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My goal: Definitions and some important ideas.


• Linearity  
  (most of the talk)  
 

• Monotonicity


• Juntas

Reference: “Introduction to Property Testing” by Goldreich ‘17 
                  “Algorithmic and Analysis Techniques in Property Testing” by Ron ‘10



A Boolean function encodes a set of its domain.

• This talk: domain is Boolean hypercube.

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}



A property testing algorithm decides whether a function has a 
particular property (approximately).

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}Does the function have a 

particular property?

<latexit sha1_base64="sA0r5NFIWDDDqMK9M95YViyf1Is=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCBymJlOqx6MVjBfsBTSyb7aZdutmE3Y1aYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK5b2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R1dTv31PpWKRuNXjmHohHggWMIK1kXrF0mPPQS4TyE3tU8ed3BmtbFfsGdAycTJShgyNXvHL7UckCanQhGOluo4day/FUjPC6aTgJorGmIzwgHYNFTikyktnp0/QsVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif1430cGFlzIRJ5oKMl8UJBzpCE1zQH0mKdF8bAgmkplbERliiYk2aRVMCM7iy8ukdVZxapXqTbVcv8ziyMMhHMEJOHAOdbiGBjSBwAM8wyu8WU/Wi/Vufcxbc1Y2cwB/YH3+AIImkuI=</latexit>

x1 2 {0, 1}n
<latexit sha1_base64="tNrfN/4hRYYFaEbdUIyLjgCd45Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1ArLT33vvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBlm2Ofg==</latexit>

f(x1)

<latexit sha1_base64="rYH3sZi1toEoDBUWDM4ycw2EDlU=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0XwICWRoh6LXjxWsB/QxLDZbtqlm03c3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpW3721pZXVvf2CxsFbd3dvf2SwfllopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD4c3Ubz9RqVgs7vU4oV6E+4KFjGBtJL9UHvmPyGUCuZl95riTB4H8UsWu2jOgZeLkpAI5Gn7py+3FJI2o0IRjpbqOnWgvw1Izwumk6KaKJpgMcZ92DRU4osrLZrdP0IlReiiMpSmh0Uz9PZHhSKlxFJjOCOuBWvSm4n9eN9XhlZcxkaSaCjJfFKYc6RhNg0A9JinRfGwIJpKZWxEZYImJNnEVTQjO4svLpHVedS6qtbtapX6dx1GAIziGU3DgEupwCw1oAoERPMMrvFkT68V6tz7mrStWPnMIf2B9/gBCHJNM</latexit>

xq 2 {0, 1}n
<latexit sha1_base64="s95Z+bNgbwm9oT/CPoz5uIkyczc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpM1yYpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rUeqNJPizoxj6kd4IFjICDZWaoblp97Daa9YcivuDGiZeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDST5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpnlW880r1tlqqXWVx5OEIjqEMHlxADW6gDg0gcA/P8ApvjnRenHfnY96ac7KZQ/gD5/MH962Ovg==</latexit>

f(xq)

YES or NO



A property testing algorithm decides whether a function has a 
particular property (approximately).

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}Does the function have a 

particular property?

<latexit sha1_base64="sA0r5NFIWDDDqMK9M95YViyf1Is=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCBymJlOqx6MVjBfsBTSyb7aZdutmE3Y1aYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK5b2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R1dTv31PpWKRuNXjmHohHggWMIK1kXrF0mPPQS4TyE3tU8ed3BmtbFfsGdAycTJShgyNXvHL7UckCanQhGOluo4day/FUjPC6aTgJorGmIzwgHYNFTikyktnp0/QsVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif1430cGFlzIRJ5oKMl8UJBzpCE1zQH0mKdF8bAgmkplbERliiYk2aRVMCM7iy8ukdVZxapXqTbVcv8ziyMMhHMEJOHAOdbiGBjSBwAM8wyu8WU/Wi/Vufcxbc1Y2cwB/YH3+AIImkuI=</latexit>

x1 2 {0, 1}n
<latexit sha1_base64="tNrfN/4hRYYFaEbdUIyLjgCd45Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsB7VKyabaNzSZLkhXL0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLS0TRWiTSC5VJ8CaciZo0zDDaSdWFEcBp+1gfDPz249UaSbFvZnE1I/wULCQEWys1ArLT33vvF8suRV3DrRKvIyUIEOjX/zqDSRJIioM4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWChxR7afza6fozCoDFEplSxg0V39PpDjSehIFtjPCZqSXvZn4n9dNTHjlp0zEiaGCLBaFCUdGotnraMAUJYZPLMFEMXsrIiOsMDE2oIINwVt+eZW0LiperVK9q5bq11kceTiBUyiDB5dQh1toQBMIPMAzvMKbI50X5935WLTmnGzmGP7A+fwBlm2Ofg==</latexit>

f(x1)

