
https://statmech.stanford.edu

Generalizable sampling of  
conformational ensembles 
with latent space dynamics

Grant M. Rotskoff
with Shriram Chennakesavalu, David Toomer, Abby 
Park, Steven Dunne, Frank Hu, and Sebastian Ibarraran

Simons Institute for the Theory of  Computing
AI≡Science
11 June 2024

@GrantRotskoff



Disorder eludes experimental characterization
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Metastability, rare events, long timescales 

• HIV Capsid Assembly, mean 
first passage time ~10 mins

5

• Dynamical transitions are rare 
on simulation timescales

ROTSKOFF MITCHELL VANDEN-EIJNDEN

done by calculating the “committor function” q : Rd ! [0, 1], which gives the probability that a
trajectory starting at x first reaches B before A:

q(x) := Px(tB < tA) (31)

where tA = inf{t : x(t) 2 A} and similarly for tB . Under the dynamics (28), the committor q(x)
solves the backward Kolmogorov equation
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><

>:

(Lq)(x) = 0 for x 62 A [ B

q(x) = 0 for x 2 A

q(x) = 1 for x 2 B.

(32)

where �L is the infinitesimal generator of the process defined by (28):

Lq = rV · rq � ��1�q. (33)

It can be shown that, with appropriate choice of A and B, q(x) can be asymptotically related to a
eigenfunction 'k in the low-lying part of the spectrum as 'k(x) = aq(x) + b for some appropriate
choice of a and b—we refer the interested reader to Bovier (2006) for details. Here we will focus on
using the active learning method we propose to solve the backward Kolmogorov equation in (32) in
high dimension, i.e. in a setup where we would not be able to solve it using classical numerical PDE
methods such as the finite element method. Specifically, our goal in the next sections is to define
a parametric representation of the committor function by a neural network and an objective func-
tion that enables us to optimize the parameters in this network via active learning with importance
sampling.

4.3. Variational loss functions for learning the committor

The committor satisfies a Ritz-type variational principle (3) that the can be employed directly as an
objective function: That is, the solution to the BKE (32) is the minimizer of

inf
q

C(q) subject to q = 0 in A and q = 1 in B (34)

where
C(q) =

Z

Rd
|rq(x)|2d⌫(x) with d⌫(x) = Z�1e��V (x)dx (35)

In the optimization procedure below, it is more tractable to penalize deviations from the boundary
conditions rather than impose them as constraints. Consequently, we add penalty terms in (35) to
ensure that the committor has the right values on A and B and the objective function we will use is

C�(q) =

Z

Rd
|rq(x)|2d⌫(x) + �

Z

A
|q(x)|2d⌫(x) + �

Z

B
|1 � q(x)|2d⌫(x) (36)

where � > 0 is an adjustable parameter. This objective function is of the type in (2) with

L(x, q) = |rq(x)|2 + �|q(x)|21A(x) + �|1 � q(x)|21B(x) (37)

where 1A(x) and 1B(x) denote the indicator functions of sets A and B, respectively.
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Figure 3: (Top Left) Committor function for alanine dipeptide in the underdamped regime,
projected onto the 2-dimensional potential of mean force along the 𝜙 and 𝜓 dihedral angles of
the dipeptide. (Top Right) Rate estimates of the transitions 𝐴 → 𝐵 (blue) and 𝐴 ← 𝐵 using
the underdamped correction (??) as the algorithm progresses. (Bottom Left) Negative log of the
learned reaction probability 𝑞 ∗ (1−𝑞) in dihedral space. (Bottom Right) Mean first passage time
estimates for each transition, corrected to reflect the underdamped dynamics, compared with
estimates from long equilibrium trajectories
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Figure 3: (Top Left) Committor function for alanine dipeptide in the underdamped regime,
projected onto the 2-dimensional potential of mean force along the 𝜙 and 𝜓 dihedral angles of
the dipeptide. (Top Right) Rate estimates of the transitions 𝐴 → 𝐵 (blue) and 𝐴 ← 𝐵 using
the underdamped correction (??) as the algorithm progresses. (Bottom Left) Negative log of the
learned reaction probability 𝑞 ∗ (1−𝑞) in dihedral space. (Bottom Right) Mean first passage time
estimates for each transition, corrected to reflect the underdamped dynamics, compared with
estimates from long equilibrium trajectories
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Can we replace molecular dynamics with generative AI?
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Given data, can we obtain an 
accurate representation of  a 

high-dimensional 
distribution?

Nature | Vol 620 | 31 August 2023 | 1091

(Fig. 2d). RFdiffusion generation is also more compute efficient than 
unconstrained Hallucination with RF, and efficiency can be greatly 
improved by taking larger steps at inference time and by truncating tra-
jectories early, which is possible because RF predicts the final structure 
at each timestep (Extended Data Fig. 2b,c). For example, a 100-residue 

protein can be generated in as little as 11 s on an NVIDIA RTX A4000 
Graphical Processing Unit, in contrast to RF Hallucination, which takes 
around 8.5 min.

It is often desirable to be able to specify a protein fold during design 
(such as triose-phosphate isomerase (TIM) barrels or cavity-containing 
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Fig. 1 | Protein design using RFdiffusion. a, Diffusion models for proteins are 
trained to recover corrupted (noised) protein structures and to generate new 
structures by reversing the corruption process through iterative denoising  
of initially random noise XT into a realistic structure X0 (top panel). The RF 
structure prediction network (middle panel, left side) is fine-tuned with 
minimal architectural changes into RFdiffusion (middle panel, right side); the 
denoising network of a DDPM is also shown. In RF, the primary input to the 
model is the sequence. In RFdiffusion, the primary input is diffused residue 
frames (coordinates and orientations). In both cases, the model predicts final 
3D coordinates (denoted X0 in RFdiffusion). The bottom panel shows that in 
RFdiffusion, the model receives its previous prediction as a template input 
(‘self-conditioning’, Supplementary Methods). At each timestep t of a trajectory 
(typically 200 steps), RFdiffusion takes X

t
0

+1
 from the previous step and Xt and 

then predicts an updated X0 structure (X
t

0
 ). The next coordinate input to  

the model (Xt−1) is generated by a noisy interpolation (interp) towards X
t

0.  
b, RFdiffusion is broadly applicable for protein design. RFdiffusion generates 
protein structures either without further input (top row) or by conditioning on 
(top to bottom): symmetry specifications; binding targets; protein functional 
motifs or symmetric functional motifs. In each case random noise, along with 
conditioning information, is input to RFdiffusion, which iteratively refines  
that noise until a final protein structure is designed. c, An example of an 
unconditional design trajectory for a 300-residue chain, depicting the input to 
the model (Xt) and the corresponding X0

  prediction. At early timesteps (high t), 
X0
  bears little resemblance to a protein but is gradually refined into a realistic 
protein structure.
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Network architecture and training
The overall structure of AF3 (Fig. 1d and Supplementary Methods 3) 
echoes that of AF2, with a large trunk evolving a pairwise representa-
tion of the chemical complex followed by a structure module that uses 
the pairwise representation to generate explicit atomic positions, but 
there are large differences in each major component. These modifica-
tions were driven both by the need to accommodate a wide range of 
chemical entities without excessive special casing and by observations 
of AF2 performance with different modifications. Within the trunk, 
MSA processing is substantially de-emphasized, with a much smaller 
and simpler MSA embedding block (Supplementary Methods 3.3). 

