJ5mNDMJHM7IrIEEtMtImuZEJw509eJK3Tqlur1m7OyvXLPI4iHMARnIAL51CHa2hAEwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w9CmphU</latexit>

p1, . . . , pn 2 R

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="5y5Cj7UN6AUyCiwR2ajEleJQNr4=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQyCWIRdkWgjBG0sI5gLZOMyO5lNhszOrjNnhbDJO9j4KjYWitja2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFsLi0vLK6u5tfz6xubWtr2zW9Nxqiir0ljEqhEQzQSXrAocBGskipEoEKwe9K5G9foDU5rH8hb6CWtFpCN5yCkBY/n2sSdYCAN87+k08jN+4Q7vJCY+xx5tx4CTESne6cLAtwtO0RkLz4M7hQKaquLbX147pmnEJFBBtG66TgKtjCjgVLBh3ks1SwjtkQ5rGpQkYrqVjW8a4kPjtHEYK/Mk4LH7eyIjkdb9KDCdEYGunq2NzP9qzRTC81bGZZICk3SyKEwFhhiPAsJtrhgF0TdAqOLmr5h2iSIUTIx5E4I7e/I81E6KbqlYujktlC+nceTQPjpAR8hFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0nrgjWd2UN/ZH3+AIl0nfY=</latexit>�����q

nX

i=1

ai · pi

�����

• You know 
• You don’t know  

<latexit sha1_base64="5y5Cj7UN6AUyCiwR2ajEleJQNr4=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQyCWIRdkWgjBG0sI5gLZOMyO5lNhszOrjNnhbDJO9j4KjYWitja2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFsLi0vLK6u5tfz6xubWtr2zW9Nxqiir0ljEqhEQzQSXrAocBGskipEoEKwe9K5G9foDU5rH8hb6CWtFpCN5yCkBY/n2sSdYCAN87+k08jN+4Q7vJCY+xx5tx4CTESne6cLAtwtO0RkLz4M7hQKaquLbX147pmnEJFBBtG66TgKtjCjgVLBh3ks1SwjtkQ5rGpQkYrqVjW8a4kPjtHEYK/Mk4LH7eyIjkdb9KDCdEYGunq2NzP9qzRTC81bGZZICk3SyKEwFhhiPAsJtrhgF0TdAqOLmr5h2iSIUTIx5E4I7e/I81E6KbqlYujktlC+nceTQPjpAR8hFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0nrgjWd2UN/ZH3+AIl0nfY=</latexit>�����q
nX

i=1

ai · pi

�����

<latexit sha1_base64="UhV61b7oFGqs1nGhqNMlWqXyW4I=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCh1ISkeqx6MVjFdsKbQib7bZdutmE3Y1QQm9e/CtePCji1b/gzX/jps1BWx8MPN6b2Z15QcyZ0o7zbRWWlldW14rrpY3Nre0de3evpaJEEtokEY/kfYAV5UzQpmaa0/tYUhwGnLaD0VXmtx+oVCwSd3ocUy/EA8H6jGBtJN8+jH23grq9SKsKin2BusxUiPUwCNLbiW+XnaozBVokbk7KkKPh21/mLZKEVGjCsVId14m1l2KpGeF0UuomisaYjPCAdgwVOKTKS6d3TNCxUXqoH0lTQqOp+nsixaFS4zAwndmGat7LxP+8TqL7F17KRJxoKsjso37CkY5QFgrqMUmJ5mNDMJHM7IrIEEtMtImuZEJw509eJK3Tqlur1m7OyvXLPI4iHMARnIAL51CHa2hAEwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w9CmphU</latexit>

p1, . . . , pn 2 R



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                           .

<latexit sha1_base64="ugoG/gcVq9ovdpKPelya0osImcY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkjYFYlehKAXwUsE84AkhtlJJxkyO7vMzEqWJXjxV7x4UMSrX+HNv3HyOGhiQUNR1U13lxdyprTjfFuphcWl5ZX0amZtfWNzy97eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvfzXyqw8gFQvEnY5DaPqkK1iHUaKN1LL3bnKDYxwf4Qs8uE8aTGiQlPAhjlt21sk7Y+B54k5JFk1RatlfjXZAIx+EppwoVXedUDcTIjWjHIaZRqQgJLRPulA3VBAfVDMZvzDEh0Zp404gTQmNx+rviYT4SsW+Zzp9ontq1huJ/3n1SHfOmwkTYaRB0MmiTsSxDvAoD9xmEqjmsSGESmZuxbRHJKEmCJUxIbizL8+TykneLeQLt6fZ4uU0jjTaRwcoh1x0horoGpVQGVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHQiiWGw==</latexit>

K(x, y) = x|y

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="UhV61b7oFGqs1nGhqNMlWqXyW4I=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCh1ISkeqx6MVjFdsKbQib7bZdutmE3Y1QQm9e/CtePCji1b/gzX/jps1BWx8MPN6b2Z15QcyZ0o7zbRWWlldW14rrpY3Nre0de3evpaJEEtokEY/kfYAV5UzQpmaa0/tYUhwGnLaD0VXmtx+oVCwSd3ocUy/EA8H6jGBtJN8+jH23grq9SKsKin2BusxUiPUwCNLbiW+XnaozBVokbk7KkKPh21/mLZKEVGjCsVId14m1l2KpGeF0UuomisaYjPCAdgwVOKTKS6d3TNCxUXqoH0lTQqOp+nsixaFS4zAwndmGat7LxP+8TqL7F17KRJxoKsjso37CkY5QFgrqMUmJ5mNDMJHM7IrIEEtMtImuZEJw509eJK3Tqlur1m7OyvXLPI4iHMARnIAL51CHa2hAEwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w9CmphU</latexit>

p1, . . . , pn 2 R
<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="5y5Cj7UN6AUyCiwR2ajEleJQNr4=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQyCWIRdkWgjBG0sI5gLZOMyO5lNhszOrjNnhbDJO9j4KjYWitja2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFsLi0vLK6u5tfz6xubWtr2zW9Nxqiir0ljEqhEQzQSXrAocBGskipEoEKwe9K5G9foDU5rH8hb6CWtFpCN5yCkBY/n2sSdYCAN87+k08jN+4Q7vJCY+xx5tx4CTESne6cLAtwtO0RkLz4M7hQKaquLbX147pmnEJFBBtG66TgKtjCjgVLBh3ks1SwjtkQ5rGpQkYrqVjW8a4kPjtHEYK/Mk4LH7eyIjkdb9KDCdEYGunq2NzP9qzRTC81bGZZICk3SyKEwFhhiPAsJtrhgF0TdAqOLmr5h2iSIUTIx5E4I7e/I81E6KbqlYujktlC+nceTQPjpAR8hFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0nrgjWd2UN/ZH3+AIl0nfY=</latexit>�����q

nX

i=1

ai · pi

�����

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                           .

<latexit sha1_base64="ugoG/gcVq9ovdpKPelya0osImcY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkjYFYlehKAXwUsE84AkhtlJJxkyO7vMzEqWJXjxV7x4UMSrX+HNv3HyOGhiQUNR1U13lxdyprTjfFuphcWl5ZX0amZtfWNzy97eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvfzXyqw8gFQvEnY5DaPqkK1iHUaKN1LL3bnKDYxwf4Qs8uE8aTGiQlPAhjlt21sk7Y+B54k5JFk1RatlfjXZAIx+EppwoVXedUDcTIjWjHIaZRqQgJLRPulA3VBAfVDMZvzDEh0Zp404gTQmNx+rviYT4SsW+Zzp9ontq1huJ/3n1SHfOmwkTYaRB0MmiTsSxDvAoD9xmEqjmsSGESmZuxbRHJKEmCJUxIbizL8+TykneLeQLt6fZ4uU0jjTaRwcoh1x0horoGpVQGVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHQiiWGw==</latexit>

K(x, y) = x|y

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="UhV61b7oFGqs1nGhqNMlWqXyW4I=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCh1ISkeqx6MVjFdsKbQib7bZdutmE3Y1QQm9e/CtePCji1b/gzX/jps1BWx8MPN6b2Z15QcyZ0o7zbRWWlldW14rrpY3Nre0de3evpaJEEtokEY/kfYAV5UzQpmaa0/tYUhwGnLaD0VXmtx+oVCwSd3ocUy/EA8H6jGBtJN8+jH23grq9SKsKin2BusxUiPUwCNLbiW+XnaozBVokbk7KkKPh21/mLZKEVGjCsVId14m1l2KpGeF0UuomisaYjPCAdgwVOKTKS6d3TNCxUXqoH0lTQqOp+nsixaFS4zAwndmGat7LxP+8TqL7F17KRJxoKsjso37CkY5QFgrqMUmJ5mNDMJHM7IrIEEtMtImuZEJw509eJK3Tqlur1m7OyvXLPI4iHMARnIAL51CHa2hAEwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w9CmphU</latexit>

p1, . . . , pn 2 R
<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="5y5Cj7UN6AUyCiwR2ajEleJQNr4=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQyCWIRdkWgjBG0sI5gLZOMyO5lNhszOrjNnhbDJO9j4KjYWitja2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFsLi0vLK6u5tfz6xubWtr2zW9Nxqiir0ljEqhEQzQSXrAocBGskipEoEKwe9K5G9foDU5rH8hb6CWtFpCN5yCkBY/n2sSdYCAN87+k08jN+4Q7vJCY+xx5tx4CTESne6cLAtwtO0RkLz4M7hQKaquLbX147pmnEJFBBtG66TgKtjCjgVLBh3ks1SwjtkQ5rGpQkYrqVjW8a4kPjtHEYK/Mk4LH7eyIjkdb9KDCdEYGunq2NzP9qzRTC81bGZZICk3SyKEwFhhiPAsJtrhgF0TdAqOLmr5h2iSIUTIx5E4I7e/I81E6KbqlYujktlC+nceTQPjpAR8hFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0nrgjWd2UN/ZH3+AIl0nfY=</latexit>�����q

nX

i=1

ai · pi

�����

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

Random signs:

<latexit sha1_base64="UX4B97URtR5j005/EHMDFKGYwCc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAi6qUmR6kYQ3bisYKvQpGEymbSDk0mcuRFK7He48VfcuFDEnbjxb5w+Fr4OXDiccy/33hNmgmtwnE9ranpmdm6+tFBeXFpeWbXX1ls6zRVlTZqKVF2FRDPBJWsCB8GuMsVIEgp2GV6fDv3LW6Y0T+UF9DPmJ6QrecwpASMFtnt3c4c9GqWAPcFi2MGezpOg4EfuoCNxFvBODXuKd3uw2yncvdogsCtO1RkB/yXuhFTQBI3AfveilOYJk0AF0brtOhn4BVHAqWCDspdrlhF6TbqsbagkCdN+MXptgLeNEuE4VaYk4JH6faIgidb9JDSdCYGe/u0Nxf+8dg7xoV9wmeXAJB0vinOBIcXDnHDEFaMg+oYQqri5FdMeUYSCSbNsQnB/v/yXtGpVt16tn+9Xjk8mcZTQJtpCO8hFB+gYnaEGaiKK7tEjekYv1oP1ZL1ab+PWKWsys4F+wPr4Am25n9w=</latexit>

|q| ·
 

nX

i=1

p2i
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Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                           .