<latexit sha1_base64="rYH3sZi1toEoDBUWDM4ycw2EDlU=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0XwICWRoh6LXjxWsB/QxLDZbtqlm03c3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpW3721pZXVvf2CxsFbd3dvf2SwfllopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD4c3Ubz9RqVgs7vU4oV6E+4KFjGBtJL9UHvmPyGUCuZl95riTB4H8UsWu2jOgZeLkpAI5Gn7py+3FJI2o0IRjpbqOnWgvw1Izwumk6KaKJpgMcZ92DRU4osrLZrdP0IlReiiMpSmh0Uz9PZHhSKlxFJjOCOuBWvSm4n9eN9XhlZcxkaSaCjJfFKYc6RhNg0A9JinRfGwIJpKZWxEZYImJNnEVTQjO4svLpHVedS6qtbtapX6dx1GAIziGU3DgEupwCw1oAoERPMMrvFkT68V6tz7mrStWPnMIf2B9/gBCHJNM</latexit>

xq 2 {0, 1}n
<latexit sha1_base64="s95Z+bNgbwm9oT/CPoz5uIkyczc=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNvGZpM1yYpl6X/w4kERr/4fb/4b03YP2vpg4PHeDDPzgpgzbVz328mtrK6tb+Q3C1vbO7t7xf2DppaJIrRBJJeqHWBNORO0YZjhtB0riqOA01Ywup76rUeqNJPizoxj6kd4IFjICDZWaoblp97Daa9YcivuDGiZeBkpQYZ6r/jV7UuSRFQYwrHWHc+NjZ9iZRjhdFLoJprGmIzwgHYsFTii2k9n107QiVX6KJTKljBopv6eSHGk9TgKbGeEzVAvelPxP6+TmPDST5mIE0MFmS8KE46MRNPXUZ8pSgwfW4KJYvZWRIZYYWJsQAUbgrf48jJpnlW880r1tlqqXWVx5OEIjqEMHlxADW6gDg0gcA/P8ApvjnRenHfnY96ac7KZQ/gD5/MH962Ovg==</latexit>

f(xq)

YES or NO



Is the function always 0?

<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="sA0r5NFIWDDDqMK9M95YViyf1Is=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCBymJlOqx6MVjBfsBTSyb7aZdutmE3Y1aYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK5b2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R1dTv31PpWKRuNXjmHohHggWMIK1kXrF0mPPQS4TyE3tU8ed3BmtbFfsGdAycTJShgyNXvHL7UckCanQhGOluo4day/FUjPC6aTgJorGmIzwgHYNFTikyktnp0/QsVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif1430cGFlzIRJ5oKMl8UJBzpCE1zQH0mKdF8bAgmkplbERliiYk2aRVMCM7iy8ukdVZxapXqTbVcv8ziyMMhHMEJOHAOdbiGBjSBwAM8wyu8WU/Wi/Vufcxbc1Y2cwB/YH3+AIImkuI=</latexit>

x1 2 {0, 1}n

<latexit sha1_base64="rYH3sZi1toEoDBUWDM4ycw2EDlU=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0XwICWRoh6LXjxWsB/QxLDZbtqlm03c3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpW3721pZXVvf2CxsFbd3dvf2SwfllopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD4c3Ubz9RqVgs7vU4oV6E+4KFjGBtJL9UHvmPyGUCuZl95riTB4H8UsWu2jOgZeLkpAI5Gn7py+3FJI2o0IRjpbqOnWgvw1Izwumk6KaKJpgMcZ92DRU4osrLZrdP0IlReiiMpSmh0Uz9PZHhSKlxFJjOCOuBWvSm4n9eN9XhlZcxkaSaCjJfFKYc6RhNg0A9JinRfGwIJpKZWxEZYImJNnEVTQjO4svLpHVedS6qtbtapX6dx1GAIziGU3DgEupwCw1oAoERPMMrvFkT68V6tz7mrStWPnMIf2B9/gBCHJNM</latexit>

xq 2 {0, 1}n
YES or NO

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0



Is the function always 0?

<latexit sha1_base64="sA0r5NFIWDDDqMK9M95YViyf1Is=">AAAB+nicbVBNS8NAEJ3Ur1q/Wj16WSyCBymJlOqx6MVjBfsBTSyb7aZdutmE3Y1aYn+KFw+KePWXePPfuG1z0NYHA4/3ZpiZ58ecKW3b31ZuZXVtfSO/Wdja3tndK5b2WypKJKFNEvFIdnysKGeCNjXTnHZiSXHoc9r2R1dTv31PpWKRuNXjmHohHggWMIK1kXrF0mPPQS4TyE3tU8ed3BmtbFfsGdAycTJShgyNXvHL7UckCanQhGOluo4day/FUjPC6aTgJorGmIzwgHYNFTikyktnp0/QsVH6KIikKaHRTP09keJQqXHom84Q66Fa9Kbif1430cGFlzIRJ5oKMl8UJBzpCE1zQH0mKdF8bAgmkplbERliiYk2aRVMCM7iy8ukdVZxapXqTbVcv8ziyMMhHMEJOHAOdbiGBjSBwAM8wyu8WU/Wi/Vufcxbc1Y2cwB/YH3+AIImkuI=</latexit>