Compared with the original evoformer from AF2, the number of blocks 
is reduced to four, the processing of the MSA representation uses an 
inexpensive pair-weighted averaging and only the pair representa-
tion is used for later processing steps. The ‘pairformer’ (Fig. 2a and 
Supplementary Methods 3.6) replaces the evoformer of AF2 as the 
dominant processing block. It operates only on the pair representation 
and the single representation; the MSA representation is not retained 
and all information passes through the pair representation. The pair 
processing and the number of blocks (48) is largely unchanged from 
AF2. The resulting pair and single representation together with the 
input representation are passed to the new diffusion module (Fig. 2b) 
that replaces the structure module of AF2.
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Fig. 1 | AF3 accurately predicts structures across biomolecular complexes. 
a,b, Example structures predicted using AF3. a, Bacterial CRP/FNR family 
transcriptional regulator protein bound to DNA and cGMP (PDB 7PZB; 
full-complex LDDT47, 82.8; global distance test (GDT)48, 90.1). b, Human 
coronavirus OC43 spike protein, 4,665 residues, heavily glycosylated and 
bound by neutralizing antibodies (PDB 7PNM; full-complex LDDT, 83.0; GDT, 
83.1). c, AF3 performance on PoseBusters (v.1, August 2023 release), our recent 
PDB evaluation set and CASP15 RNA. Metrics are as follows: percentage of 
pocket-aligned ligand r.m.s.d. < 2 Å for ligands and covalent modifications; 
interface LDDT for protein–nucleic acid complexes; LDDT for nucleic acid and 
protein monomers; and percentage DockQ > 0.23 for protein–protein and 
protein–antibody interfaces. All scores are reported from the top confidence- 
ranked sample out of five model seeds (each with five diffusion samples), 
except for protein–antibody scores, which were ranked across 1,000 model 
seeds for both models (each AF3 seed with five diffusion samples). Sampling 

and ranking details are provided in the Methods. For ligands, n indicates the 
number of targets; for nucleic acids, n indicates the number of structures; for 
modifications, n indicates the number of clusters; and for proteins, n indicates 
the number of clusters. The bar height indicates the mean; error bars indicate 
exact binomial distribution 95% confidence intervals for PoseBusters and by 
10,000 bootstrap resamples for all others. Significance levels were calculated 
using two-sided Fisher’s exact tests for PoseBusters and using two-sided 
Wilcoxon signed-rank tests for all others; ***P < 0.001, **P < 0.01. Exact P values 
(from left to right) are as follows: 2.27 × 10−13, 2.57 × 10−3, 2.78 × 10−3, 7.28 × 10−12, 
1.81 × 10−18, 6.54 × 10−5 and 1.74 × 10−34. AF-M 2.3, AlphaFold-Multimer v.2.3; 
dsDNA, double-stranded DNA. d, AF3 architecture for inference. The rectangles 
represent processing modules and the arrows show the data flow. Yellow, input 
data; blue, abstract network activations; green, output data. The coloured balls 
represent physical atom coordinates.

Abramson, J. et al. Nature 1–8 (2024)Watson, J. L. et al. Nature 620, 1089–1100 (2023).
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generating full complexes, is important because proteins function by 
interacting with other molecules, including other proteins. The second,  
the sub-quadratic scaling of computation, is important because it has 
been an essential ingredient for managing complexity in other mod-
elling disciplines, such as computer vision, in which convolutional 
neural networks scale linearly with the number of pixels in an image, 
and in computational physics, which uses fast N-body methods for the 
efficient simulation of everything from stellar systems to molecular 
ones27. Finally, the requirement to sample from a model without having 
to retrain it on new target functions is of considerable interest because 
protein design projects often involve many complex and composite 
requirements that may vary over time.

Here we introduce Chroma, a generative model for proteins that 
achieves all three of these requirements by modelling full complexes 
with quasi-linear computational scaling and by allowing arbitrary 
conditional sampling at generation time. It builds on the framework 
of diffusion models28,29, which model high-dimensional distributions 
by learning to gradually transform them into simple distributions in 
a reversible manner, and of graph neural networks30,31, which can effi-
ciently process geometric information in complex molecular systems. 
We show that Chroma generates high-quality, diverse and innovative 
structures that refold both in silico and in crystallographic experi-
ments, and that it enables the programmable generation of proteins 
conditioned on diverse properties such as symmetry, shape, pro-
tein class and even textual input. We anticipate that scalable gen-
erative models such as Chroma will enable a widespread and rapid 
increase in our ability to design and build protein systems that are fit  
for function.

A scalable generative model for protein systems
Chroma achieves high-fidelity, efficient generation of proteins by 
introducing a new diffusion process, neural-network architecture, and 
sampling algorithm based on principles from contemporary generative 

modelling and biophysical knowledge. Diffusion models generate 
data by learning to reverse a ‘noising’ process, which for previous 
image-modelling applications has typically been uncorrelated Gauss-
ian noise. By contrast, our model learns to reverse a correlated noise 
process to match the distance statistics of natural proteins, which have 
scaling laws that are well understood from biophysics (Fig. 1a, Supple-
mentary Appendix D). Previous generative models for protein structure 
have typically leveraged computation that scales quadratically, O(N2) 
(refs. 24,25), or cubically, O(N3) (refs. 9,23), in the number of residues 
N. This has either limited their application to small systems or required 
large amounts of computation for modestly sized systems. To over-
come this problem, Chroma introduces a novel neural-network archi-
tecture (Fig. 1b, Supplementary Figs. 4–8, Supplementary Tables 2–3  
and Supplementary Appendices E–G) for processing and updating 
molecular coordinates that uses random long-range graph connections 
with connectivity statistics inspired by fast N-body methods27 and that 
scales sub-quadratically (O(N) or O(Nlog[N]); Supplementary Fig. 4  
and Supplementary Appendix E). We found that these modelling com-
ponents improved performance, as measured by likelihood and in silico 
refolding across an ablation study of seven different model configura-
tions (Supplementary Fig. 22 and Supplementary Appendix L). Finally, 
we introduce methods for low-temperature sampling with a modified 
diffusion process that allows us to trade an increased quality of sam-
pled backbones (increasing likelihood) for reduced conformational 
diversity (reducing entropy; Supplementary Figs. 1–2, Supplementary 
Table 4 and Supplementary Appendix C). Given backbones from this 
diffusion process, the Chroma design network then generates sequence 
and side-chain conformations that are conditioned on the sampled 
backbone to yield a joint generative model for the sequences and struc-
ture of a protein complex. The design network is based on a similar 
graph neural-network architecture (Supplementary Figs. 7, 8 and 15),  
but with conditional sequence and side-chain decoding layers that 
build on previous studies15,16 that have seen further refinement and 
experimental validation32–34.
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Fig. 1 | Chroma is a generative model for proteins and protein complexes 
that combines structured diffusion for protein backbones with scalable 
molecular neural networks for backbone synthesis and all-atom design.  
a, A correlated diffusion process with chain and radius-of-gyration constraints 
gradually transforms protein structures into random collapsed polymers 
(right to left). The reverse process (left to right) can be expressed in terms of a 
time-dependent optimal denoiser ̂ t( , )θ tx x  that maps noisy coordinates xt at 
time t to predicted denoised coordinates 0x . b, We parameterize this in terms 

of a random graph neural network with long-range connectivity inspired by 
efficient N-body algorithms (middle) and a fast method for solving for a global 
consensus structure given predicted inter-residue geometries (right). Another 
graph-based design network (a, top right) generates protein sequences and 
side-chain conformations conditionally based on the sampled backbone.  
c, The time-dependent protein prior learnt by the diffusion model can be 
combined with composable restraints and constraints for the programmable 
generation of protein systems.