<latexit sha1_base64="ugoG/gcVq9ovdpKPelya0osImcY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkjYFYlehKAXwUsE84AkhtlJJxkyO7vMzEqWJXjxV7x4UMSrX+HNv3HyOGhiQUNR1U13lxdyprTjfFuphcWl5ZX0amZtfWNzy97eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvfzXyqw8gFQvEnY5DaPqkK1iHUaKN1LL3bnKDYxwf4Qs8uE8aTGiQlPAhjlt21sk7Y+B54k5JFk1RatlfjXZAIx+EppwoVXedUDcTIjWjHIaZRqQgJLRPulA3VBAfVDMZvzDEh0Zp404gTQmNx+rviYT4SsW+Zzp9ontq1huJ/3n1SHfOmwkTYaRB0MmiTsSxDvAoD9xmEqjmsSGESmZuxbRHJKEmCJUxIbizL8+TykneLeQLt6fZ4uU0jjTaRwcoh1x0horoGpVQGVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHQiiWGw==</latexit>

K(x, y) = x|y

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="UhV61b7oFGqs1nGhqNMlWqXyW4I=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCh1ISkeqx6MVjFdsKbQib7bZdutmE3Y1QQm9e/CtePCji1b/gzX/jps1BWx8MPN6b2Z15QcyZ0o7zbRWWlldW14rrpY3Nre0de3evpaJEEtokEY/kfYAV5UzQpmaa0/tYUhwGnLaD0VXmtx+oVCwSd3ocUy/EA8H6jGBtJN8+jH23grq9SKsKin2BusxUiPUwCNLbiW+XnaozBVokbk7KkKPh21/mLZKEVGjCsVId14m1l2KpGeF0UuomisaYjPCAdgwVOKTKS6d3TNCxUXqoH0lTQqOp+nsixaFS4zAwndmGat7LxP+8TqL7F17KRJxoKsjso37CkY5QFgrqMUmJ5mNDMJHM7IrIEEtMtImuZEJw509eJK3Tqlur1m7OyvXLPI4iHMARnIAL51CHa2hAEwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w9CmphU</latexit>

p1, . . . , pn 2 R
<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="5y5Cj7UN6AUyCiwR2ajEleJQNr4=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQyCWIRdkWgjBG0sI5gLZOMyO5lNhszOrjNnhbDJO9j4KjYWitja2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFsLi0vLK6u5tfz6xubWtr2zW9Nxqiir0ljEqhEQzQSXrAocBGskipEoEKwe9K5G9foDU5rH8hb6CWtFpCN5yCkBY/n2sSdYCAN87+k08jN+4Q7vJCY+xx5tx4CTESne6cLAtwtO0RkLz4M7hQKaquLbX147pmnEJFBBtG66TgKtjCjgVLBh3ks1SwjtkQ5rGpQkYrqVjW8a4kPjtHEYK/Mk4LH7eyIjkdb9KDCdEYGunq2NzP9qzRTC81bGZZICk3SyKEwFhhiPAsJtrhgF0TdAqOLmr5h2iSIUTIx5E4I7e/I81E6KbqlYujktlC+nceTQPjpAR8hFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0nrgjWd2UN/ZH3+AIl0nfY=</latexit>�����q

nX

i=1

ai · pi

�����

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

Random signs:

<latexit sha1_base64="UX4B97URtR5j005/EHMDFKGYwCc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAi6qUmR6kYQ3bisYKvQpGEymbSDk0mcuRFK7He48VfcuFDEnbjxb5w+Fr4OXDiccy/33hNmgmtwnE9ranpmdm6+tFBeXFpeWbXX1ls6zRVlTZqKVF2FRDPBJWsCB8GuMsVIEgp2GV6fDv3LW6Y0T+UF9DPmJ6QrecwpASMFtnt3c4c9GqWAPcFi2MGezpOg4EfuoCNxFvBODXuKd3uw2yncvdogsCtO1RkB/yXuhFTQBI3AfveilOYJk0AF0brtOhn4BVHAqWCDspdrlhF6TbqsbagkCdN+MXptgLeNEuE4VaYk4JH6faIgidb9JDSdCYGe/u0Nxf+8dg7xoV9wmeXAJB0vinOBIcXDnHDEFaMg+oYQqri5FdMeUYSCSbNsQnB/v/yXtGpVt16tn+9Xjk8mcZTQJtpCO8hFB+gYnaEGaiKK7tEjekYv1oP1ZL1ab+PWKWsys4F+wPr4Am25n9w=</latexit>

|q| ·
 

nX

i=1

p2i

!1/2

Greedy balance:



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                           .

<latexit sha1_base64="ugoG/gcVq9ovdpKPelya0osImcY=">AAACAnicbVDLSgNBEJyNrxhfq57Ey2AQIkjYFYlehKAXwUsE84AkhtlJJxkyO7vMzEqWJXjxV7x4UMSrX+HNv3HyOGhiQUNR1U13lxdyprTjfFuphcWl5ZX0amZtfWNzy97eqaggkhTKNOCBrHlEAWcCypppDrVQAvE9DlWvfzXyqw8gFQvEnY5DaPqkK1iHUaKN1LL3bnKDYxwf4Qs8uE8aTGiQlPAhjlt21sk7Y+B54k5JFk1RatlfjXZAIx+EppwoVXedUDcTIjWjHIaZRqQgJLRPulA3VBAfVDMZvzDEh0Zp404gTQmNx+rviYT4SsW+Zzp9ontq1huJ/3n1SHfOmwkTYaRB0MmiTsSxDvAoD9xmEqjmsSGESmZuxbRHJKEmCJUxIbizL8+TykneLeQLt6fZ4uU0jjTaRwcoh1x0horoGpVQGVH0iJ7RK3qznqwX6936mLSmrOnMLvoD6/MHQiiWGw==</latexit>

K(x, y) = x|y

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="UhV61b7oFGqs1nGhqNMlWqXyW4I=">AAACB3icbVBNS8NAEJ3Ur1q/oh4FWSyCh1ISkeqx6MVjFdsKbQib7bZdutmE3Y1QQm9e/CtePCji1b/gzX/jps1BWx8MPN6b2Z15QcyZ0o7zbRWWlldW14rrpY3Nre0de3evpaJEEtokEY/kfYAV5UzQpmaa0/tYUhwGnLaD0VXmtx+oVCwSd3ocUy/EA8H6jGBtJN8+jH23grq9SKsKin2BusxUiPUwCNLbiW+XnaozBVokbk7KkKPh21/mLZKEVGjCsVId14m1l2KpGeF0UuomisaYjPCAdgwVOKTKS6d3TNCxUXqoH0lTQqOp+nsixaFS4zAwndmGat7LxP+8TqL7F17KRJxoKsjso37CkY5QFgrqMUmJ5mNDMJHM7IrIEEtMtImuZEJw509eJK3Tqlur1m7OyvXLPI4iHMARnIAL51CHa2hAEwg8wjO8wpv1ZL1Y79bHrLVg5TP78AfW5w9CmphU</latexit>

p1, . . . , pn 2 R
<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}
<latexit sha1_base64="5y5Cj7UN6AUyCiwR2ajEleJQNr4=">AAACE3icbZC7SgNBFIZnvcZ4W7W0GQyCWIRdkWgjBG0sI5gLZOMyO5lNhszOrjNnhbDJO9j4KjYWitja2Pk2Ti6FJv4w8PGfczhz/iARXIPjfFsLi0vLK6u5tfz6xubWtr2zW9Nxqiir0ljEqhEQzQSXrAocBGskipEoEKwe9K5G9foDU5rH8hb6CWtFpCN5yCkBY/n2sSdYCAN87+k08jN+4Q7vJCY+xx5tx4CTESne6cLAtwtO0RkLz4M7hQKaquLbX147pmnEJFBBtG66TgKtjCjgVLBh3ks1SwjtkQ5rGpQkYrqVjW8a4kPjtHEYK/Mk4LH7eyIjkdb9KDCdEYGunq2NzP9qzRTC81bGZZICk3SyKEwFhhiPAsJtrhgF0TdAqOLmr5h2iSIUTIx5E4I7e/I81E6KbqlYujktlC+nceTQPjpAR8hFZ6iMrlEFVRFFj+gZvaI368l6sd6tj0nrgjWd2UN/ZH3+AIl0nfY=</latexit>�����q

nX

i=1

ai · pi

�����

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

Random signs:

<latexit sha1_base64="UX4B97URtR5j005/EHMDFKGYwCc=">AAACGnicbVDLSsNAFJ34rPUVdelmsAi6qUmR6kYQ3bisYKvQpGEymbSDk0mcuRFK7He48VfcuFDEnbjxb5w+Fr4OXDiccy/33hNmgmtwnE9ranpmdm6+tFBeXFpeWbXX1ls6zRVlTZqKVF2FRDPBJWsCB8GuMsVIEgp2GV6fDv3LW6Y0T+UF9DPmJ6QrecwpASMFtnt3c4c9GqWAPcFi2MGezpOg4EfuoCNxFvBODXuKd3uw2yncvdogsCtO1RkB/yXuhFTQBI3AfveilOYJk0AF0brtOhn4BVHAqWCDspdrlhF6TbqsbagkCdN+MXptgLeNEuE4VaYk4JH6faIgidb9JDSdCYGe/u0Nxf+8dg7xoV9wmeXAJB0vinOBIcXDnHDEFaMg+oYQqri5FdMeUYSCSbNsQnB/v/yXtGpVt16tn+9Xjk8mcZTQJtpCO8hFB+gYnaEGaiKK7tEjekYv1oP1ZL1ab+PWKWsys4F+wPr4Am25n9w=</latexit>

|q| ·
 

nX

i=1

p2i

!1/2

Greedy balance:
<latexit sha1_base64="DBHokxKkd59AiWNH69EmmhFzzdE=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5KIVJdFNy4r2Ac0IUwmk3boJBNnJmJNir/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58wKpVlfRulpeWV1bXyemVjc2t7x9zda0ueCkxamDMuuj6ShNGYtBRVjHQTQVDkM9Lxh1cTv3NPhKQ8vlWjhLgR6sc0pBgpLXnmQX6XQwcHXEEnQg8ehXmSe2bVqllTwEViF6QKCjQ988sJOE4jEivMkJQ920qUmyGhKGZkXHFSSRKEh6hPeprGKCLSzabXj+GxVgIYcqErVnCq/p7IUCTlKPJ1Z4TUQM57E/E/r5eq8MLNaJykisR4tihMGVQcTqKAARUEKzbSBGFB9a0QD5BAWOnAKjoEe/7lRdI+rdn1Wv3mrNq4LOIog0NwBE6ADc5BA1yDJmgBDB7BM3gFb8aT8WK8Gx+z1pJRzOyDPzA+fwBDeJUf</latexit>

|q| ·max
i

|p|



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                                           .