x1 2 {0, 1}n

<latexit sha1_base64="rYH3sZi1toEoDBUWDM4ycw2EDlU=">AAAB+3icbVBNS8NAEJ34WetXrUcvi0XwICWRoh6LXjxWsB/QxLDZbtqlm03c3UhL6F/x4kERr/4Rb/4bt20O2vpg4PHeDDPzgoQzpW3721pZXVvf2CxsFbd3dvf2SwfllopTSWiTxDyWnQArypmgTc00p51EUhwFnLaD4c3Ubz9RqVgs7vU4oV6E+4KFjGBtJL9UHvmPyGUCuZl95riTB4H8UsWu2jOgZeLkpAI5Gn7py+3FJI2o0IRjpbqOnWgvw1Izwumk6KaKJpgMcZ92DRU4osrLZrdP0IlReiiMpSmh0Uz9PZHhSKlxFJjOCOuBWvSm4n9eN9XhlZcxkaSaCjJfFKYc6RhNg0A9JinRfGwIJpKZWxEZYImJNnEVTQjO4svLpHVedS6qtbtapX6dx1GAIziGU3DgEupwCw1oAoERPMMrvFkT68V6tz7mrStWPnMIf2B9/gBCHJNM</latexit>

xq 2 {0, 1}n
YES or NO

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="HuTUXumYQJUUn90nIkZuK2zFVCI=">AAACD3icbVBNS8MwGE7n15xfVY9egkPxIKOVoR6HXjxOcHOwzpFm6RaWpiV5K4yyf+DFv+LFgyJevXrz35huFXTzgcCT5/1InsePBdfgOF9WYWFxaXmluFpaW9/Y3LK3d5o6ShRlDRqJSLV8opngkjWAg2CtWDES+oLd+sPLrH57z5TmkbyBUcw6IelLHnBKwEhd+9ADLnosDcbYy7ZJ7KXOseuN7wyD6OfWtctOxZkAzxM3J2WUo961P71eRJOQSaCCaN12nRg6KVHAqWDjkpdoFhM6JH3WNlSSkOlOOvEzxgdG6eEgUuZIwBP190RKQq1HoW86QwIDPVvLxP9q7QSC807KZZwAk3T6UJAIbIxm4eAeV4yCGBlCqOLmr5gOiCIUTIQlE4I7a3meNE8q7mmlel0t1y7yOIpoD+2jI+SiM1RDV6iOGoiiB/SEXtCr9Wg9W2/W+7S1YOUzu+gPrI9vLYebeA==</latexit>

f̃ : {0, 1}n ! {0, 1}



Unless Alice queries hidden point, looks like constant 0 function.

<latexit sha1_base64="HuTUXumYQJUUn90nIkZuK2zFVCI=">AAACD3icbVBNS8MwGE7n15xfVY9egkPxIKOVoR6HXjxOcHOwzpFm6RaWpiV5K4yyf+DFv+LFgyJevXrz35huFXTzgcCT5/1InsePBdfgOF9WYWFxaXmluFpaW9/Y3LK3d5o6ShRlDRqJSLV8opngkjWAg2CtWDES+oLd+sPLrH57z5TmkbyBUcw6IelLHnBKwEhd+9ADLnosDcbYy7ZJ7KXOseuN7wyD6OfWtctOxZkAzxM3J2WUo961P71eRJOQSaCCaN12nRg6KVHAqWDjkpdoFhM6JH3WNlSSkOlOOvEzxgdG6eEgUuZIwBP190RKQq1HoW86QwIDPVvLxP9q7QSC807KZZwAk3T6UJAIbIxm4eAeV4yCGBlCqOLmr5gOiCIUTIQlE4I7a3meNE8q7mmlel0t1y7yOIpoD+2jI+SiM1RDV6iOGoiiB/SEXtCr9Wg9W2/W+7S1YOUzu+gPrI9vLYebeA==</latexit>

f̃ : {0, 1}n ! {0, 1}<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}

Query Complexity 

Lower Bound

<latexit sha1_base64="X3sdJzj4E1/DEh9m+96xGRgoTA4=">AAAB9HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLiHokevEmJvKRwEq6pUBD213bLgnZ8Du8eNAYr/4Yb/4bC+xBwZdM8vLeTGbmBRFn2rjut5NZW9/Y3Mpu53Z29/YP8odHDR3GitA6CXmoWgHWlDNJ64YZTluRolgEnDaD0c3Mb46p0iyUD2YSUV/ggWR9RrCxkt+5E3SAi+XHRE7Pu/mCW3LnQKvES0kBUtS6+a9OLySxoNIQjrVue25k/AQrwwin01wn1jTCZIQHtG2pxIJqP5kfPUVnVumhfqhsSYPm6u+JBAutJyKwnQKboV72ZuJ/Xjs2/Ss/YTKKDZVksagfc2RCNEsA9ZiixPCJJZgoZm9FZIgVJsbmlLMheMsvr5JGueRdlCr3lUL1Oo0jCydwCkXw4BKqcAs1qAOBJ3iGV3hzxs6L8+58LFozTjpzDH/gfP4A7rKRkQ==</latexit>

⌦(2n)



Property Testing as Approximate Decision Making:

Definition: A property testing algorithm for a property       is a 
randomized algorithm which receives query access to an unknown 
function                                  : 


•   If            , the algorithm output YES w.p at least        .


•   If     is   -far from     , the algorithm outputs NO w.p at least        .