Ingraham, J. B. et al. Nature 1–9 (2023)

x ∼ ϱeq(x) = Z−1e−βU(x) ⟨A⟩ = Z−1

∫
Ω
A(x)e−βU(x)dx,

≈
1

n

n∑
i=1

A(xi), xi ∼ ϱeq,

Well-defined sampling problem Goal: Accelerate convergence



“Expressive” generative models recover training set

A pessimistic statistical perspective 
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No free lunch and no surprises: we need lots of  data

n --- number of  data points
s --- smoothness of  the target
d --- dimensionality 
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Somepalli, G. et al. in Advances in neural information processing systems (2023).
Ciarella, S. et al. Mach. Learn.: Sci. Technol. 4, 010501 (2023).
Tsybakov, A. B. Introduction to Nonparametric Estimation.

Figure 1: The first row shows images generated from real user prompts for Stable Diffusion v2.1. The second
row shows images found in the LAION dataset. Please refer to Appendix for the corresponding captions.

Recently, Somepalli et al. [2022] investigated data replication behaviors in modern diffusion models,
finding 0.5-2% of generated images to be partial object-level duplicates of training data, findings also
mirrored in Carlini et al. [2023]. Yet, what mechanisms lead to memorization in diffusion models,
and how they could be inhibited, remains so far uncertain aside from recent theoretical frameworks
rigorously studying copyright issues for image duplication in Vyas et al. [2023].

Removing concepts from diffusion models. Mitigations deployed so far in diffusion models
have focused on input filtering. For example, Stable Diffusion includes detectors that are trained to
detect inappropriate generations. These detectors can also be re-purposed to prevent the generation
of known copyrighted data, such as done recently in midjourney, which has banned its users from
generating photography by artist Steve McCurry, due to copyright concerns [Chess, 2022]. However,
such simple filters can be easily circumvented [Rando et al., 2022, Wen et al., 2023], and these
band-aid solutions do not mitigate copying behavior at large. A more promising approach deletes
entire concepts from the model as in Schramowski et al. [2023] and Kumari et al. [2023], yet such
approaches require a list of all concepts to be erased, and are impractical for protecting datasets with
billions of diverse images covering many concepts.

3 How big of a problem is data replication?
Somepalli et al. [2022] and Carlini et al. [2023] have shown that diffusion models can reproduce
images from their training data, sometimes to near-perfect accuracy. However, these studies induce
replication behavior by prompting the model with image captions that are directly sampled from the
LAION dataset – a practice that amplifies the rate of replication for scientific purposes. We study the
rate at which replication happens with real-world user-submitted prompts. This gives us a sense of
the extent to which replication might be a concern for typical end-users.

We randomly sample 100K user-generated captions from the DiffusionDB [Wang et al., 2022] dataset
and generate images using Stable Diffusion 2.1 [Rombach et al., 2021, Stability AI, 2022]. We use
SSCD features [Pizzi et al., 2022] to search for the closest matches against these images in a subset of
the training dataset. Note that SSCD was found to be one of the best metrics for detecting replication
in Somepalli et al. [2022], surpassing the performance of CLIP [Radford et al., 2021]. We compare
each generated image against ⇠ 400 million images, roughly 40% of the entire dataset.

We find that ⇠ 1200 images (1.2%) have a similarity score above 0.5, indicating these may be
duplicates. Note that this is likely an underestimation of the true rate, as our SSCD-based search
method is unlikely to find all possible matches. We show several of these duplicates in Figure 1.
Sometimes, the captions precisely describe the image content (for example, ‘Jake Gyllenhaal’).
However, we also discover instances where captions do not mention the content from the generated
image. For example, in the first duplicate, the user caption is “flower made of fire, black
background, art by artgerm”, and the LAION caption is “Colorful Cattleya Orchids
(2020) by JessicaJenney”. All the user and LAION captions for Figure 1 are in Appendix B.2.
Several duplicates identified by SSCD also have high similarity scores due to the simple texture of
the generated image. We include these SSCD false positives and other examples in the Appendix.

4 Experimental Setup

A thorough study of replication behavior requires training many diffusion models. To keep costs
tractable, we focus on experiments in which large pre-trained models are finetuned on smaller

2

Data duplication or strongly 
similar images amplifies the 

problem—bad for MD!



Need: dimensionality reduction and transferability

A pessimistic statistical perspective 
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R(f̂ , f) & n� s
s+d

Tsybakov, A. B. Introduction to Nonparametric Estimation.

No free lunch and no surprises: we need lots of  data

n --- number of  data points
s --- smoothness of  the target
d --- dimensionality 

Ciarella, S. et al. Mach. Learn.: Sci. Technol. 4, 010501 (2023).
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Transferable generative models are key to successful
deployment at scale



The data-physics trade-off  remains foundational
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FIG. 1. External control of actin network enables design of actin-based metamaterials. a) A schematic overview of
branched actin networks growing against a barrier, where individual filaments can polymerize, depolymerize, branch
(via Arp2/3) or be capped. Network growth can be controlled by modulating load force �. b) Actin networks grown
with layered density profiles (top right and bottom left) have heterogeneous responses, while networks grown with
constant density profiles (top left and bottom right) have more homogenous responses.

is response with a given material assuming that a
dissipative, feedback protocol is used to control as-
sembly? Here, we seek to answer this question using
a minimal model of branched actin networks, de-
scribed in detail in Sec. III. This model provides an
attractive platform for our investigation because this
system can be reconstituted using purified proteins
and the growth conditions can be directly manipu-
lated using the cantilever arm of an atomic force mi-
croscope, as depicted in Fig. 1. Our model captures
the essential physical features of recent experiments
reported in Ref. [13] and, because they work with
a fixed set of pure protein components, ambiguities
related to cellular regulation of protein expression
and other nontrivial side e↵ects of biology can be
systematically excluded, allowing us to focus on the
underlying physical mechanisms of control.

Obtaining a metamaterial by modulating growth
conditions requires external control, and the pri-
mary experimentally accessible control variable in
this system is the applied force as a function of
time. Throughout, we consider a setting where the
controller interacts with the material, allowing both
measurement and feedback, which is a feature of the
biological systems and could also be tractable ex-
perimentally with appropriate microscopy. Directly
tuning elastic coe�cients with a feedback protocol is
not straightforward because this global property de-
pends on the network structure in a complicated and
nonlinear fashion. External growth forces do, how-
ever, directly impact the local density at the growth
front, which in turn is strongly connected to the re-
sponse. Throughout, we study the emergent proper-
ties of a fixed, final network at the end of its growth

trajectory.