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

General

<latexit sha1_base64="sNaRo8fzjesfiofYq8w7Kp68LkA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotSElEqhuh6EZwU8E+oIllMp20QyeTMDORhtAfcOOvuHGhiFv37vwbp20W2nrgwuGce7n3Hi9iVCrL+jYWFpeWV1Zza/n1jc2tbXNntyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A19psPREga8juVRMQNUI9Tn2KktNQxD2+Kw+OkBC+gE/VpcVi6Tx3KFREYsdFUS0ods2CVrQngPLEzUgAZah3zy+mGOA4IV5ghKdu2FSk3RUJRzMgo78SSRAgPUI+0NeUoINJNJ9+M4JFWutAPhS6u4ET9PZGiQMok8HRngFRfznpj8T+vHSv/3E0pj2JFOJ4u8mMGVQjH0cAuFQQrlmiCsKD6Voj7SCCs45B5HYI9+/I8aZyU7Uq5cntaqF5mceTAPjgARWCDM1AF16AG6gCDR/AMXsGb8WS8GO/Gx7R1wchm9sAfGJ8/9EiaRQ==</latexit>

K(x, y) = �(x)|�(y)

<latexit sha1_base64="sXO7b88kX3X/eNYLFlBo60ZpylI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0IMOMSHVZ1IXLKvYBnVoyaaYNzWRCkhHK0L9w46+4caGIW935N2baWWjrgZDDOfcm9x5fMKq043xbuaXlldW1/HphY3Nre6e4u9dUUSwxaeCIRbLtI0UY5aShqWakLSRBoc9Iyx9dpn7rgUhFI36nx4J0QzTgNKAYaSP1irYnhrQsem7lGHr9SCtzzRRegR7l0AuRHvp+cju5T64mvWLJsZ0p4CJxM1ICGeq94pd5Fcch4RozpFTHdYTuJkhqihmZFLxYEYHwCA1Ix1COQqK6yXSvCTwySh8GkTSHazhVf3ckKFRqHPqmMp1SzXup+J/XiXVw3k0oF7EmHM8+CmIGdQTTkGCfSoI1GxuCsKRmVoiHSCKsTZQFE4I7v/IiaZ7YbtWu3pyWahdZHHlwAA5BGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MSvNWVnPPvgD6/MHpW6eag==</latexit>

�(p1), . . . ,�(pn) 2 RD

<latexit sha1_base64="8CK+32fw5Q/9+oRwvHthE0DdNrE="></latexit>������(q)
|
 

nX

i=1

ai�(pi)

!�����



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                                           .

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

Random signs:

General

<latexit sha1_base64="sNaRo8fzjesfiofYq8w7Kp68LkA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotSElEqhuh6EZwU8E+oIllMp20QyeTMDORhtAfcOOvuHGhiFv37vwbp20W2nrgwuGce7n3Hi9iVCrL+jYWFpeWV1Zza/n1jc2tbXNntyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A19psPREga8juVRMQNUI9Tn2KktNQxD2+Kw+OkBC+gE/VpcVi6Tx3KFREYsdFUS0ods2CVrQngPLEzUgAZah3zy+mGOA4IV5ghKdu2FSk3RUJRzMgo78SSRAgPUI+0NeUoINJNJ9+M4JFWutAPhS6u4ET9PZGiQMok8HRngFRfznpj8T+vHSv/3E0pj2JFOJ4u8mMGVQjH0cAuFQQrlmiCsKD6Voj7SCCs45B5HYI9+/I8aZyU7Uq5cntaqF5mceTAPjgARWCDM1AF16AG6gCDR/AMXsGb8WS8GO/Gx7R1wchm9sAfGJ8/9EiaRQ==</latexit>

K(x, y) = �(x)|�(y)

<latexit sha1_base64="sXO7b88kX3X/eNYLFlBo60ZpylI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0IMOMSHVZ1IXLKvYBnVoyaaYNzWRCkhHK0L9w46+4caGIW935N2baWWjrgZDDOfcm9x5fMKq043xbuaXlldW1/HphY3Nre6e4u9dUUSwxaeCIRbLtI0UY5aShqWakLSRBoc9Iyx9dpn7rgUhFI36nx4J0QzTgNKAYaSP1irYnhrQsem7lGHr9SCtzzRRegR7l0AuRHvp+cju5T64mvWLJsZ0p4CJxM1ICGeq94pd5Fcch4RozpFTHdYTuJkhqihmZFLxYEYHwCA1Ix1COQqK6yXSvCTwySh8GkTSHazhVf3ckKFRqHPqmMp1SzXup+J/XiXVw3k0oF7EmHM8+CmIGdQTTkGCfSoI1GxuCsKRmVoiHSCKsTZQFE4I7v/IiaZ7YbtWu3pyWahdZHHlwAA5BGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MSvNWVnPPvgD6/MHpW6eag==</latexit>

�(p1), . . . ,�(pn) 2 RD

<latexit sha1_base64="8CK+32fw5Q/9+oRwvHthE0DdNrE="></latexit>������(q)
|
 

nX

i=1

ai�(pi)

!�����

<latexit sha1_base64="tKWMtOfLftKAI2mfSX7oAAznGBQ="></latexit>

k�(q)k2 ·
 

nX

i=1

k�(pi)k22

!1/2



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                                           .

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

Random signs:

“Gram-Schmidt Walk” 

[Bansal, Dadush, Garg, Lovett ’17]


“Self-balancing Walk”

[Alweiss, Liu, Sawhney ’20]

General

<latexit sha1_base64="sNaRo8fzjesfiofYq8w7Kp68LkA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotSElEqhuh6EZwU8E+oIllMp20QyeTMDORhtAfcOOvuHGhiFv37vwbp20W2nrgwuGce7n3Hi9iVCrL+jYWFpeWV1Zza/n1jc2tbXNntyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A19psPREga8juVRMQNUI9Tn2KktNQxD2+Kw+OkBC+gE/VpcVi6Tx3KFREYsdFUS0ods2CVrQngPLEzUgAZah3zy+mGOA4IV5ghKdu2FSk3RUJRzMgo78SSRAgPUI+0NeUoINJNJ9+M4JFWutAPhS6u4ET9PZGiQMok8HRngFRfznpj8T+vHSv/3E0pj2JFOJ4u8mMGVQjH0cAuFQQrlmiCsKD6Voj7SCCs45B5HYI9+/I8aZyU7Uq5cntaqF5mceTAPjgARWCDM1AF16AG6gCDR/AMXsGb8WS8GO/Gx7R1wchm9sAfGJ8/9EiaRQ==</latexit>

K(x, y) = �(x)|�(y)

<latexit sha1_base64="sXO7b88kX3X/eNYLFlBo60ZpylI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0IMOMSHVZ1IXLKvYBnVoyaaYNzWRCkhHK0L9w46+4caGIW935N2baWWjrgZDDOfcm9x5fMKq043xbuaXlldW1/HphY3Nre6e4u9dUUSwxaeCIRbLtI0UY5aShqWakLSRBoc9Iyx9dpn7rgUhFI36nx4J0QzTgNKAYaSP1irYnhrQsem7lGHr9SCtzzRRegR7l0AuRHvp+cju5T64mvWLJsZ0p4CJxM1ICGeq94pd5Fcch4RozpFTHdYTuJkhqihmZFLxYEYHwCA1Ix1COQqK6yXSvCTwySh8GkTSHazhVf3ckKFRqHPqmMp1SzXup+J/XiXVw3k0oF7EmHM8+CmIGdQTTkGCfSoI1GxuCsKRmVoiHSCKsTZQFE4I7v/IiaZ7YbtWu3pyWahdZHHlwAA5BGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MSvNWVnPPvgD6/MHpW6eag==</latexit>

�(p1), . . . ,�(pn) 2 RD

<latexit sha1_base64="8CK+32fw5Q/9+oRwvHthE0DdNrE="></latexit>������(q)
|
 

nX

i=1

ai�(pi)

!�����

<latexit sha1_base64="tKWMtOfLftKAI2mfSX7oAAznGBQ="></latexit>

k�(q)k2 ·
 

nX

i=1

k�(pi)k22

!1/2

<latexit sha1_base64="wELpy+HjB4mKpYfrqo1vTJtDAyo=">AAACJ3icbVDLSgMxFM34rPVVdekmWIR2U2aKVFdSdOPOCvYBnTJkMmkbmnmY3BHLtH/jxl9xI6iILv0T0xdo64ELJ+fcS+49biS4AtP8MpaWV1bX1lMb6c2t7Z3dzN5+TYWxpKxKQxHKhksUEzxgVeAgWCOSjPiuYHW3dzny6/dMKh4Gt9CPWMsnnYC3OSWgJSdzbgMXHkuuhzkrj23qhYDtgR11ee5OvwdOcSb65MHhMy9yeH5kOpmsWTDHwIvEmpIsmqLiZF5tL6SxzwKggijVtMwIWgmRwKlgw7QdKxYR2iMd1tQ0ID5TrWR85xAfa8XD7VDqCgCP1d8TCfGV6vuu7vQJdNW8NxL/85oxtM9aCQ+iGFhAJx+1Y4EhxKPQsMcloyD6mhAqud4V0y6RhIKONq1DsOZPXiS1YsEqFUo3J9nyxTSOFDpERyiHLHSKyugKVVAVUfSIntEbejeejBfjw/ictC4Z05kD9AfG9w+fiqSW</latexit>

Õ(1) · k�(q)k2 ·max
i

k�(pi)k2



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                                           .