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="umgur5tVnueyOX2V+Lj4LBz/tOw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY1RB4TyIuwHhPMs9ZsYNecujMHWiVuQWpQoDWwv7xhTNKICk04VqrvOon2Myw1I5zOKl6qaILJBI9o31CBI6r8bB59hk6NMkRhLM0TGs3V3xsZjpSaRoGZzCOqZS8X//P6qQ6v/IyJJNVUkMWhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+Sznndvag37hq15nVRRxmO4QTOwIVLaMIttKANBB7hGV7hzXqyXqx362MxWrKKnSP4A+vzB8Ytk7U=</latexit>

f 2 P
<latexit sha1_base64="eAUV+Jx9mTd1awjEaIzt1dTZJLU=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S4S9Uj04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6KJ9fdAtFt+TOQJaJl5EiZKh1C1+dXszSCKVhgmrd9tzE+GOqDGcCJ/lOqjGhbEj72LZU0gi1P56dOiGnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSiNxX/89qpCa/9MZdJalCy+aIwFcTEZPo36XGFzIiRJZQpbm8lbEAVZcamk7cheIsvL5NGueRdlir3lWL1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXgONNQ==</latexit>

2/3

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="eAUV+Jx9mTd1awjEaIzt1dTZJLU=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S4S9Uj04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6KJ9fdAtFt+TOQJaJl5EiZKh1C1+dXszSCKVhgmrd9tzE+GOqDGcCJ/lOqjGhbEj72LZU0gi1P56dOiGnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSiNxX/89qpCa/9MZdJalCy+aIwFcTEZPo36XGFzIiRJZQpbm8lbEAVZcamk7cheIsvL5NGueRdlir3lWL1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXgONNQ==</latexit>

2/3

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f output YES w.p 2/3


output NO w.p 2/3
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃



Property Testing as Approximate Decision Making:

Definition: A property testing algorithm for a property       is a 
randomized algorithm which receives query access to an unknown 
function                                  : 


•   If            , the algorithm output YES w.p at least        .


•   If algorithm outputs YES w.p at least 1/3, then                   .

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="umgur5tVnueyOX2V+Lj4LBz/tOw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY1RB4TyIuwHhPMs9ZsYNecujMHWiVuQWpQoDWwv7xhTNKICk04VqrvOon2Myw1I5zOKl6qaILJBI9o31CBI6r8bB59hk6NMkRhLM0TGs3V3xsZjpSaRoGZzCOqZS8X//P6qQ6v/IyJJNVUkMWhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+Sznndvag37hq15nVRRxmO4QTOwIVLaMIttKANBB7hGV7hzXqyXqx362MxWrKKnSP4A+vzB8Ytk7U=</latexit>

f 2 P
<latexit sha1_base64="eAUV+Jx9mTd1awjEaIzt1dTZJLU=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S4S9Uj04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6KJ9fdAtFt+TOQJaJl5EiZKh1C1+dXszSCKVhgmrd9tzE+GOqDGcCJ/lOqjGhbEj72LZU0gi1P56dOiGnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSiNxX/89qpCa/9MZdJalCy+aIwFcTEZPo36XGFzIiRJZQpbm8lbEAVZcamk7cheIsvL5NGueRdlir3lWL1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXgONNQ==</latexit>

2/3

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f output YES w.p 2/3


output NO w.p 2/3
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="0y48UmDZcXdHlzNdbNOnPdxM/4w=">AAACCHicbVDLSsNAFJ3UV62vqksXDhahgpREirosunFZwT6gCWUyuWmHTh7OTIQSunTjr7hxoYhbP8Gdf+OkzUJbDwwczjmXufe4MWdSmea3UVhaXlldK66XNja3tnfKu3ttGSWCQotGPBJdl0jgLISWYopDNxZAApdDxx1dZ37nAYRkUXinxjE4ARmEzGeUKC31y4de1T/FdkDUkBKeNicn2OZwj22IJeNZomLWzCnwIrFyUkE5mv3yl+1FNAkgVJQTKXuWGSsnJUIxymFSshMJMaEjMoCepiEJQDrp9JAJPtaKh/1I6BcqPFV/T6QkkHIcuDqZbSznvUz8z+slyr90UhbGiYKQzj7yE45VhLNWsMcEUMXHmhAqmN4V0yERhCrdXUmXYM2fvEjaZzXrvFa/rVcaV3kdRXSAjlAVWegCNdANaqIWougRPaNX9GY8GS/Gu/ExixaMfGYf/YHx+QN0EZkD</latexit>

d(f,P)  ✏



Property Testing as Approximate Decision Making:

Definition: A property testing algorithm for a property       is a 
randomized algorithm which receives query access to an unknown 
function                                  : 


•   If            , the algorithm output YES w.p at least        .


•   If algorithm outputs YES w.p at least 1/3, then                   .