III. MINIMAL MODEL OF ACTIN
GROWTH UNDER EXTERNAL LOAD

A Brownian ratchet has long been speculated as
the mechanism through which external force impacts
growth in actin networks [20, 37–40]. The exper-
iments of Li et al. [13] lend additional support to
the Brownian ratchet model by imaging components
of the assembly during growth. This set of experi-
ments uses the cantilever arm of an atomic force mi-
croscope to precisely apply force to the network in
the direction of its growth. A similar experimen-
tal setup was previously used to elucidate stress-
sti↵ening and stress-softening in networks growing
under large loads and stress-dependent growth dy-
namics [10, 11, 30]. These experiments provide fun-
damental insight into the nature of branched actin
network assembly, and in particular, they highlight
the delicate balance between polymerization, cap-
ping and additional branching near nucleation pro-
moting factors. Additionally, these reconstitution
experiments highlight the strong dependence of ma-
terial properties on growth conditions, even in the
absence of biological stimuli.

Because these experiments contain precisely con-
trolled sets of ingredients, we sought to assess if the
experimental findings were consistent with a min-
imalist model of polymerization against a ratchet-
like load. The model we develop is partially in-
spired by and shares many features with those in
Refs. [41–43]. These two-dimensional models pro-

Rotskoff, G. M. et al. in MSML 757–780 (PMLR, 2022).
Yan, J. & Rotskoff, G. M. J. Chem. Phys. 157, 074101 (2022).
Yan, J. et al. Phys. Rev. E 105, 024115 (2022).
Rotskoff, G. & Vanden-Eijnden, E. CPAM 75, 1889–1935 (2022).

Chennakesavalu, S. & Rotskoff, G. M. J. Phys. Chem. B (2024)
Chennakesavalu, S. et al. J. Chem. Phys. 158, 124126 (2023).
Gabrié, M. et al. Proc. Natl. Acad. Sci. U.S.A. 119, e2109420119 (2022).
Gabrié, M. et al. in ICML Workshop Flows and Invertible Models (2021).

Klinger, J. & Rotskoff, G. M. http://arxiv.org/abs/2402.17931 (2024).
Chennakesavalu, S. et al. PNAS 121, e2310238121 (2024).
Chennakesavalu, S. & Rotskoff, G. M. Phys. Rev. Lett. 130, 107101 (2023).

Analysis of  molecular data requires large datasets
Often expensive to collect, important rare events needed

http://arxiv.org/abs/2402.17931
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Gabrié, M. Rotskoff, G.M., Vanden-Eijnden, E. Proc. Natl. Acad. Sci. U.S.A. 119, e2109420119 (2022).
Animations by Marylou Gabrié

Figure 1: Schematic overview of different types of models under consideration. (a) Denoising
diffusion models. (b) Continuous normalizing flows and flow-matching models. (c) Normalizing
flows based on coupling layers and compositional invertible maps.

models seek to directly emulate data. For the purposes of this review, we will define a generative
model to be any model that is parameterized to draw samples from a target probability distri-
bution. Information about a target probability distribution is either accessible through a data
set of samples drawn from the distribution or, alternatively, through the unnormalized statistical
likelihood function, which for a Gibbs-Boltzmann distribution is simply the energy. Generative
models have attracted enormous attention for applications outside of science, such as text-to-image
generation with denoising diffusion models [SSK+22, HJA20] and autoregressive text generation
with large language models (LLMs) [VSP+17]. The natural question, of course, is whether or not
these approaches can amplify and accelerate scientific inquiry in the chemical context.

In this review, we seek to articulate the potentialities and challenges of using generative mod-
els to sample finite temperature equilibrium probability distributions of chemical systems in the
condensed phase. We emphasize that this task is considerably different from, for example, protein
structure prediction using AlphaFold [JEP+21, WJB+23], which predicts the crystal structure but
does not capture molecular fluctuations. Perhaps the defining challenge facing the generative mod-
eling paradigm is generalization: in many complex scientific tasks, large repositories of training
data simply do not exist and generative models must instead be built from smaller data sets than
those used for image generation applications or LLMs; in the latter case, empirical scaling laws
show that increasing amounts of data improve the test loss as a power law [KMH+20, BDK+21].
If a generative model can only effectively sample molecular configurations that are very close to

2

DKL(ρ̂θ∥ϱeq) =

∫
log

ρ̂θ(x)

ϱeq(x)
ρ̂θ(x)dx

= Eρ̂θ
(log ρ̂θ + βU(x))

DKL(ϱeq∥ρ̂θ) =

∫
log

ϱeq(x)

ρ̂θ(x)
ϱeq(x)dx

= −Eϱeq(x) (log ρ̂θ) + C

Data-based training :  
agnostic to physical model

Energy-based training : 
No data needed!



Goal: building generative models 
with less data and more physics
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FIG. 1. A schematic overview of the coarse-graining procedure. First, a fine-grained molecular

structure is embedded with a state-dependent learned projection M. A coarse-grained potential

*̂ is used to sample configurations coarse-grained configurations z so that they are distributed ac-

cording to a Boltzmann distribution with respect to *̂, as described in Sec. III. These samples are

subsequently used to conditionally sample fine-grained configurations as described in Sec. IV

fine-grained space. The extended notion of weak thermodynamic consistency that we in-

troduce provides a framework on which to build new coarse-graining strategies that are

targeted to particular classes of observables, which may allow for more efficient models for

precise scientific questions.

I. RELATED WORK

The approach that we take here incorporates optimization of a coarse-graining map,

backmapping of the coarse-grained configurations, and new criteria for evaluating the qual-

ity of sampling. Each of these ideas individually has attracted substantial attention. For

example, automated construction of coarse-graining maps has a long history26–29, and ap-

proaches based on determining the “essential dynamics” by identifying collective modes

via principal component analysis30 or ranking maps based on information-theoretic cri-

teria31,32. The process of inverting a coarse-graining map, or backmapping, has been

studied in several contexts12,14,33,34; these works use either deterministic mappings or non-

invertible generative models, as a result it is impossible to exactly reweight the backmapped

4

Chennakesavalu, S., Toomer, D. J. & Rotskoff, G. M. J. Chem. Phys. 158, 124126 (2023).
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Graph autoencoder Force-matching GNN Conditional Normalizing Flow

Specific models not important for framework… pick your poison

Chennakesavalu, S., Toomer, D. J. & Rotskoff, G. M. J. Chem. Phys. 158, 124126 (2023).
14



Rigorously sampling at atomic resolution
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here

𝒛𝑖+1 = 𝑇−1 (𝒙𝑖+1) ≡ (𝒛𝑖+1,1, . . . , 𝒛𝑖+1,𝑚, �̃�𝑖+1,1, . . . , �̃�𝑖+1,𝑛−𝑚) (6)

the associated probability density is given by

𝑇♯𝜚(𝒙) = 𝜚(𝑇−1 (𝒙)) |∇𝑇−1 (𝒙) | (7)

where |∇𝑇−1 (𝒙) | denotes the determinant of the Jacobian of the inverse of the normalizing
flow 𝑇 .