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

Random signs:

“Gram-Schmidt Walk” 

[Bansal, Dadush, Garg, Lovett ’17]


“Self-balancing Walk”

[Alweiss, Liu, Sawhney ’20]

General

<latexit sha1_base64="sNaRo8fzjesfiofYq8w7Kp68LkA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotSElEqhuh6EZwU8E+oIllMp20QyeTMDORhtAfcOOvuHGhiFv37vwbp20W2nrgwuGce7n3Hi9iVCrL+jYWFpeWV1Zza/n1jc2tbXNntyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A19psPREga8juVRMQNUI9Tn2KktNQxD2+Kw+OkBC+gE/VpcVi6Tx3KFREYsdFUS0ods2CVrQngPLEzUgAZah3zy+mGOA4IV5ghKdu2FSk3RUJRzMgo78SSRAgPUI+0NeUoINJNJ9+M4JFWutAPhS6u4ET9PZGiQMok8HRngFRfznpj8T+vHSv/3E0pj2JFOJ4u8mMGVQjH0cAuFQQrlmiCsKD6Voj7SCCs45B5HYI9+/I8aZyU7Uq5cntaqF5mceTAPjgARWCDM1AF16AG6gCDR/AMXsGb8WS8GO/Gx7R1wchm9sAfGJ8/9EiaRQ==</latexit>

K(x, y) = �(x)|�(y)

<latexit sha1_base64="sXO7b88kX3X/eNYLFlBo60ZpylI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0IMOMSHVZ1IXLKvYBnVoyaaYNzWRCkhHK0L9w46+4caGIW935N2baWWjrgZDDOfcm9x5fMKq043xbuaXlldW1/HphY3Nre6e4u9dUUSwxaeCIRbLtI0UY5aShqWakLSRBoc9Iyx9dpn7rgUhFI36nx4J0QzTgNKAYaSP1irYnhrQsem7lGHr9SCtzzRRegR7l0AuRHvp+cju5T64mvWLJsZ0p4CJxM1ICGeq94pd5Fcch4RozpFTHdYTuJkhqihmZFLxYEYHwCA1Ix1COQqK6yXSvCTwySh8GkTSHazhVf3ckKFRqHPqmMp1SzXup+J/XiXVw3k0oF7EmHM8+CmIGdQTTkGCfSoI1GxuCsKRmVoiHSCKsTZQFE4I7v/IiaZ7YbtWu3pyWahdZHHlwAA5BGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MSvNWVnPPvgD6/MHpW6eag==</latexit>

�(p1), . . . ,�(pn) 2 RD

<latexit sha1_base64="8CK+32fw5Q/9+oRwvHthE0DdNrE="></latexit>������(q)
|
 

nX

i=1

ai�(pi)

!�����

<latexit sha1_base64="tKWMtOfLftKAI2mfSX7oAAznGBQ="></latexit>

k�(q)k2 ·
 

nX

i=1

k�(pi)k22

!1/2

<latexit sha1_base64="wELpy+HjB4mKpYfrqo1vTJtDAyo=">AAACJ3icbVDLSgMxFM34rPVVdekmWIR2U2aKVFdSdOPOCvYBnTJkMmkbmnmY3BHLtH/jxl9xI6iILv0T0xdo64ELJ+fcS+49biS4AtP8MpaWV1bX1lMb6c2t7Z3dzN5+TYWxpKxKQxHKhksUEzxgVeAgWCOSjPiuYHW3dzny6/dMKh4Gt9CPWMsnnYC3OSWgJSdzbgMXHkuuhzkrj23qhYDtgR11ee5OvwdOcSb65MHhMy9yeH5kOpmsWTDHwIvEmpIsmqLiZF5tL6SxzwKggijVtMwIWgmRwKlgw7QdKxYR2iMd1tQ0ID5TrWR85xAfa8XD7VDqCgCP1d8TCfGV6vuu7vQJdNW8NxL/85oxtM9aCQ+iGFhAJx+1Y4EhxKPQsMcloyD6mhAqud4V0y6RhIKONq1DsOZPXiS1YsEqFUo3J9nyxTSOFDpERyiHLHSKyugKVVAVUfSIntEbejeejBfjw/ictC4Z05kD9AfG9w+fiqSW</latexit>

Õ(1) · k�(q)k2 ·max
i

k�(pi)k2
<latexit sha1_base64="1RPmQ41CS7XSKxaZOHDLQL3Kx+Y=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4sSRFqsuiG5cV7AOaECbTaTt0ZhJmbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RwpsF1v62l5ZXVtfXCRnFza3tn197bb+o4VYQ2SMxj1Y6wppxJ2gAGnLYTRbGIOG1Fw+uJ37qnSrNY3sEooYHAfcl6jGAwUmgf+n0sBA4rPtAHyM5krMQ4tEtu2Z3CWSReTkooRz20v/xuTFJBJRCOte54bgJBhhUwwum46KeaJpgMcZ92DJVYUB1k0+vHzolRuk4vVqYkOFP190SGhdYjEZlOgWGg572J+J/XSaF3GWRMJilQSWaLeil3IHYmUThdpigBPjIEE8XMrQ4ZYIUJmMCKJgRv/uVF0qyUvWq5enteql3lcRTQETpGp8hDF6iGblAdNRBBj+gZvaI368l6sd6tj1nrkpXPHKA/sD5/AL9jlXA=</latexit>�2-norm



Basics of Discrepancy Minimization

“Simplest” PSD Kernel:


•  Linear kernel: 


• 1-dimensional :-): 


• “Discrepancy Minimization Task:”


• Input:  


• Find signs 

        


     

     to minimize                                           .

<latexit sha1_base64="sTwDsuTavVBBFlv8yydgMFPU39E=">AAAB/HicbVDLSgMxFM3UV62v0S7dBItQQcqMSHUjFN0IbirYB7RDyWQybWgmGZKMdCj1V9y4UMStH+LOvzFtZ6GtBy4czrmXe+/xY0aVdpxvK7eyura+kd8sbG3v7O7Z+wdNJRKJSQMLJmTbR4owyklDU81IO5YERT4jLX94M/Vbj0QqKviDTmPiRajPaUgx0kbq2cW78ugUpifwCo5gFwdCw7Rnl5yKMwNcJm5GSiBDvWd/dQOBk4hwjRlSquM6sfbGSGqKGZkUuokiMcJD1CcdQzmKiPLGs+Mn8NgoAQyFNMU1nKm/J8YoUiqNfNMZIT1Qi95U/M/rJDq89MaUx4kmHM8XhQmDWsBpEjCgkmDNUkMQltTcCvEASYS1yatgQnAXX14mzbOKW61U789Ltessjjw4BEegDFxwAWrgFtRBA2CQgmfwCt6sJ+vFerc+5q05K5spgj+wPn8A3QCTAQ==</latexit>

K(x, y) = x · y

<latexit sha1_base64="gPzpKs9ic96VkqfuOOLfQKOzYiA=">AAACBXicbVDLSsNAFL3xWesr6lIXg0VwUUsiUl0W3bisYB/QlDCZTtqhk0mYmQgldOPGX3HjQhG3/oM7/8Zpm4W2HrhwOOfeO3NPkHCmtON8W0vLK6tr64WN4ubW9s6uvbffVHEqCW2QmMeyHWBFORO0oZnmtJ1IiqOA01YwvJn4rQcqFYvFvR4ltBvhvmAhI1gbybePsO+WkdeLtSoj7AvkMVPZmVt2vbFvl5yKMwVaJG5OSpCj7ttfZhNJIyo04VipjuskupthqRnhdFz0UkUTTIa4TzuGChxR1c2mV4zRiVF6KIylKaHRVP09keFIqVEUmM4I64Ga9ybif14n1eFVN2MiSTUVZPZQmHKkYzSJBPWYpETzkSGYSGb+isgAS0y0Ca5oQnDnT14kzfOKW61U7y5Ktes8jgIcwjGcgguXUINbqEMDCDzCM7zCm/VkvVjv1sesdcnKZw7gD6zPHy13lnk=</latexit>

a1, . . . , an 2 {�1, 1}

<latexit sha1_base64="+7Y+mbaigftZyW4HrIlyB8Q4C84=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfKuMvw==</latexit>

0

Random signs:

“Gram-Schmidt Walk” 

[Bansal, Dadush, Garg, Lovett ’17]


“Self-balancing Walk”

[Alweiss, Liu, Sawhney ’20]

General

<latexit sha1_base64="sNaRo8fzjesfiofYq8w7Kp68LkA=">AAACDXicbVDLSsNAFJ34rPUVdelmsAotSElEqhuh6EZwU8E+oIllMp20QyeTMDORhtAfcOOvuHGhiFv37vwbp20W2nrgwuGce7n3Hi9iVCrL+jYWFpeWV1Zza/n1jc2tbXNntyHDWGBSxyELRctDkjDKSV1RxUgrEgQFHiNNb3A19psPREga8juVRMQNUI9Tn2KktNQxD2+Kw+OkBC+gE/VpcVi6Tx3KFREYsdFUS0ods2CVrQngPLEzUgAZah3zy+mGOA4IV5ghKdu2FSk3RUJRzMgo78SSRAgPUI+0NeUoINJNJ9+M4JFWutAPhS6u4ET9PZGiQMok8HRngFRfznpj8T+vHSv/3E0pj2JFOJ4u8mMGVQjH0cAuFQQrlmiCsKD6Voj7SCCs45B5HYI9+/I8aZyU7Uq5cntaqF5mceTAPjgARWCDM1AF16AG6gCDR/AMXsGb8WS8GO/Gx7R1wchm9sAfGJ8/9EiaRQ==</latexit>

K(x, y) = �(x)|�(y)

<latexit sha1_base64="sXO7b88kX3X/eNYLFlBo60ZpylI=">AAACF3icbVDLSgMxFM3UV62vqks3wSK0IMOMSHVZ1IXLKvYBnVoyaaYNzWRCkhHK0L9w46+4caGIW935N2baWWjrgZDDOfcm9x5fMKq043xbuaXlldW1/HphY3Nre6e4u9dUUSwxaeCIRbLtI0UY5aShqWakLSRBoc9Iyx9dpn7rgUhFI36nx4J0QzTgNKAYaSP1irYnhrQsem7lGHr9SCtzzRRegR7l0AuRHvp+cju5T64mvWLJsZ0p4CJxM1ICGeq94pd5Fcch4RozpFTHdYTuJkhqihmZFLxYEYHwCA1Ix1COQqK6yXSvCTwySh8GkTSHazhVf3ckKFRqHPqmMp1SzXup+J/XiXVw3k0oF7EmHM8+CmIGdQTTkGCfSoI1GxuCsKRmVoiHSCKsTZQFE4I7v/IiaZ7YbtWu3pyWahdZHHlwAA5BGbjgDNTANaiDBsDgETyDV/BmPVkv1rv1MSvNWVnPPvgD6/MHpW6eag==</latexit>

�(p1), . . . ,�(pn) 2 RD

<latexit sha1_base64="8CK+32fw5Q/9+oRwvHthE0DdNrE="></latexit>������(q)
|
 

nX

i=1

ai�(pi)

!�����

<latexit sha1_base64="tKWMtOfLftKAI2mfSX7oAAznGBQ="></latexit>

k�(q)k2 ·
 

nX

i=1

k�(pi)k22

!1/2

<latexit sha1_base64="wELpy+HjB4mKpYfrqo1vTJtDAyo=">AAACJ3icbVDLSgMxFM34rPVVdekmWIR2U2aKVFdSdOPOCvYBnTJkMmkbmnmY3BHLtH/jxl9xI6iILv0T0xdo64ELJ+fcS+49biS4AtP8MpaWV1bX1lMb6c2t7Z3dzN5+TYWxpKxKQxHKhksUEzxgVeAgWCOSjPiuYHW3dzny6/dMKh4Gt9CPWMsnnYC3OSWgJSdzbgMXHkuuhzkrj23qhYDtgR11ee5OvwdOcSb65MHhMy9yeH5kOpmsWTDHwIvEmpIsmqLiZF5tL6SxzwKggijVtMwIWgmRwKlgw7QdKxYR2iMd1tQ0ID5TrWR85xAfa8XD7VDqCgCP1d8TCfGV6vuu7vQJdNW8NxL/85oxtM9aCQ+iGFhAJx+1Y4EhxKPQsMcloyD6mhAqud4V0y6RhIKONq1DsOZPXiS1YsEqFUo3J9nyxTSOFDpERyiHLHSKyugKVVAVUfSIntEbejeejBfjw/ictC4Z05kD9AfG9w+fiqSW</latexit>