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="wgBLju6lZhYy8MsmmJ24+diItu0=">AAACB3icbVDLSgMxFL3js9bXqEtBgkVwIWVGirosunFZwT6gU0smzbShmcyQZIQydOfGX3HjQhG3/oI7/8ZMO4K2HgicnPtIzvFjzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiShdRLxSLZ8rChngtY105y2Yklx6HPa9IdXWb15T6VikbjVo5h2QtwXLGAEayN17YMAedkWgbzUOXG98Z1hOvq5de2SU3YmQPPEzUkJctS69qfXi0gSUqEJx0q1XSfWnRRLzQin46KXKBpjMsR92jZU4JCqTjrxMUZHRumhIJLmCI0m6u+JFIdKjULfdIZYD9RsLRP/q7UTHVx0UibiRFNBpg8FCUfGaBYK6jFJieYjQzCRzPwVkQGWmGgTXdGE4M5anieN07J7Vq7cVErVyzyOAuzDIRyDC+dQhWuoQR0IPMATvMCr9Wg9W2/W+7R1wcpn9uAPrI9vax+Xwg==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="umgur5tVnueyOX2V+Lj4LBz/tOw=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBVUmkqMuiG5cV7AOaUCbTSTt0MgkzE6XEfoobF4q49Uvc+TdO2iy09cDA4Zx7uWdOkHCmtON8W6W19Y3NrfJ2ZWd3b//Arh52VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtMbnK/+0ClYrG419OE+hEeCRYygrWRBnY1RB4TyIuwHhPMs9ZsYNecujMHWiVuQWpQoDWwv7xhTNKICk04VqrvOon2Myw1I5zOKl6qaILJBI9o31CBI6r8bB59hk6NMkRhLM0TGs3V3xsZjpSaRoGZzCOqZS8X//P6qQ6v/IyJJNVUkMWhMOVIxyjvAQ2ZpETzqSGYSGayIjLGEhNt2qqYEtzlL6+Sznndvag37hq15nVRRxmO4QTOwIVLaMIttKANBB7hGV7hzXqyXqx362MxWrKKnSP4A+vzB8Ytk7U=</latexit>

f 2 P
<latexit sha1_base64="eAUV+Jx9mTd1awjEaIzt1dTZJLU=">AAAB6nicbVDLTgJBEOz1ifhCPXqZSEw84S4S9Uj04hGjPBLYkNmhFybMzm5mZk0I4RO8eNAYr36RN//GAfagYCWdVKq6090VJIJr47rfzsrq2vrGZm4rv72zu7dfODhs6DhVDOssFrFqBVSj4BLrhhuBrUQhjQKBzWB4O/WbT6g0j+WjGSXoR7QvecgZNVZ6KJ9fdAtFt+TOQJaJl5EiZKh1C1+dXszSCKVhgmrd9tzE+GOqDGcCJ/lOqjGhbEj72LZU0gi1P56dOiGnVumRMFa2pCEz9ffEmEZaj6LAdkbUDPSiNxX/89qpCa/9MZdJalCy+aIwFcTEZPo36XGFzIiRJZQpbm8lbEAVZcamk7cheIsvL5NGueRdlir3lWL1JosjB8dwAmfgwRVU4Q5qUAcGfXiGV3hzhPPivDsf89YVJ5s5gj9wPn8AXgONNQ==</latexit>

2/3

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="0y48UmDZcXdHlzNdbNOnPdxM/4w=">AAACCHicbVDLSsNAFJ3UV62vqksXDhahgpREirosunFZwT6gCWUyuWmHTh7OTIQSunTjr7hxoYhbP8Gdf+OkzUJbDwwczjmXufe4MWdSmea3UVhaXlldK66XNja3tnfKu3ttGSWCQotGPBJdl0jgLISWYopDNxZAApdDxx1dZ37nAYRkUXinxjE4ARmEzGeUKC31y4de1T/FdkDUkBKeNicn2OZwj22IJeNZomLWzCnwIrFyUkE5mv3yl+1FNAkgVJQTKXuWGSsnJUIxymFSshMJMaEjMoCepiEJQDrp9JAJPtaKh/1I6BcqPFV/T6QkkHIcuDqZbSznvUz8z+slyr90UhbGiYKQzj7yE45VhLNWsMcEUMXHmhAqmN4V0yERhCrdXUmXYM2fvEjaZzXrvFa/rVcaV3kdRXSAjlAVWegCNdANaqIWougRPaNX9GY8GS/Gu/ExixaMfGYf/YHx+QN0EZkD</latexit>

d(f,P)  ✏

<latexit sha1_base64="CE0gFcbV95y20TM1uRcwRQF8AQw="></latexit>

d(f,P) = min
g2P

Pr
x⇠{0,1}n

[f(x) 6= g(x)]



Formal Analysis for                              : Direction 1

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="JfHBil/GSTNNVZrUDD0JZ0IALVQ=">AAACH3icbVDLSsNAFJ3UV62vqEtBBovgqiRS1I1QdOOygn1AE8pketMOnUzCzEQpoTt/xK1b/Qd34ra/4Fc4bbPQ1gMXDufcC+eeIOFMaceZWIWV1bX1jeJmaWt7Z3fP3j9oqjiVFBo05rFsB0QBZwIammkO7UQCiQIOrWB4O/VbjyAVi8WDHiXgR6QvWMgo0Ubq2sceJbyOr7HHIdRehkPDHexJ1h9ob9y1y07FmQEvEzcnZZSj3rW/vV5M0wiEppwo1XGdRPsZkZpRDuOSlypICB2SPnQMFSQC5WezP8b41Cg9HMbSjNB4pv6+yEik1CgKzGZE9EAtelPxX++JMNE3GUAsJNDhlZ8xkaTGovMAYcqxjvG0LNxjEqjmI0MIlcz8gOmASEK1qbRkynEXq1gmzfOKe1Gp3lfLtZu8piI6QifoDLnoEtXQHaqjBqLoGb2iN/RuvVgf1qf1NV8tWPnNIfoDa/IDcfuh9A==</latexit>