Methods
We developed a computational approach that enables rapid sampling of a free energy land-
scape using coarse-graining, while also allowing for the calculation of observables defined
over the fine-grained space. Importantly, our approach does not require prior specification
of a coarse-graining map, allowing it to be extended to a wide class of systems. Our strategy
consists of three main components: a neural network that embeds a fine-grained config-
uration into a coarse-grained configuration, a neural network that represents the coarse-
grained energy function 𝑈, and a normalizing flow that can generate configurations in the
fine-grained space conditioned on a coarse-grained configuration.

We consider an effective coarse-graining to be one that can integrate out fast-moving
degrees of freedom, while retaining slower-moving degrees of freedom that are fundamental
to the collective variables contributing to the free-energy landscape. We employ a coarse-
graining strategy based on a deterministic encoder-decoder framework, where a molecu-
lar configuration is encoded into coarse-grained “beads”; these beads are then decoded to
reconstruct parts of the original system which contribute heavily to variations in the free-
energy landscape (e.g. the protein backbone). Finally, this partial reconstruction acts as a
seed, through which a distribution of molecular configurations can be generated.

In our approach, a molecular configurations is represented using a three-dimensional
graph, where nodes correspond to atoms and edges between nodes correspond to bonded
and nonbonded interactions. The graph structure is then coarse-grained through a clus-
tering process, where each cluster corresponds to a coarse-grained “bead” and consists of
a weighted combination of a collection of nodes. This is achieved via a hierarchical graph
pooling technique based onDiffPool. Finally, we carry out the partial reconstruction (i.e. the
decoding) step through an inverse graph pooling step. We train our coarse-graining network
via a reconstruction loss and a suite of auxiliary losses detailed in the appendix. Importantly,
this coarse-graining embedding is state-dependent; the exact clustering is dependent on the
input molecular configuration. Ultimately, a state-depdendent coarse-graining embedding
might be especially useful when a system can assume a set of configurations that have signif-
icant structural differences among them. In such a scenario, embeddings that dynamically
account for the dominant degrees of freedom native to each configuration can provide a
more powerful coarse-graining approach.

Concurrently, we learn a coarse-grained potential energy𝑈. We utilize an architecture
based on the SchNet architecture. Briefly, this architecture expands interbead distances into
gaussian basis function with learnable parameters; these gaussian basis functions are then
passed through multiple neural network layers. Ultimately, this architecture imposes the
necessary physical constraints, most notably rotational and translation invariance. We do
not have access to the actual coarse-grained potential energy; instead, we utilize a force
matching scheme to train 𝑈. Here, SC: include a description of how we calculate a proxy
for the mean force. The concurrent training between the coarse-graining embedder and
the coarse-graining potential energy results in a feedback approach, where a coarse-graining
map influences 𝑈, which then informs a new coarse-graining map. In practice, this ap-
proach enables the embedder to more efficiently coarse-grain out fast degrees of freedom by
minimizing the contribution of atoms that have a low mean force.

Lastly, we use a normalizing flow to generate molecular configurations conditioned on a
coarse-grained coordinate. Normalizing flows are a powerful class of methods, which enable

5

Chennakesavalu, S., Toomer, D. J. & Rotskoff, G. M. J. Chem. Phys. 158, 124126 (2023).
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p(x) =

∫
Ω

p(x|z)pCG(z)dz acc(x → x
′) = min

[

1,
peq(x′)p(x)

peq(x)p(x′)

]



Quantitative statistics for diverse observables
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Route to more general IDP samplers
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The distribution of the values of thc ciihedral angles (xj) in the sick> group conf?wnza- 
tions of various amino acid residues in the three proteins myoglobin, Ipozyme and 
tosyl-ix-cAomotrypsiri has been analysed. The observations in these protein structures 
are found to agree well with the theoretical distribution worked out on the basis of 
contact criteriu and the rurmher of allowed conformations of each category. The 
nature of the conformations are. in general. similar to thoJe observed in simple amino 
acid structures. Hydrogen-boilding irrteractioris between side group arid backbone 
seem to play a sign$cant role in determining the conformations of certain polur side 
groups like seriric, threoninr, and aspartic acid. 

The crystal structures of several globular pro- 
teins have been determined by X-ray diffraction 
methods and many more arc similarly under way. 
These studies provide not only conformational 
details but also valuablc clues for the prediction 
of conformations of a variety of other related 
compounds. Making use of the available knowl- 
edge of protein structures, different investigators 
have proposed rules regarding the relationship 
between amino acid sequence and secondary 
structure. Guzzo ( l ) ,  Cook (2 ) ,  and Prothero (3 )  
have empirically analysed the occurrence of amino 
acids in helical and non-helical regions of protein 
chains and formulated working principles to 
elucidate the local conformation of a segment of 
any protein chain. Ptitsyn (4) and Kotelchuck, 
Dygert, and Scheraga (5) have made a more ri- 
gorous statistical analysis of the distribution of 

This work was reported in the Symposium on Studies 
of Conformational States of  Biopolymeis at the 111 
International Biophysics Congress, Cambridge, Mass., 
U.S.A., 1 September 1969. 
* Jawaharlal Nehru Fellow. 

~- .~ 

different amino acids in \arious regions of pro- 
teins for understanding the sequence-conforma- 
tion relationship. Kotelchuck and Scheraga (6, 7) 
have also calculated the energy of interaction be- 
tween each amino acid side group and backbone 
in model peptide systems and predicted alpha- 
helical regions in proteins. In the Madras L '1 b or- 
atory of the authors, Ponnuswamy and Sasisek- 
haran (unpublished) have made potential energy 
calculations to study the effect of side-chain con- 
formations on those of the backbone and vice 
versa. These are briefly referred to in a later sec- 
tion. The role of hydrogen bonding interactions - 
betmeen those amino acid side-chains having hy- 
drophilic groups like -NH,, - OH and --COOH 
and a backbone peptide unit in its proximity - 
in determining the secondary structure has been 
studied by Ramachandran and coworkers (8). 
Although different techniques have been em- 
ployed in these investigations, general theoretical 
predictions, for example, regarding the helix- 
making, helix-breaking, or other nature of the 
karious amino acids are mostly similar and such 
studies go a long way towards improving our 
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Rotamer distributions have strong sequence dependence
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Simple distributional inference: MVVMs
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p(x|µ,κ) =
eκ cos(x−µ)

2πI0(κ)

von Mises Mixture model

pmix(x| . . . ) =
K∑

k=1

αkp(x|µk,κk)

EM algorithm



Coupling rotamer generators with self-attention
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Chennakesavalu, S. & Rotskoff, G. M. J. Phys. Chem. B (2024) doi:10.1021/acs.jpcb.3c08195.

pmix(x| . . . ) =
K∑

k=1

αkp(x|µk,κk)
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Backbone-to-side chain transformer
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Rapid data acquisition, train with energy cutoff
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Completely avoiding mode collapse
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Strong statistical guarantees with lifted MCMC
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ρ(z)π(s|z)p(x|s) → ϱeq(x)