Õ(1) · k�(q)k2 ·max
i

k�(pi)k2
<latexit sha1_base64="1RPmQ41CS7XSKxaZOHDLQL3Kx+Y=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4sSRFqsuiG5cV7AOaECbTaTt0ZhJmbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RwpsF1v62l5ZXVtfXCRnFza3tn197bb+o4VYQ2SMxj1Y6wppxJ2gAGnLYTRbGIOG1Fw+uJ37qnSrNY3sEooYHAfcl6jGAwUmgf+n0sBA4rPtAHyM5krMQ4tEtu2Z3CWSReTkooRz20v/xuTFJBJRCOte54bgJBhhUwwum46KeaJpgMcZ92DJVYUB1k0+vHzolRuk4vVqYkOFP190SGhdYjEZlOgWGg572J+J/XSaF3GWRMJilQSWaLeil3IHYmUThdpigBPjIEE8XMrQ4ZYIUJmMCKJgRv/uVF0qyUvWq5enteql3lcRTQETpGp8hDF6iGblAdNRBBj+gZvaI368l6sd6tj1nrkpXPHKA/sD5/AL9jlXA=</latexit>�2-norm

<latexit sha1_base64="GI5xkI3AxdMxUeEEdQIfonqxYIU="></latexit>

�2(K) = min
�

max
q,p

k�(q)k2k�(p)k2



[Phillips-Tai ’20]  
PSD of Bounded Kernel Directly Applies

<latexit sha1_base64="E8k3Wrb0S6eN/m4C7nlTrl8jsGs="></latexit>

Õ(1) ·max {k�(q)k2 · k�(p)k2}

<latexit sha1_base64="RPrdG0NVwishxQkFPY6/5XkMPa4=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4sSSlqMuiG5cV7AOaECbTaTt0ZhJmbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5RwpsF1v62l5ZXVtfXCRnFza3tn197bb+o4VYQ2SMxj1Y6wppxJ2gAGnLYTRbGIOG1Fw+uJ37qnSrNY3sEooYHAfcl6jGAwUmgf+n0sBA4rPtAHyM5krMQ4tEtu2Z3CWSReTkooRz20v/xuTFJBJRCOte54bgJBhhUwwum46KeaJpgMcZ92DJVYUB1k0+vHzolRuk4vVqYkOFP190SGhdYjEZlOgWGg572J+J/XSaF3GWRMJilQSWaLeil3IHYmUThdpigBPjIEE8XMrQ4ZYIUJmMCKJgRv/uVF0qyUvfNy9bZaql3lcRTQETpGp8hDF6iGblAdNRBBj+gZvaI368l6sd6tj1nrkpXPHKA/sD5/AL6/lW4=</latexit>�2-norm

<latexit sha1_base64="ZSm2OepGR9pSg3EbnJLqv9vOiMo="></latexit>

Trivial Bound: k�(p)k22 = h�(p),�(p)i
= K(p, p) = 1

<latexit sha1_base64="+EjPXO4Zdh/rhYsoQc9bd3ubhXg="></latexit>

K : Rd ⇥ Rd ! [0, 1]

PSD and Radially Decaying

<latexit sha1_base64="8y7I1HBOwrb5rRbFC5CchyihU1Q=">AAACFHicbVA9TxtBEN0DEsD5wIQyzSpWpEhRrDsLQUpEmhQURIoNks+y5tbj84r9OHbnCNbJP4KGv5KGAoRoKejyb7L+KAjkSSM9vTejmXlZoaSnOP4TLS2vvHi5urZee/X6zduN+ua7jrelE9gWVll3nIFHJQ22SZLC48Ih6EzhUXbybeofnaHz0pqfNC6wpyE3cigFUJD69c/pgTW5k/mIwDn7i6c5aA39Vkp4TtUXY52e8FThKU/69UbcjGfgz0myIA22wGG//pAOrCg1GhIKvO8mcUG9ChxJoXBSS0uPBYgTyLEbqAGNvlfNnprwj0EZ8KF1oQzxmfp4ogLt/VhnoVMDjfxTbyr+z+uWNPzaq6QpSkIj5ouGpeJk+TQhPpAOBalxICCcDLdyMQIHgkKOtRBC8vTl56TTaiY7zZ0f2429/UUca+w9+8A+sYTtsj32nR2yNhPsgv1m1+wmuoyuotvobt66FC1mttg/iO7/Aummnro=</latexit>

=) �2-norm  1



1. Decompose dataset efficiently (LSH) 
2. For each part, find better embedding 
         with smaller     -norm.

What if we could…

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="AN0nJzokPhvrtHQrZzg8lUKWtkA=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgupCRa1GXRjeCmin1AEstkMmmHTiZhZiKU0A9x46+4caGIGxeCf+OkzcK2Hhg4nHvv3HuOnzAqlWX9GAuLS8srq6W18vrG5ta2ubPbknEqMGnimMWi4yNJGOWkqahipJMIgiKfkbY/uMrr7UciJI35vRomxItQj9OQYqS01DVPb6Cb/8KhGyHV9/3sbvQQQFfRiMgpzVUxdKxjaHtds2JVrTHgPLELUgEFGl3zyw1inEaEK8yQlI5tJcrLkFAUMzIqu6kkCcID1COOphzp3V42NjeCh1oJYBgL/biCY/XvRIYiKYeRrzvza+VsLRf/qzmpCi+8jPIkVYTjyaIwZVD7zJOCARUEKzbUBGFB9a0Q95FAWOk8yzoEe9byPGmdVO2zau22VqlfFnGUwD44AEfABuegDq5BAzQBBk/gBbyBd+PZeDU+jM9J64JRzOyBKRjfv1SzoOI=</latexit>

K : Rd ⇥ Rd ! [0, 1]

<latexit sha1_base64="3EFfv5VEp5fQYbrbxHk3jjW+Vf0=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHoxWMF+wFtKJPtpl26m8TdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVlDVpLGLVCVAzwSPWNNwI1kkUQxkI1g7GtzO//cSU5nH0YCYJ8yUOIx5yisZKnd4QpcR+tV8quxV3DrJKvJyUIUejX/rqDWKaShYZKlDrrucmxs9QGU4FmxZ7qWYJ0jEOWdfSCCXTfja/d0rOrTIgYaxsRYbM1d8TGUqtJzKwnRLNSC97M/E/r5ua8NrPeJSkhkV0sShMBTExmT1PBlwxasTEEqSK21sJHaFCamxERRuCt/zyKmlVK95lpXZfK9dv8jgKcApncAEeXEEd7qABTaAg4Ble4c15dF6cd+dj0brm5DMn8AfO5w+0p4/D</latexit>�2
<latexit sha1_base64="TDZ5kXVcRihTN/44IH5FtXDuleA=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsN83S3U3Y3Qgl9C948aCIV/+QN/+NmzYHbX0w8Hhvhpl5QcKZNq777ZQ2Nre2d8q7lb39g8Oj6vFJV8epIrRDYh6rfoA15UzSjmGG036iKBYBp71gepf7vSeqNIvlo5kl1Bd4IlnICDa5NEwiNqrW3Lq7AFonXkFqUKA9qn4NxzFJBZWGcKz1wHMT42dYGUY4nVeGqaYJJlM8oQNLJRZU+9ni1jm6sMoYhbGyJQ1aqL8nMiy0nonAdgpsIr3q5eJ/3iA14Y2fMZmkhkqyXBSmHJkY5Y+jMVOUGD6zBBPF7K2IRFhhYmw8FRuCt/ryOule1b1GvfFwXWvdFnGU4QzO4RI8aEIL7qENHSAQwTO8wpsjnBfn3flYtpacYuYU/sD5/AEXGo5K</latexit>

�



<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A

<latexit sha1_base64="NyHPVUVlO6gTN6ogtLJ2PdsLuH0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJfzjNE=</latexit>

B
<latexit sha1_base64="FVgAUwTikBreAgApENvaUaa0fWI=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY+oF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftMrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1dssjjycwCmcgwdXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AJZvjNA=</latexit>

A

<latexit sha1_base64="NyHPVUVlO6gTN6ogtLJ2PdsLuH0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY8ELx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1VoWRx7O4BwuwYMbqMI91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJfzjNE=</latexit>

B

<latexit sha1_base64="q4RidoqvkogkYoAGcK/q8ElKAPQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BL4KXBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6WXjNo=</latexit>

K

<latexit sha1_base64="K4o34ZlJaHC5mNIwIZLaiZSdP7w=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqqH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A4LONAQ==</latexit>r

<latexit sha1_base64="A1UjeSmMfTXj3fQoIQ9tl5uGKVI=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIRE9csVt+rOQVaJl5MK5Gj0y1+9QUzTiElDBWrd9dzE+Bkqw6lg01Iv1SxBOsYh61oqMWLaz+b3TsmZVQYkjJUtachc/T2RYaT1JApsZ4RmpJe9mfif101NeO1nXCapYZIuFoWpICYms+fJgCtGjZhYglRxeyuhI1RIjY2oZEPwll9eJa2Lqler1u4vK/WbPI4inMApnIMHV1CHO2hAEygIeIZXeHMenRfn3flYtBacfOYY/sD5/AG7LI/J</latexit>↵r

<latexit sha1_base64="WFkpRZfe1mpA+on+CJDTWuSPaUs=">AAACFHicbVDLSsNAFJ34rPUVdelmsAgpQkmKVJdFN4KbCvYBTSk3k0k7dCYJMxOhlH6EG3/FjQtF3Lpw5984fSy09cCFwzn3cu89QcqZ0q77ba2srq1vbOa28ts7u3v79sFhQyWZJLROEp7IVgCKchbTumaa01YqKYiA02YwuJ74zQcqFUviez1MaUdAL2YRI6CN1LXP/B4IAd2yc1vEPqdKKSZw5PjA0z4YiYSJxr7IHFns2gW35E6Bl4k3JwU0R61rf/lhQjJBY004KNX23FR3RiA1I5yO836maApkAD3aNjQGQVVnNH1qjE+NEuIokaZijafq74kRCKWGIjCdAnRfLXoT8T+vnenosjNicZppGpPZoijjWCd4khAOmaRE86EhQCQzt2LSBwlEmxzzJgRv8eVl0iiXvEqpcndeqF7N48ihY3SCHOShC1RFN6iG6oigR/SMXtGb9WS9WO/Wx6x1xZrPHKE/sD5/AP7WnOw=</latexit>