P = {f = 0}

Algorithm 

1. Sample     inputs

2. Query all inputs.

3. Output YES iff always 0.

<latexit sha1_base64="9Liha2ZqgM87N3ccH0yXSjLN1xg=">AAACInicbVC7TsMwFHXKq5RXgZHFUCExVFWCKmCsYGEsEn1ITagc12mt2k6wHaCKOvMjrKzwD2yICYkv4Ctw2gzQciRLx+fce3Xv8SNGlbbtTyu3sLi0vJJfLaytb2xuFbd3miqMJSYNHLJQtn2kCKOCNDTVjLQjSRD3GWn5w4vUb90RqWgorvUoIh5HfUEDipE2Ure47/oPXafs9kKtyjD93EJXUQ7dxC477vjG1JTsij0BnCdORkogQ71b/DbTcMyJ0JghpTqOHWkvQVJTzMi44MaKRAgPUZ90DBWIE+Ulk1PG8NAoPRiE0jyh4UT93ZEgrtSI+6aSIz1Qs14q/uvdIyr6ZgciZjbQwZmXUBHFxsLTBYKYQR3CNC/Yo5JgzUaGICypuQHiAZIIa5NqwYTjzEYxT5rHFeekUr2qlmrnWUx5sAcOwBFwwCmogUtQBw2AwSN4Bi/g1Xqy3qx362NamrOynl3wB9bXD1S9o30=</latexit>

x1, . . . ,xq ⇠ {0, 1}n<latexit sha1_base64="IZTywYQOmLMf5Bsd/7S0Vt6TEzQ=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7Ow6M2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tgrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AN6LjP4=</latexit>q

<latexit sha1_base64="JfHBil/GSTNNVZrUDD0JZ0IALVQ=">AAACH3icbVDLSsNAFJ3UV62vqEtBBovgqiRS1I1QdOOygn1AE8pketMOnUzCzEQpoTt/xK1b/Qd34ra/4Fc4bbPQ1gMXDufcC+eeIOFMaceZWIWV1bX1jeJmaWt7Z3fP3j9oqjiVFBo05rFsB0QBZwIammkO7UQCiQIOrWB4O/VbjyAVi8WDHiXgR6QvWMgo0Ubq2sceJbyOr7HHIdRehkPDHexJ1h9ob9y1y07FmQEvEzcnZZSj3rW/vV5M0wiEppwo1XGdRPsZkZpRDuOSlypICB2SPnQMFSQC5WezP8b41Cg9HMbSjNB4pv6+yEik1CgKzGZE9EAtelPxX++JMNE3GUAsJNDhlZ8xkaTGovMAYcqxjvG0LNxjEqjmI0MIlcz8gOmASEK1qbRkynEXq1gmzfOKe1Gp3lfLtZu8piI6QifoDLnoEtXQHaqjBqLoGb2iN/RuvVgf1qf1NV8tWPnNIfoDa/IDcfuh9A==</latexit>

P = {f = 0}



<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="JfHBil/GSTNNVZrUDD0JZ0IALVQ=">AAACH3icbVDLSsNAFJ3UV62vqEtBBovgqiRS1I1QdOOygn1AE8pketMOnUzCzEQpoTt/xK1b/Qd34ra/4Fc4bbPQ1gMXDufcC+eeIOFMaceZWIWV1bX1jeJmaWt7Z3fP3j9oqjiVFBo05rFsB0QBZwIammkO7UQCiQIOrWB4O/VbjyAVi8WDHiXgR6QvWMgo0Ubq2sceJbyOr7HHIdRehkPDHexJ1h9ob9y1y07FmQEvEzcnZZSj3rW/vV5M0wiEppwo1XGdRPsZkZpRDuOSlypICB2SPnQMFSQC5WezP8b41Cg9HMbSjNB4pv6+yEik1CgKzGZE9EAtelPxX++JMNE3GUAsJNDhlZ8xkaTGovMAYcqxjvG0LNxjEqjmI0MIlcz8gOmASEK1qbRkynEXq1gmzfOKe1Gp3lfLtZu8piI6QifoDLnoEtXQHaqjBqLoGb2iN/RuvVgf1qf1NV8tWPnNIfoDa/IDcfuh9A==</latexit>

P = {f = 0}

<latexit sha1_base64="/S1JxORDeMbcgLre/5QNvbhSkvM="></latexit>

Pr
x1,...,xq

[8i 2 [q] : f(xi) = 0] 
✓
1� {x : f(x) = 1}

2n

◆q

<latexit sha1_base64="hWZwGQupWaDJLmUsMtB1cx8a7bI="></latexit>

{x : f(x) = 1}
2n

= d(f,P) � ".