CG Distribution

Transformer logits

Boltzmann distribution

Steven Dunne, Abby Park, Shriram Chennakesavalu, Marylou Gabrié



Controllable generation across conformational space

°2 0 2
0.0

0.5

1.0

1.5

No Helicity

°2 0 2

Weak Helicity

°2 0 2

Moderate Helicity

°2 0 2

Strong Helicity

Atomistic MD

Transformer

Phenylalanine 47 (¬1)

25

°2 0 2
0.0

0.2

0.4

0.6

0.8

1.0

1.2

Transformer

°2 0 2
0.00

0.25

0.50

0.75

1.00

1.25

1.50

Atomistic MD

None

Weak

Moderate

Strong

Phenylalanine 47 (¬1) 0.0 0.2 0.4 0.6 0.8 1.0

Degree of Helicity (SÆ)

0

5

10

15

20

25
None

Weak

Moderate

Strong

Chennakesavalu, S. & Rotskoff, G. M. J. Phys. Chem. B (2024) doi:10.1021/acs.jpcb.3c08195.

https://doi.org/10.1021/acs.jpcb.3c08195


Rapid and transferable data generation

26

°2 0 2
Tryptophan 43 (¬1)

°2

0

2

T
ry

pt
op

ha
n

7
(¬

1)

Helical Configuration

Transformer

100

101

102

U
ncoupled

G
M

M
s

(L
og

D
ensity)

Transformer

Uncoupled

Androgen receptor N-terminal Domain

0 500 1000 1500 2000 2500

Energy (kT)
0.0000

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

0.0035 Alignment (Ø = 1.0)

Alignment (Ø = 0.1)

Alignment (Ø = 0.01)

Alignment (Ø = 0.001)

No Alignment

Training paradigm: adapt the transformer 
”policy” to reflect the correct Boltzmann 

statistics with Energy Rank Alignment

Chennakesavalu, S. & Rotskoff, G. M. J. Phys. Chem. B (2024) doi:10.1021/acs.jpcb.3c08195.

https://doi.org/10.1021/acs.jpcb.3c08195


Energy rank alignment: adapting policies to preferences
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p(y ≻ y
′|x) =

e−βU(x,y)

e−βU(x,y) + e−βU(x,y′)
≡ σ

(

βU(x,y′)− βU(x,y)
)

J(π) = Ex

[
∫

U(x,y)dπ(y|x) + β−1

∫

log
π(y|x)

πref(y|x)
dπ(y|x)

]

Conventional Approach: Minimize a related 
objective using policy optimization (RL)

Chennakesavalu, Hu, Ibararran, Rotskoff  http://arxiv.org/abs/2405.12961 (2024).
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Energy rank alignment: adapting policies to preferences
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p(y ≻ y
′|x) =

e−βU(x,y)

e−βU(x,y) + e−βU(x,y′)
≡ σ

(

βU(x,y′)− βU(x,y)
)

Loss functions for πθ: Proximal Policy Optimization (PPO) optimizes an indirect, proximal ob-116

jective to minimize (2). Direct Policy Optimization (DPO) treats the negative reward function U117

implicitly and directly maximizes the likelihood of p(y ≻ y′|x). Our objectives differ from both118

approaches: like DPO, we directly optimize the policy using an explicit, gradient-based objective,119

but, in contrast, we retain the reward function directly in our objective. The losses we build are120

thus amenable to both offline (samples from πref ) and online (samples from πθ) policy alignment,121

as explained below. Choosing to optimize the objective online has been shown to have important122

consequences on performance [13], though we focus here on the setting where samples are drawn123

We directly optimize the Kullback-Leibler divergence between the entropy-regularized preference124

distribution pβ(y ≻ y′|x) and the corresponding parametric preference distribution pθ(y ≻ y′|x).125

Explicitly, using the fact that conditional preference distribution is normalized, we obtain126

D(y,y′)
KL (p|pθ) = p(y ≻ y′|x) log p(y ≻ y′|x)

pθ(y ≻ y′|x) + p(y′ ≻ y|x) log p(y′ ≻ y|x)
pθ(y′ ≻ y|x) ,

= p(y ≻ y′|x) log p(y ≻ y′|x)
pθ(y ≻ y′|x) +

(
1− p(y ≻ y′|x)

)
log

1− p(y ≻ y′|x)
1− pθ(y ≻ y′|x) .

(6)
This quantity is a well-defined KL divergence and is hence non-negative; the quantity vanishes when127

p = pθ on the observations y,y′. Furthermore, with access to an explicit reward model, all terms128

in (6) can be computed directly via (1) and129

pθ(y ≻ y′|x′) =
πθ(y|x)

πθ(y|x) + πθ(y′|x) = σ

(
log

πθ(y|x)
πθ(y′|x)

)
. (7)

Averaging this KL-divergence over samples generated from the reference policy πref leads to an130

objective for πθ ,131

LERA(πθ) = Ex∼DEy,y′∼πref (·|x)D
(y,y′)
KL (p|pθ). (8)

If the negative reward U is known, then the naive estimator of (8) is straightforward to compute and132

corresponds to greedy optimization of the negative reward. To obtain the convergent regularized133

objective defined in (2), which avoids mode collapse, we instead optimize134

Ex∼DEy,y′∼πref (·|x)D
(y,y′)
KL (pβ |pθ); pβ := σ

(
β(U(x,y′)− U(x,y)) + log

πref(y|x)
πref(y′|x)

)
.

(9)
If the current policy overlaps with the target preference distribution, it may be useful to sample135

directly from the partially aligned policy, i.e., to use the “on-policy” formulation,136

LERA
on (πθ) = Ex∼DEy,y′∼πθ(y|x)D

(y,y′)
KL (p|pθ) (10)

instead of (8). One issue that arises with this scheme is that differentiation with respect to the137

parameters of the policy θ because y and y′ are decoded into discrete tokens, an operation that is138

not differentiable. To remedy this, we importance sample with a reference policy139

LERA
on (πθ) = Ex∼DEy,y′∼πref (y|x)

πθ(y|x)πθ(y′|x)
πref(y|x)πref(y′|x)D

(y,y′)
KL (p|pθ). (11)

This reweighting is straightforward and the importance weights should generally be appreciable,140

especially early in training when πθ has not drifted far from πref . It is, of course, straightforward to141

iteratively update πθ using a previous iterate as the reference policy.142

3 Theoretical Analysis143

To understand the ERA loss function and its connection to the entropy regularized objective (2), we144

first establish that the minimizer of (6) are of the form (5). We first define the notion of equivalence145

precisely.146

Definition 3.1 The conditional probability measures π(·|x) and π′(·|x) are conditionally equiva-147

lent if ∀x ∈ X , π and π′ are such that supy∈Y |π(y|x)− π′(y|x)| = 0.148

We remark that this strong form of equivalence is appropriate on the discrete spaces X and Y we149

consider here.150

4

Theorem: the minimum of  this objective is Boltzmann

Molecular transformer

Chennakesavalu, Hu, Ibararran, Rotskoff  http://arxiv.org/abs/2405.12961 (2024).
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framework for alignment.
To impose the preferences we minimize the objective