�2(K) . f(↵) · µ(r)



<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

LSH

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

Modified

<latexit sha1_base64="ZANRmUL6cKs2tnDjGQx4xIDkblQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkqMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyu+mQn/fKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYluggmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5mXVu6rWHmqV+m0eRxFO4BQuwINrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPeBmOeQ==</latexit>

�0

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD

<latexit sha1_base64="+Hk1M3LnqDNF6ST4R+o946ra6rE=">AAACB3icbVDLSgNBEJz1bXxFPQoyGAUvhl0R9Sh68RjBqJCE0DvpxMGZ2WWmVwxLbl78FS8eFPHqL3jzb5w8Dr4KGoqqbrq74lRJR2H4GYyNT0xOTc/MFubmFxaXissrFy7JrMCqSFRir2JwqKTBKklSeJVaBB0rvIxvTvr+5S1aJxNzTt0UGxo6RralAPJSs7heJ7yj3GlQCi3frHdAa2jubu6YxOpes1gKy+EA/C+JRqTERqg0ix/1ViIyjYaEAudqUZhSIwdLUijsFeqZwxTEDXSw5qkBja6RD/7o8S2vtHg7sb4M8YH6fSIH7VxXx75TA127315f/M+rZdQ+bOTSpBmhEcNF7UxxSng/FN6SFgWpricgrPS3cnENFgT56Ao+hOj3y3/JxW452i/vne2Vjo5HccywNbbBtlnEDtgRO2UVVmWC3bNH9sxegofgKXgN3oatY8FoZpX9QPD+BaSAmSo=</latexit>

smaller �2-norm

“Self-Balancing Walk”

[Alweiss, Liu, Sawhney ’20]

“Halving Technique”

[Phillips, Tai ’20]

At “scale” R:
<latexit sha1_base64="sqHpQ9MGOzVs+G0XmeHEhg0sODo=">AAAB/3icbVA9SwNBEN3zM8avU8HGZjFILCTciUTLoI1lBPMByZHsbTbJkr29c3dODGcK/4qNhSK2/g07/42b5ApNfDDweG+GmXl+JLgGx/m2FhaXlldWM2vZ9Y3NrW17Z7eqw1hRVqGhCFXdJ5oJLlkFOAhWjxQjgS9YzR9cjf3aPVOah/IWhhHzAtKTvMspASO17P3oBN/hJrAHSHC7rc1OyOdHLTvnFJwJ8DxxU5JDKcot+6vZCWkcMAlUEK0brhOBlxAFnAo2yjZjzSJCB6THGoZKEjDtJZP7R/jIKB3cDZUpCXii/p5ISKD1MPBNZ0Cgr2e9sfif14ihe+ElXEYxMEmni7qxwBDicRi4wxWjIIaGEKq4uRXTPlGEgoksa0JwZ1+eJ9XTglssFG/OcqXLNI4MOkCH6Bi56ByV0DUqowqi6BE9o1f0Zj1ZL9a79TFtXbDSmT30B9bnD8OdlVI=</latexit>

p, q “split”



<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

LSH

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

Modified

<latexit sha1_base64="ZANRmUL6cKs2tnDjGQx4xIDkblQ=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkqMeiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyu+mQn/fKFbfqzkFWiZeTCuRo9Mpf3X7CshilYYJq3fHc1AQTqgxnAqelbqYxpWxEB9ixVNIYdTCZHzslZ1bpkyhRtqQhc/X3xITGWo/j0HbG1Az1sjcT//M6mYluggmXaWZQssWiKBPEJGT2OelzhcyIsSWUKW5vJWxIFWXG5lOyIXjLL6+S5mXVu6rWHmqV+m0eRxFO4BQuwINrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPeBmOeQ==</latexit>

�0

<latexit sha1_base64="GbDOQxDW72xSc/tdnL0CkNRtax4=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRS1GVRFy6r2Ac0sUymk3boZBJmJkIJ/Q03LhRx68+482+cpFlo64GBwzn3cs8cP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353ScqFYvEg57G1AvxSLCAEayN5Loh1mPfT+9njzeDas2u2znQMnEKUoMCrUH1yx1GJAmp0IRjpfqOHWsvxVIzwums4iaKxphM8Ij2DRU4pMpL88wzdGKUIQoiaZ7QKFd/b6Q4VGoa+mYyy6gWvUz8z+snOrj0UibiRFNB5oeChCMdoawANGSSEs2nhmAimcmKyBhLTLSpqWJKcBa/vEw6Z3XnvN64a9SaV0UdZTiCYzgFBy6gCbfQgjYQiOEZXuHNSqwX6936mI+WrGLnEP7A+vwBCGeRsQ==</latexit>

RD

<latexit sha1_base64="+Hk1M3LnqDNF6ST4R+o946ra6rE=">AAACB3icbVDLSgNBEJz1bXxFPQoyGAUvhl0R9Sh68RjBqJCE0DvpxMGZ2WWmVwxLbl78FS8eFPHqL3jzb5w8Dr4KGoqqbrq74lRJR2H4GYyNT0xOTc/MFubmFxaXissrFy7JrMCqSFRir2JwqKTBKklSeJVaBB0rvIxvTvr+5S1aJxNzTt0UGxo6RralAPJSs7heJ7yj3GlQCi3frHdAa2jubu6YxOpes1gKy+EA/C+JRqTERqg0ix/1ViIyjYaEAudqUZhSIwdLUijsFeqZwxTEDXSw5qkBja6RD/7o8S2vtHg7sb4M8YH6fSIH7VxXx75TA127315f/M+rZdQ+bOTSpBmhEcNF7UxxSng/FN6SFgWpricgrPS3cnENFgT56Ao+hOj3y3/JxW452i/vne2Vjo5HccywNbbBtlnEDtgRO2UVVmWC3bNH9sxegofgKXgN3oatY8FoZpX9QPD+BaSAmSo=</latexit>

smaller �2-norm

“Self-Balancing Walk”

[Alweiss, Liu, Sawhney ’20]

“Halving Technique”

[Phillips, Tai ’20]

At “scale” R:

<latexit sha1_base64="jA1rqiyq+LVixGfacKLlTS9930M="></latexit>

O(log�)| {z }
scales

⇥O(log n)| {z }
“caught”

⇥O(�2/(✏µ(R)))| {z }
coreset size

<latexit sha1_base64="sqHpQ9MGOzVs+G0XmeHEhg0sODo=">AAAB/3icbVA9SwNBEN3zM8avU8HGZjFILCTciUTLoI1lBPMByZHsbTbJkr29c3dODGcK/4qNhSK2/g07/42b5ApNfDDweG+GmXl+JLgGx/m2FhaXlldWM2vZ9Y3NrW17Z7eqw1hRVqGhCFXdJ5oJLlkFOAhWjxQjgS9YzR9cjf3aPVOah/IWhhHzAtKTvMspASO17P3oBN/hJrAHSHC7rc1OyOdHLTvnFJwJ8DxxU5JDKcot+6vZCWkcMAlUEK0brhOBlxAFnAo2yjZjzSJCB6THGoZKEjDtJZP7R/jIKB3cDZUpCXii/p5ISKD1MPBNZ0Cgr2e9sfif14ihe+ElXEYxMEmni7qxwBDicRi4wxWjIIaGEKq4uRXTPlGEgoksa0JwZ1+eJ9XTglssFG/OcqXLNI4MOkCH6Bi56ByV0DUqowqi6BE9o1f0Zj1ZL9a79TFtXbDSmT30B9bnD8OdlVI=</latexit>

p, q “split”



Data Structure

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd
Discrepancy 
on outside, 
Query inside.

Recurse inside

<latexit sha1_base64="Awg7ReDBaIXwVLcntgx/b+ewUFI=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5dV7AOaWCaTSTt0MgkzE6GE/oYbF4q49Wfc+TdO2iy09cDA4Zx7uWeOn3CmtG1/W6W19Y3NrfJ2ZWd3b/+genjUVXEqCe2QmMey72NFORO0o5nmtJ9IiiOf054/ucn93hOVisXiQU8T6kV4JFjICNZGct0I67HvZ/ezx2BYrdl1ew60SpyC1KBAe1j9coOYpBEVmnCs1MCxE+1lWGpGOJ1V3FTRBJMJHtGBoQJHVHnZPPMMnRklQGEszRMazdXfGxmOlJpGvpnMM6plLxf/8wapDq+8jIkk1VSQxaEw5UjHKC8ABUxSovnUEEwkM1kRGWOJiTY1VUwJzvKXV0n3ou406427Rq11XdRRhhM4hXNw4BJacAtt6ACBBJ7hFd6s1Hqx3q2PxWjJKnaO4Q+szx8455HR</latexit>

Rd
Discrepancy 
on inside, 
Query outside.

Recurse outside

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q

<latexit sha1_base64="fflT8DIRgZ1NzRM/p9XN3nEVhs4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN8vjQA=</latexit>q



<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

Why we need smoothness:

Tension: 


• How thick of a shell can I fit between a query and many dataset points at 
particular length?


<latexit sha1_base64="c8eQFcYbSovlE8F5GVsuJMizMiI=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5aZItVl0Y3LKvYBnWHIpJk2NJOJSUYs04K/4saFIm79Dnf+jeljoa0HLhzOuZd77wkFo0o7zreVW1peWV3Lrxc2Nre2d+zdvYZKUolJHScska0QKcIoJ3VNNSMtIQmKQ0aaYf9q7DcfiFQ04Xd6IIgfoy6nEcVIGymwD7zhPTyFwhsGZeghIWTyCG8Du+iUnAngInFnpAhmqAX2l9dJcBoTrjFDSrVdR2g/Q1JTzMio4KWKCIT7qEvahnIUE+Vnk/NH8NgoHRgl0hTXcKL+nshQrNQgDk1njHRPzXtj8T+vnerows8oF6kmHE8XRSmDOoHjLGCHSoI1GxiCsKTmVoh7SCKsTWIFE4I7//IiaZRLbqVUuTkrVi9nceTBITgCJ8AF56AKrkEN1AEGGXgGr+DNerJerHfrY9qas2Yz++APrM8flLuUnw==</latexit>

kq � pk2 ⇡ R
<latexit sha1_base64="FCoGjZdd2YrUesKhD60bDO0aQOY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARWpAyI1JdFt0IbqrYB3SGkkkzbWhmEpOMWMYu/BU3LhRx62+4829MHwttPXDhcM693HtPIBhV2nG+rczC4tLySnY1t7a+sbllb+/UFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+xchv3BOpKI9v9UAQP0LdmIYUI22ktr13VRBH8K4IPSSE5A/Qi5LCTbFt552SMwacJ+6U5MEU1bb95XU4TiISa8yQUi3XEdpPkdQUMzLMeYkiAuE+6pKWoTGKiPLT8f1DeGiUDgy5NBVrOFZ/T6QoUmoQBaYzQrqnZr2R+J/XSnR45qc0FokmMZ4sChMGNYejMGCHSoI1GxiCsKTmVoh7SCKsTWQ5E4I7+/I8qR+X3HKpfH2Sr5xP48iCfXAACsAFp6ACLkEV1AAGj+AZvII368l6sd6tj0lrxprO7II/sD5/AGaUlHI=</latexit>

K(p, q) ⇡ µ(R)



<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

Why we need smoothness:

Tension: 


• How thick of a shell can I fit between a query and many dataset points at 
particular length?