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f

Algorithm outputs YES:

Formal Analysis for                              : Direction 2
<latexit sha1_base64="JfHBil/GSTNNVZrUDD0JZ0IALVQ=">AAACH3icbVDLSsNAFJ3UV62vqEtBBovgqiRS1I1QdOOygn1AE8pketMOnUzCzEQpoTt/xK1b/Qd34ra/4Fc4bbPQ1gMXDufcC+eeIOFMaceZWIWV1bX1jeJmaWt7Z3fP3j9oqjiVFBo05rFsB0QBZwIammkO7UQCiQIOrWB4O/VbjyAVi8WDHiXgR6QvWMgo0Ubq2sceJbyOr7HHIdRehkPDHexJ1h9ob9y1y07FmQEvEzcnZZSj3rW/vV5M0wiEppwo1XGdRPsZkZpRDuOSlypICB2SPnQMFSQC5WezP8b41Cg9HMbSjNB4pv6+yEik1CgKzGZE9EAtelPxX++JMNE3GUAsJNDhlZ8xkaTGovMAYcqxjvG0LNxjEqjmI0MIlcz8gOmASEK1qbRkynEXq1gmzfOKe1Gp3lfLtZu8piI6QifoDLnoEtXQHaqjBqLoGb2iN/RuvVgf1qf1NV8tWPnNIfoDa/IDcfuh9A==</latexit>

P = {f = 0}



Is the function always 0?

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="JfHBil/GSTNNVZrUDD0JZ0IALVQ=">AAACH3icbVDLSsNAFJ3UV62vqEtBBovgqiRS1I1QdOOygn1AE8pketMOnUzCzEQpoTt/xK1b/Qd34ra/4Fc4bbPQ1gMXDufcC+eeIOFMaceZWIWV1bX1jeJmaWt7Z3fP3j9oqjiVFBo05rFsB0QBZwIammkO7UQCiQIOrWB4O/VbjyAVi8WDHiXgR6QvWMgo0Ubq2sceJbyOr7HHIdRehkPDHexJ1h9ob9y1y07FmQEvEzcnZZSj3rW/vV5M0wiEppwo1XGdRPsZkZpRDuOSlypICB2SPnQMFSQC5WezP8b41Cg9HMbSjNB4pv6+yEik1CgKzGZE9EAtelPxX++JMNE3GUAsJNDhlZ8xkaTGovMAYcqxjvG0LNxjEqjmI0MIlcz8gOmASEK1qbRkynEXq1gmzfOKe1Gp3lfLtZu8piI6QifoDLnoEtXQHaqjBqLoGb2iN/RuvVgf1qf1NV8tWPnNIfoDa/IDcfuh9A==</latexit>

P = {f = 0}

Algorithm 

1. Sample               inputs

2. Query all inputs.

3. Output YES iff always 0.

<latexit sha1_base64="32dyHRZ0HkbgERJ0AoB1LF1SXuw=">AAACCHicbVDLTgIxFO3gC/GFunTTSExwgzOGqEuiG3diIg8DE9IpF2hoO5O2oyETfsCtW/0Hd8atf+Ev+BUWmIWCJ7nJyTn3JueeIOJMG9f9cjJLyyura9n13Mbm1vZOfnevrsNYUajRkIeqGRANnEmoGWY4NCMFRAQcGsHwauI3HkBpFso7M4rAF6QvWY9RYqx0f1P0TtoQ6eNOvuCW3CnwIvFSUkApqp38d7sb0liANJQTrVueGxk/IcowymGca8caIkKHpA8tSyURoP1kGniMj6zSxb1Q2ZEGT9XfFwkRWo9EYDcFMQM9703Ef71HwmTfZgA5l8D0LvyEySi2Fp0F6MUcmxBPWsFdpoAaPrKEUMXsD5gOiCLU2O5ythxvvopFUj8teWel8m25ULlMa8qiA3SIishD56iCrlEV1RBFAj2jF/TqPDlvzrvzMVvNOOnNPvoD5/MHx7SZuA==</latexit>

O(1/")
<latexit sha1_base64="9Liha2ZqgM87N3ccH0yXSjLN1xg=">AAACInicbVC7TsMwFHXKq5RXgZHFUCExVFWCKmCsYGEsEn1ITagc12mt2k6wHaCKOvMjrKzwD2yICYkv4Ctw2gzQciRLx+fce3Xv8SNGlbbtTyu3sLi0vJJfLaytb2xuFbd3miqMJSYNHLJQtn2kCKOCNDTVjLQjSRD3GWn5w4vUb90RqWgorvUoIh5HfUEDipE2Ure47/oPXafs9kKtyjD93EJXUQ7dxC477vjG1JTsij0BnCdORkogQ71b/DbTcMyJ0JghpTqOHWkvQVJTzMi44MaKRAgPUZ90DBWIE+Ulk1PG8NAoPRiE0jyh4UT93ZEgrtSI+6aSIz1Qs14q/uvdIyr6ZgciZjbQwZmXUBHFxsLTBYKYQR3CNC/Yo5JgzUaGICypuQHiAZIIa5NqwYTjzEYxT5rHFeekUr2qlmrnWUx5sAcOwBFwwCmogUtQBw2AwSN4Bi/g1Xqy3qx362NamrOynl3wB9bXD1S9o30=</latexit>

x1, . . . ,xq ⇠ {0, 1}n

Additional Properties:  
     Non-adaptive and one-sided error



One can always test properties of few functions.