J(⇡) = Ex⇠⌫

Z
U(x, y)d⇡(y|x) + ��1

Z
(1 + �) log ⇡(y|x) � � log(⇡ref(y|x))d⇡(y|x)

�
, (2)

where ��1 is a parameter controlling the magnitude of the entropic term, � sets the scale of the
Kullback-Leibler regularization compared with the energy term, and ⌫ is a probability distribution
over the prompts ⌫ 2 P(X ). A proximal scheme for gradient descent on this objective corresponds
to a gradient flow on J [28, 19]; the functional can be viewed as a free energy, and the corresponding
flow is

@t⇡t = r · (⇡tr�⇡J [⇡t]) , (3)

and �⇡ denotes the Fréchet derivative with respect to ⇡. Assuming that ⇡0 has full support on
X ⇥ Y, the optimization converges asymptotically to stationary policy which satisfies

r�⇡J [⇡?] = 0 () ⇡? / e�
�

1+�U+ �
�+1 log ⇡ref , (4)

and this minimizer is globally optimal. In the context of LLM alignment, a representation of the
energy function U : X ⇥ Y ! R is learned as a “reward model”, though we also consider tasks
in which U is an easily evaluated function of the pair (x, y). The optimal distribution ⇡? is a
Gibbs-Boltzmann measure

⇡?(y|x) = Z�1(x) exp


� �

1 + �

�
U(x, y) � ��1� log ⇡ref(y|x)

��
(5)

where Z(x) is the x-dependent normalization constant. This expression makes clear the e↵ect of
�: when � ! 1 (low temperature), the reward dominates and fluctuations around the maximal
reward are small, which could lead to “mode-seeking”; when � ! 0 (high physical temperature)
fluctuations around the maximal reward increase and the regularization term favors proximity to
⇡ref . Similarly, � ! 0 recovers a Gibbs-Boltzmann distribution proportional to e��U at inverse
temperature �, while � ! 1 is dominated by the reference policy.

Loss functions for ⇡✓: Proximal Policy Optimization (PPO) optimizes an indirect, proximal
objective to minimize an objective closely related to (2) (cf. Appendix B). Direct Preference
Optimization (DPO) treats the negative reward function U implicitly and directly maximizes the
likelihood of p(y � y0|x). Our objectives di↵er from both approaches: like DPO, we directly
optimize the policy using an explicit, gradient-based objective, but, in contrast, we use a reward
function directly in our objective. The losses we build are thus amenable to both o✏ine (samples
from ⇡ref) and online (samples from ⇡✓) policy alignment, as explained below. Choosing to optimize
the objective online has been shown to have important consequences on performance [32], though
we focus here on the setting where samples are drawn o✏ine.

We directly optimize the Kullback-Leibler divergence between the entropy-regularized preference
distribution p�(y � y0|x) and the corresponding parametric preference distribution p✓(y � y0|x).
Explicitly, using the fact that conditional preference distribution is normalized, we obtain

D(y,y0)
KL (p� |p✓) = p�(y � y0|x) log

p�(y � y0|x)

p✓(y � y0|x)
+ p�(y

0 � y|x) log
p�(y0 � y|x)

p✓(y0 � y|x)
,

= p�(y � y0|x) log
p�(y � y0|x)

p✓(y � y0|x)
+
�
1 � p�(y � y0|x)

�
log

1 � p�(y � y0|x)

1 � p✓(y � y0|x)
,

(6)

4

framework for alignment.
To impose the preferences we minimize the objective

J(⇡) = Ex⇠⌫

Z
U(x, y)d⇡(y|x) + ��1

Z
(1 + �) log ⇡(y|x) � � log(⇡ref(y|x))d⇡(y|x)

�
, (2)

where ��1 is a parameter controlling the magnitude of the entropic term, � sets the scale of the
Kullback-Leibler regularization compared with the energy term, and ⌫ is a probability distribution
over the prompts ⌫ 2 P(X ). A proximal scheme for gradient descent on this objective corresponds
to a gradient flow on J [28, 19]; the functional can be viewed as a free energy, and the corresponding
flow is

@t⇡t = r · (⇡tr�⇡J [⇡t]) , (3)

and �⇡ denotes the Fréchet derivative with respect to ⇡. Assuming that ⇡0 has full support on
X ⇥ Y, the optimization converges asymptotically to stationary policy which satisfies

r�⇡J [⇡?] = 0 () ⇡? / e�
�

1+�U+ �
�+1 log ⇡ref , (4)

and this minimizer is globally optimal. In the context of LLM alignment, a representation of the
energy function U : X ⇥ Y ! R is learned as a “reward model”, though we also consider tasks
in which U is an easily evaluated function of the pair (x, y). The optimal distribution ⇡? is a
Gibbs-Boltzmann measure

⇡?(y|x) = Z�1(x) exp


� �

1 + �

�
U(x, y) � ��1� log ⇡ref(y|x)

��
(5)

where Z(x) is the x-dependent normalization constant. This expression makes clear the e↵ect of
�: when � ! 1 (low temperature), the reward dominates and fluctuations around the maximal
reward are small, which could lead to “mode-seeking”; when � ! 0 (high physical temperature)
fluctuations around the maximal reward increase and the regularization term favors proximity to
⇡ref . Similarly, � ! 0 recovers a Gibbs-Boltzmann distribution proportional to e��U at inverse
temperature �, while � ! 1 is dominated by the reference policy.

Loss functions for ⇡✓: Proximal Policy Optimization (PPO) optimizes an indirect, proximal
objective to minimize an objective closely related to (2) (cf. Appendix B). Direct Preference
Optimization (DPO) treats the negative reward function U implicitly and directly maximizes the
likelihood of p(y � y0|x). Our objectives di↵er from both approaches: like DPO, we directly
optimize the policy using an explicit, gradient-based objective, but, in contrast, we use a reward
function directly in our objective. The losses we build are thus amenable to both o✏ine (samples
from ⇡ref) and online (samples from ⇡✓) policy alignment, as explained below. Choosing to optimize
the objective online has been shown to have important consequences on performance [32], though
we focus here on the setting where samples are drawn o✏ine.