• Don’t know query location. Fix random shell and “get lucky” and split.

• Suggest shell should be thin.


<latexit sha1_base64="c8eQFcYbSovlE8F5GVsuJMizMiI=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5aZItVl0Y3LKvYBnWHIpJk2NJOJSUYs04K/4saFIm79Dnf+jeljoa0HLhzOuZd77wkFo0o7zreVW1peWV3Lrxc2Nre2d+zdvYZKUolJHScska0QKcIoJ3VNNSMtIQmKQ0aaYf9q7DcfiFQ04Xd6IIgfoy6nEcVIGymwD7zhPTyFwhsGZeghIWTyCG8Du+iUnAngInFnpAhmqAX2l9dJcBoTrjFDSrVdR2g/Q1JTzMio4KWKCIT7qEvahnIUE+Vnk/NH8NgoHRgl0hTXcKL+nshQrNQgDk1njHRPzXtj8T+vnerows8oF6kmHE8XRSmDOoHjLGCHSoI1GxiCsKTmVoh7SCKsTWIFE4I7//IiaZRLbqVUuTkrVi9nceTBITgCJ8AF56AKrkEN1AEGGXgGr+DNerJerHfrY9qas2Yz++APrM8flLuUnw==</latexit>

kq � pk2 ⇡ R
<latexit sha1_base64="FCoGjZdd2YrUesKhD60bDO0aQOY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARWpAyI1JdFt0IbqrYB3SGkkkzbWhmEpOMWMYu/BU3LhRx62+4829MHwttPXDhcM693HtPIBhV2nG+rczC4tLySnY1t7a+sbllb+/UFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+xchv3BOpKI9v9UAQP0LdmIYUI22ktr13VRBH8K4IPSSE5A/Qi5LCTbFt552SMwacJ+6U5MEU1bb95XU4TiISa8yQUi3XEdpPkdQUMzLMeYkiAuE+6pKWoTGKiPLT8f1DeGiUDgy5NBVrOFZ/T6QoUmoQBaYzQrqnZr2R+J/XSnR45qc0FokmMZ4sChMGNYejMGCHSoI1GxiCsKTmVoh7SCKsTWQ5E4I7+/I8qR+X3HKpfH2Sr5xP48iCfXAACsAFp6ACLkEV1AAGj+AZvII368l6sd6tj0lrxprO7II/sD5/AGaUlHI=</latexit>

K(p, q) ⇡ µ(R)



<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

Why we need smoothness:
<latexit sha1_base64="c8eQFcYbSovlE8F5GVsuJMizMiI=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5aZItVl0Y3LKvYBnWHIpJk2NJOJSUYs04K/4saFIm79Dnf+jeljoa0HLhzOuZd77wkFo0o7zreVW1peWV3Lrxc2Nre2d+zdvYZKUolJHScska0QKcIoJ3VNNSMtIQmKQ0aaYf9q7DcfiFQ04Xd6IIgfoy6nEcVIGymwD7zhPTyFwhsGZeghIWTyCG8Du+iUnAngInFnpAhmqAX2l9dJcBoTrjFDSrVdR2g/Q1JTzMio4KWKCIT7qEvahnIUE+Vnk/NH8NgoHRgl0hTXcKL+nshQrNQgDk1njHRPzXtj8T+vnerows8oF6kmHE8XRSmDOoHjLGCHSoI1GxiCsKTmVoh7SCKsTWIFE4I7//IiaZRLbqVUuTkrVi9nceTBITgCJ8AF56AKrkEN1AEGGXgGr+DNerJerHfrY9qas2Yz++APrM8flLuUnw==</latexit>

kq � pk2 ⇡ R
<latexit sha1_base64="FCoGjZdd2YrUesKhD60bDO0aQOY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARWpAyI1JdFt0IbqrYB3SGkkkzbWhmEpOMWMYu/BU3LhRx62+4829MHwttPXDhcM693HtPIBhV2nG+rczC4tLySnY1t7a+sbllb+/UFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+xchv3BOpKI9v9UAQP0LdmIYUI22ktr13VRBH8K4IPSSE5A/Qi5LCTbFt552SMwacJ+6U5MEU1bb95XU4TiISa8yQUi3XEdpPkdQUMzLMeYkiAuE+6pKWoTGKiPLT8f1DeGiUDgy5NBVrOFZ/T6QoUmoQBaYzQrqnZr2R+J/XSnR45qc0FokmMZ4sChMGNYejMGCHSoI1GxiCsKTmVoh7SCKsTWQ5E4I7+/I8qR+X3HKpfH2Sr5xP48iCfXAACsAFp6ACLkEV1AAGj+AZvII368l6sd6tj0lrxprO7II/sD5/AGaUlHI=</latexit>

K(p, q) ⇡ µ(R)
<latexit sha1_base64="kgqykpAmPmauMrU6lWLYC/L+Zug=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKe6KRI9BLx6jmAdklzA7O0mGzD6c6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3VVhZXVvfKG6WtrZ3dvfK+wctHaeK8SaLZaw6PtVciog3UaDknURxGvqSt/3RzdRvP3GlRRw94DjhXkgHkegLRtFI7j05I65+VJgFk165YlftGcgycXJSgRyNXvnLDWKWhjxCJqnWXcdO0MuoQsEkn5TcVPOEshEd8K6hEQ259rLZzRNyYpSA9GNlKkIyU39PZDTUehz6pjOkONSL3lT8z+um2L/yMhElKfKIzRf1U0kwJtMASCAUZyjHhlCmhLmVsCFVlKGJqWRCcBZfXiat86pTq9buLir16zyOIhzBMZyCA5dQh1toQBMYJPAMr/BmpdaL9W59zFsLVj5zCH9gff4AU3+RQA==</latexit>

R/
p
d

Tension: 


• How thick of a shell can I fit between a query and many dataset points at 
particular length?


• Don’t know query location. Fix random shell and “get lucky” and split.

• Suggest shell should be thin.




<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

Why we need smoothness:

Tension: 


• How thick of a shell can I fit between a query and many dataset points at 
particular length?


• Don’t know query location. Fix random shell and “get lucky” and split.

• Suggest shell should be thin.


• Split by thick shell lower bounds distance, certifies upper bound on 

so     -norm gets better (“errors” pay at most                  )

<latexit sha1_base64="c8eQFcYbSovlE8F5GVsuJMizMiI=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5aZItVl0Y3LKvYBnWHIpJk2NJOJSUYs04K/4saFIm79Dnf+jeljoa0HLhzOuZd77wkFo0o7zreVW1peWV3Lrxc2Nre2d+zdvYZKUolJHScska0QKcIoJ3VNNSMtIQmKQ0aaYf9q7DcfiFQ04Xd6IIgfoy6nEcVIGymwD7zhPTyFwhsGZeghIWTyCG8Du+iUnAngInFnpAhmqAX2l9dJcBoTrjFDSrVdR2g/Q1JTzMio4KWKCIT7qEvahnIUE+Vnk/NH8NgoHRgl0hTXcKL+nshQrNQgDk1njHRPzXtj8T+vnerows8oF6kmHE8XRSmDOoHjLGCHSoI1GxiCsKTmVoh7SCKsTWIFE4I7//IiaZRLbqVUuTkrVi9nceTBITgCJ8AF56AKrkEN1AEGGXgGr+DNerJerHfrY9qas2Yz++APrM8flLuUnw==</latexit>

kq � pk2 ⇡ R
<latexit sha1_base64="FCoGjZdd2YrUesKhD60bDO0aQOY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARWpAyI1JdFt0IbqrYB3SGkkkzbWhmEpOMWMYu/BU3LhRx62+4829MHwttPXDhcM693HtPIBhV2nG+rczC4tLySnY1t7a+sbllb+/UFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+xchv3BOpKI9v9UAQP0LdmIYUI22ktr13VRBH8K4IPSSE5A/Qi5LCTbFt552SMwacJ+6U5MEU1bb95XU4TiISa8yQUi3XEdpPkdQUMzLMeYkiAuE+6pKWoTGKiPLT8f1DeGiUDgy5NBVrOFZ/T6QoUmoQBaYzQrqnZr2R+J/XSnR45qc0FokmMZ4sChMGNYejMGCHSoI1GxiCsKTmVoh7SCKsTWQ5E4I7+/I8qR+X3HKpfH2Sr5xP48iCfXAACsAFp6ACLkEV1AAGj+AZvII368l6sd6tj0lrxprO7II/sD5/AGaUlHI=</latexit>

K(p, q) ⇡ µ(R)

<latexit sha1_base64="dXqENYQPSClM/6s9BThTtFIa7sI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx6EXwUsF+QLuUbJptQ7PZmGSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeYHkTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKnjRBHaIDGPVTvAmnImaMMww2lbKoqjgNNWMLqZ+q0nqjSLxYMZS+pHeCBYyAg2VmrdleUZejztFUtuxZ0BLRMvIyXIUO8Vv7r9mCQRFYZwrHXHc6XxU6wMI5xOCt1EU4nJCA9ox1KBI6r9dHbuBJ1YpY/CWNkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvkpEzIxVJD5ojDhyMRo+jvqM0WJ4WNLMFHM3orIECtMjE2oYEPwFl9eJs3ziletVO8vSrXrLI48HMExlMGDS6jBLdShAQRG8Ayv8OZI58V5dz7mrTknmzmEP3A+fwDLsY6U</latexit>

K(p, q)
<latexit sha1_base64="VlcnZc+kcohQS34+4XmqjsgMXyA=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vj04rGC/YA2lMl20y7d3cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJpxp43nfztr6xubWdmGnuLu3f3BYOjpu6ThVhDZJzGPVCVFTziRtGmY47SSKogg5bYfj25nffqJKs1g+mElCA4FDySJG0Fip0xuiENiv9ktlr+LN4a4SPydlyNHol756g5ikgkpDOGrd9b3EBBkqwwin02Iv1TRBMsYh7VoqUVAdZPN7p+65VQZuFCtb0rhz9fdEhkLriQhtp0Az0sveTPzP66Ymug4yJpPUUEkWi6KUuyZ2Z8+7A6YoMXxiCRLF7K0uGaFCYmxERRuCv/zyKmlVK36tUru/LNdv8jgKcApncAE+XEEd7qABTSDA4Rle4c15dF6cd+dj0brm5DMn8AfO5w+1S4/F</latexit>�2

<latexit sha1_base64="kgqykpAmPmauMrU6lWLYC/L+Zug=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKe6KRI9BLx6jmAdklzA7O0mGzD6c6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3VVhZXVvfKG6WtrZ3dvfK+wctHaeK8SaLZaw6PtVciog3UaDknURxGvqSt/3RzdRvP3GlRRw94DjhXkgHkegLRtFI7j05I65+VJgFk165YlftGcgycXJSgRyNXvnLDWKWhjxCJqnWXcdO0MuoQsEkn5TcVPOEshEd8K6hEQ259rLZzRNyYpSA9GNlKkIyU39PZDTUehz6pjOkONSL3lT8z+um2L/yMhElKfKIzRf1U0kwJtMASCAUZyjHhlCmhLmVsCFVlKGJqWRCcBZfXiat86pTq9buLir16zyOIhzBMZyCA5dQh1toQBMYJPAMr/BmpdaL9W59zFsLVj5zCH9gff4AU3+RQA==</latexit>

R/
p
d

<latexit sha1_base64="vzOTOSJNTq19qWu4i3IjaUmB+NU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3dREpLosunFZxT6gCWUymbRDZ5I4D6GGfokbF4q49VPc+TdO2yy09cCFwzn3cu89QcqoVI7zbRVWVtfWN4qbpa3tnd2yvbfflokWmLRwwhLRDZAkjMakpahipJsKgnjASCcYXU/9ziMRkibxvRqnxOdoENOIYqSM1LfLHtfVu1NPPgiVhZOTvl1xas4McJm4OamAHM2+/eWFCdacxAozJGXPdVLlZ0goihmZlDwtSYrwCA1Iz9AYcSL9bHb4BB4bJYRRIkzFCs7U3xMZ4lKOeWA6OVJDuehNxf+8nlbRpZ/RONWKxHi+KNIMqgROU4AhFQQrNjYEYUHNrRAPkUBYmaxKJgR38eVl0j6rufVa/fa80rjK4yiCQ3AEqsAFF6ABbkATtAAGGjyDV/BmPVkv1rv1MW8tWPnMAfgD6/MHSMaS3g==</latexit>

µ(R/
p
d)



Tension: 


• How thick of a shell can I fit between a query and many dataset points at 
particular length?


• Don’t know query location. Fix random shell and “get lucky” and split.

• Suggest shell should be thin.


• Split by thick shell lower bounds distance, certifies upper bound on 

so     -norm gets better (“errors” pay at most                  )

<latexit sha1_base64="mcbuxDXTW9QgPzCOHFrdFyHodyI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtIvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP3QeM/Q==</latexit>p

<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

Why we need smoothness:
<latexit sha1_base64="c8eQFcYbSovlE8F5GVsuJMizMiI=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgEN5aZItVl0Y3LKvYBnWHIpJk2NJOJSUYs04K/4saFIm79Dnf+jeljoa0HLhzOuZd77wkFo0o7zreVW1peWV3Lrxc2Nre2d+zdvYZKUolJHScska0QKcIoJ3VNNSMtIQmKQ0aaYf9q7DcfiFQ04Xd6IIgfoy6nEcVIGymwD7zhPTyFwhsGZeghIWTyCG8Du+iUnAngInFnpAhmqAX2l9dJcBoTrjFDSrVdR2g/Q1JTzMio4KWKCIT7qEvahnIUE+Vnk/NH8NgoHRgl0hTXcKL+nshQrNQgDk1njHRPzXtj8T+vnerows8oF6kmHE8XRSmDOoHjLGCHSoI1GxiCsKTmVoh7SCKsTWIFE4I7//IiaZRLbqVUuTkrVi9nceTBITgCJ8AF56AKrkEN1AEGGXgGr+DNerJerHfrY9qas2Yz++APrM8flLuUnw==</latexit>

kq � pk2 ⇡ R
<latexit sha1_base64="FCoGjZdd2YrUesKhD60bDO0aQOY=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARWpAyI1JdFt0IbqrYB3SGkkkzbWhmEpOMWMYu/BU3LhRx62+4829MHwttPXDhcM693HtPIBhV2nG+rczC4tLySnY1t7a+sbllb+/UFU8kJjXMGZfNACnCaExqmmpGmkISFAWMNIL+xchv3BOpKI9v9UAQP0LdmIYUI22ktr13VRBH8K4IPSSE5A/Qi5LCTbFt552SMwacJ+6U5MEU1bb95XU4TiISa8yQUi3XEdpPkdQUMzLMeYkiAuE+6pKWoTGKiPLT8f1DeGiUDgy5NBVrOFZ/T6QoUmoQBaYzQrqnZr2R+J/XSnR45qc0FokmMZ4sChMGNYejMGCHSoI1GxiCsKTmVoh7SCKsTWQ5E4I7+/I8qR+X3HKpfH2Sr5xP48iCfXAACsAFp6ACLkEV1AAGj+AZvII368l6sd6tj0lrxprO7II/sD5/AGaUlHI=</latexit>

K(p, q) ⇡ µ(R)

<latexit sha1_base64="dXqENYQPSClM/6s9BThTtFIa7sI=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRahgpRdkeqx6EXwUsF+QLuUbJptQ7PZmGSFsvRHePGgiFd/jzf/jWm7B219MPB4b4aZeYHkTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKnjRBHaIDGPVTvAmnImaMMww2lbKoqjgNNWMLqZ+q0nqjSLxYMZS+pHeCBYyAg2VmrdleUZejztFUtuxZ0BLRMvIyXIUO8Vv7r9mCQRFYZwrHXHc6XxU6wMI5xOCt1EU4nJCA9ox1KBI6r9dHbuBJ1YpY/CWNkSBs3U3xMpjrQeR4HtjLAZ6kVvKv7ndRITXvkpEzIxVJD5ojDhyMRo+jvqM0WJ4WNLMFHM3orIECtMjE2oYEPwFl9eJs3ziletVO8vSrXrLI48HMExlMGDS6jBLdShAQRG8Ayv8OZI58V5dz7mrTknmzmEP3A+fwDLsY6U</latexit>

K(p, q)
<latexit sha1_base64="VlcnZc+kcohQS34+4XmqjsgMXyA=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8laRI9Vj04rGC/YA2lMl20y7d3cTdjVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJpxp43nfztr6xubWdmGnuLu3f3BYOjpu6ThVhDZJzGPVCVFTziRtGmY47SSKogg5bYfj25nffqJKs1g+mElCA4FDySJG0Fip0xuiENiv9ktlr+LN4a4SPydlyNHol756g5ikgkpDOGrd9b3EBBkqwwin02Iv1TRBMsYh7VoqUVAdZPN7p+65VQZuFCtb0rhz9fdEhkLriQhtp0Az0sveTPzP66Ymug4yJpPUUEkWi6KUuyZ2Z8+7A6YoMXxiCRLF7K0uGaFCYmxERRuCv/zyKmlVK36tUru/LNdv8jgKcApncAE+XEEd7qABTSDA4Rle4c15dF6cd+dj0brm5DMn8AfO5w+1S4/F</latexit>�2

<latexit sha1_base64="kgqykpAmPmauMrU6lWLYC/L+Zug=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKe6KRI9BLx6jmAdklzA7O0mGzD6c6RXCkt/w4kERr/6MN//GSbIHTSxoKKq66e7yEyk02va3VVhZXVvfKG6WtrZ3dvfK+wctHaeK8SaLZaw6PtVciog3UaDknURxGvqSt/3RzdRvP3GlRRw94DjhXkgHkegLRtFI7j05I65+VJgFk165YlftGcgycXJSgRyNXvnLDWKWhjxCJqnWXcdO0MuoQsEkn5TcVPOEshEd8K6hEQ259rLZzRNyYpSA9GNlKkIyU39PZDTUehz6pjOkONSL3lT8z+um2L/yMhElKfKIzRf1U0kwJtMASCAUZyjHhlCmhLmVsCFVlKGJqWRCcBZfXiat86pTq9buLir16zyOIhzBMZyCA5dQh1toQBMYJPAMr/BmpdaL9W59zFsLVj5zCH9gff4AU3+RQA==</latexit>

R/
p
d

<latexit sha1_base64="vzOTOSJNTq19qWu4i3IjaUmB+NU=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSxC3dREpLosunFZxT6gCWUymbRDZ5I4D6GGfokbF4q49VPc+TdO2yy09cCFwzn3cu89QcqoVI7zbRVWVtfWN4qbpa3tnd2yvbfflokWmLRwwhLRDZAkjMakpahipJsKgnjASCcYXU/9ziMRkibxvRqnxOdoENOIYqSM1LfLHtfVu1NPPgiVhZOTvl1xas4McJm4OamAHM2+/eWFCdacxAozJGXPdVLlZ0goihmZlDwtSYrwCA1Iz9AYcSL9bHb4BB4bJYRRIkzFCs7U3xMZ4lKOeWA6OVJDuehNxf+8nlbRpZ/RONWKxHi+KNIMqgROU4AhFQQrNjYEYUHNrRAPkUBYmaxKJgR38eVl0j6rufVa/fa80rjK4yiCQ3AEqsAFF6ABbkATtAAGGjyDV/BmPVkv1rv1MW8tWPnMAfgD6/MHSMaS3g==</latexit>

µ(R/
p
d)

<latexit sha1_base64="gHNpofK469Z0vgBuCPVFeMTsIKo=">AAACDXicbVC5TsNAEF2HK4TLQEmzIiAlTbARCnRE0FAGRA4ptqL1ehNWWR/sjiMiKz9Aw6/QUIAQLT0df8PmKCDhSSM9vTejmXleLLgCy/o2MguLS8sr2dXc2vrG5pa5vVNXUSIpq9FIRLLpEcUED1kNOAjWjCUjgSdYw+tdjvxGn0nFo/AWBjFzA9INeYdTAlpqmwdOkBRuitgB9gAp7qsSHuKxduSoewmpPyyet828VbLGwPPEnpI8mqLaNr8cP6JJwEKggijVsq0Y3JRI4FSwYc5JFIsJ7ZEua2kakoApNx1/M8SHWvFxJ5K6QsBj9fdESgKlBoGnOwMCd2rWG4n/ea0EOmduysM4ARbSyaJOIjBEeBQN9rlkFMRAE0Il17diekckoaADzOkQ7NmX50n9uGSXS+Xrk3zlYhpHFu2hfVRANjpFFXSFqqiGKHpEz+gVvRlPxovxbnxMWjPGdGYX/YHx+QNYrJqA</latexit>

µ(R) vs. µ(R/
p
d)?



Open Problems

1. Non-smooth kernels?


2. Preprocessing is slower.