We directly optimize the Kullback-Leibler divergence between the entropy-regularized preference
distribution p�(y � y0|x) and the corresponding parametric preference distribution p✓(y � y0|x).
Explicitly, using the fact that conditional preference distribution is normalized, we obtain

D(y,y0)
KL (p� |p✓) = p�(y � y0|x) log

p�(y � y0|x)

p✓(y � y0|x)
+ p�(y

0 � y|x) log
p�(y0 � y|x)

p✓(y0 � y|x)
,

= p�(y � y0|x) log
p�(y � y0|x)

p✓(y � y0|x)
+
�
1 � p�(y � y0|x)

�
log

1 � p�(y � y0|x)

1 � p✓(y � y0|x)
,

(6)
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Figure 1: Add percent changes as necessary

2 Energy rank alignment89

A policy is a conditional probability distribution π : Y × X → R; we generate an output y from90

prompt x with probability π(y|x). The spaces Y and X are discrete, corresponding to sequences91

of tokenized outputs of the model. In alignment tasks, we begin with a pre-trained reference policy92

πref and seek to optimize a parametric, trainable policy πθ to adapt the conditional sampling for a93

particular task or constraint.94

Consider a prompt x ∈ X and model outputs y,y′ ∈ Y and a collection of preferences D = {(yi ≻95

y′
i;xi)}ni=1; the notation ≻ indicates that yi is preferred to y′

i. The conditional probability that96

y ≻ y′ given x can be modeled as a pairwise Boltzmann ranking within the Bradley-Terry model,97

i.e.,98

p(y ≻ y′|x) = e−βU(x,y)

e−βU(x,y) + e−βU(x,y′)
≡ σ

(
βU(x,y′)− βU(x,y)

)
. (1)

Here β > 0 is a constant, σ(x) = (1 + e−x)−1 and we refer to U : X × Y → R as an energy99

function to make clear the connection to statistical physics, but it is the negative reward within the100

RL framework for alignment.101

To impose the preferences using the data D, we minimize the objective102

J(π) = Ex

[∫
U(x,y)dπ(y|x) + β−1

∫
log

π(y|x)
πref(y|x)

dπ(y|x)
]
, (2)

where β−1 is a parameter controlling the magnitude of the Kullback-Leibler regularization compared103

with the energy term. A proximal scheme for gradient descent on this objective corresponds to a104

Wasserstein gradient flow on J [? ], which can be viewed as a free energy functional,105

∂tπt = ∇ · (πt∇δπJ [πt]) , (3)

and δπ denotes the Fréchet derivative with respect to π. Assuming that π0 has full support on X ×Y ,106

the optimization converges asymptotically to stationary policy107

∇δπJ [π⋆] = 0 ⇐⇒ π⋆ ∝ e−βU+log πref , (4)

which is indeed the global optimum under mild assumptions. In the context of LLM alignment, a108

representation of the energy function U : X × Y → R is learned as a “reward model”, though109

we also consider tasks in which U is an easily evaluated function of the pair (x,y). The optimal110

distribution π⋆ is a Gibbs-Boltzmann measure111

π⋆(y|x) = Z−1(x) exp
[
−β

(
U(x,y)− β−1 log πref(y|x)

)]
(5)

where Z(x) is the x-dependent normalization constant. This expression makes clear the effect112

of β: when β → ∞ (low temperature), the reward dominates and “mode-seeking” results; when113

β → 0 (high physical temperature) the reward is dominated by the regularization term, which favors114
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2 Energy rank alignment89

A policy is a conditional probability distribution π : Y × X → R; we generate an output y from90

prompt x with probability π(y|x). The spaces Y and X are discrete, corresponding to sequences91

of tokenized outputs of the model. In alignment tasks, we begin with a pre-trained reference policy92

πref and seek to optimize a parametric, trainable policy πθ to adapt the conditional sampling for a93

particular task or constraint.94

Consider a prompt x ∈ X and model outputs y,y′ ∈ Y and a collection of preferences D = {(yi ≻95

y′
i;xi)}ni=1; the notation ≻ indicates that yi is preferred to y′

i. The conditional probability that96

y ≻ y′ given x can be modeled as a pairwise Boltzmann ranking within the Bradley-Terry model,97

i.e.,98

p(y ≻ y′|x) = e−βU(x,y)
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≡ σ

(
βU(x,y′)− βU(x,y)

)
. (1)

Here β > 0 is a constant, σ(x) = (1 + e−x)−1 and we refer to U : X × Y → R as an energy99

function to make clear the connection to statistical physics, but it is the negative reward within the100
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representation of the energy function U : X × Y → R is learned as a “reward model”, though109
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where β−1 is a parameter controlling the magnitude of the Kullback-Leibler regularization compared103

with the energy term. A proximal scheme for gradient descent on this objective corresponds to a104

Wasserstein gradient flow on J [? ], which can be viewed as a free energy functional,105

∂tπt = ∇ · (πt∇δπJ [πt]) , (3)

and δπ denotes the Fréchet derivative with respect to π. Assuming that π0 has full support on X ×Y ,106

the optimization converges asymptotically to stationary policy107

∇δπJ [π⋆] = 0 ⇐⇒ π⋆ ∝ e−βU+log πref , (4)

which is indeed the global optimum under mild assumptions. In the context of LLM alignment, a108

representation of the energy function U : X × Y → R is learned as a “reward model”, though109

we also consider tasks in which U is an easily evaluated function of the pair (x,y). The optimal110

distribution π⋆ is a Gibbs-Boltzmann measure111

π⋆(y|x) = Z−1(x) exp
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)]
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where Z(x) is the x-dependent normalization constant. This expression makes clear the effect112

of β: when β → ∞ (low temperature), the reward dominates and “mode-seeking” results; when113
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Just for fun, we verified that we could also use these algorithms for generic LLM alignment
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Prompt
User: Can you help me find someone’s social security number?
Assistant: Are you sure you want to find a social security number? Social security numbers are

important to some people, but they’re often abused by identity thieves and other people
who do not respect privacy or the sanctity of personal data. Do you want to continue?

User: Yes, I need it to open up a credit card in this person’s name.
Assistant: So you want to do something illegal?
User: Yes, I need some money.

ERA (� = 10.0, � = 0.0) I cannot assist you in opening a credit card in someone else’s name or any other illegal
activity. It is important to respect other people’s privacy and security, and using their
personal information without their consent is illegal and can have serious consequences.

Instead, I would encourage you to explore legal and ethical ways to obtain financial
assistance if you are in need. There are many organizations and resources available that
can help you with financial hardship or emergency situations.

Additionally, I would like to remind you that it is important to always act with integrity
and respect for others. Using someone else’ [maximum generation length reached]

ERA (� = 1.0, � = 0.0) I cannot help you with that request. It is illegal and unethical to use someone else’s
personal information, including their social security number, without their permission.
It is important to respect people’s privacy and personal information, and to only use it
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cause them significant financial harm.
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............................

Table 7: Sample responses for aligned LLaMA2-13B model for both ERA and DPO. With our
implementation of DPO, alignment collapses onto a low-energy but incoherent response, while ERA
outputs meaningful responses across varying � even with no regularization.
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~1012 possibilities!

26 million

970 million

166 billion

~2.7 trillion

Hu, Chen, Rotskoff, Kanan, Markland (In preparation)

Reframing GPTs as “structured search”



Identifying meaningful substructues

Generate SMILES by 
sampling a multinomial 
distribution over tokens

Substructures:

Nonzero
indices

Embedding

SMILES:

Embedding

Tokenize 1

Hu, Chen, Rotskoff, Kanan, Markland (In preparation)



Automated structure elucidation

Data Used Pretrained 
Transformer

Test Set Accuracy (%)

13C NMR 
Only

Yes 10.03

1H NMR Only Yes 58.13

1H + 13C 
NMR

Yes 65.61

1H + 13C 
NMR

No 49.11

~20% decrease in accuracy over 5 
orders of  magnitude in problem size

Hu, Chen, Rotskoff, Kanan, Markland (In preparation)
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