Observation: For any property      , there exists an algorithm which tests 
that property of query complexity                      .

<latexit sha1_base64="UDxqjfcTK5ulG0aGFwxZMeJD3TM=">AAACBHicbVC9SgNBGPwu/sX4F7W0WQyCVbiToJZBG8sIXhJIDvlus5cs2ds7dveUENLa2uo72Imt7+Er+BRukis0cWBhmJkPZidMBdfGdb+cwsrq2vpGcbO0tb2zu1feP2jqJFOU+TQRiWqHqJngkvmGG8HaqWIYh4K1wuH11G89MKV5Iu/MKGVBjH3JI07RWMnvUhSN+3LFrbozkGXi5aQCOWz+u9tLaBYzaahArTuem5pgjMpwKtik1M00S5EOsc86lkqMmQ7Gs7ITcmKVHokSZZ80ZKb+vhhjrPUoDm0yRjPQi95U/Nd7RC77tgOTCw1MdBmMuUwza9F5gSgTxCRkugjpccWoESNLkCpu/0DoABVSY3cr2XG8xSmWSfOs6p1Xa7e1Sv0qn6kIR3AMp+DBBdThBhrgAwUOz/ACr86T8+a8Ox/zaMHJbw7hD5zPH+vOmMg=</latexit>P
<latexit sha1_base64="qeKvpSTN8ftHFHhu64d2CY47/1I=">AAACGHicbVC7TsMwFHXKq5RXgIGBxaJCKktJUAWMFSxsFIk+pCaqHNdJrTp2ZDugqu2PsLLCP7AhVjZ+ga/AbTNAy5GudHTOvdK5J0gYVdpxvqzc0vLK6lp+vbCxubW9Y+/uNZRIJSZ1LJiQrQApwigndU01I61EEhQHjDSD/vXEbz4Qqajg93qQED9GEachxUgbqWMf3JY8JiI48jBitRE8hR5J1Ans2EWn7EwBF4mbkSLIUOvY315X4DQmXGOGlGq7TqL9IZKaYkbGBS9VJEG4jyLSNpSjmCh/OH1gDI+N0oWhkGa4hlP198UQxUoN4sBsxkj31Lw3Ef/1HhHlkclA+FwCHV76Q8qT1Fh4FiBMGdQCTlqCXSoJ1mxgCMKSmh8g7iGJsDZdFkw57nwVi6RxVnbPy5W7SrF6ldWUB4fgCJSACy5AFdyAGqgDDMbgGbyAV+vJerPerY/Zas7KbvbBH1ifPz0HnzY=</latexit>

O(log |P|/")

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Observation: For any property      , there exists an algorithm which tests 
that property of query complexity                      .


* Can be quite bad, number of functions is       .

* Actually, learns a close function in     .

* Completely generic.

<latexit sha1_base64="UDxqjfcTK5ulG0aGFwxZMeJD3TM=">AAACBHicbVC9SgNBGPwu/sX4F7W0WQyCVbiToJZBG8sIXhJIDvlus5cs2ds7dveUENLa2uo72Imt7+Er+BRukis0cWBhmJkPZidMBdfGdb+cwsrq2vpGcbO0tb2zu1feP2jqJFOU+TQRiWqHqJngkvmGG8HaqWIYh4K1wuH11G89MKV5Iu/MKGVBjH3JI07RWMnvUhSN+3LFrbozkGXi5aQCOWz+u9tLaBYzaahArTuem5pgjMpwKtik1M00S5EOsc86lkqMmQ7Gs7ITcmKVHokSZZ80ZKb+vhhjrPUoDm0yRjPQi95U/Nd7RC77tgOTCw1MdBmMuUwza9F5gSgTxCRkugjpccWoESNLkCpu/0DoABVSY3cr2XG8xSmWSfOs6p1Xa7e1Sv0qn6kIR3AMp+DBBdThBhrgAwUOz/ACr86T8+a8Ox/zaMHJbw7hD5zPH+vOmMg=</latexit>P
<latexit sha1_base64="qeKvpSTN8ftHFHhu64d2CY47/1I=">AAACGHicbVC7TsMwFHXKq5RXgIGBxaJCKktJUAWMFSxsFIk+pCaqHNdJrTp2ZDugqu2PsLLCP7AhVjZ+ga/AbTNAy5GudHTOvdK5J0gYVdpxvqzc0vLK6lp+vbCxubW9Y+/uNZRIJSZ1LJiQrQApwigndU01I61EEhQHjDSD/vXEbz4Qqajg93qQED9GEachxUgbqWMf3JY8JiI48jBitRE8hR5J1Ans2EWn7EwBF4mbkSLIUOvY315X4DQmXGOGlGq7TqL9IZKaYkbGBS9VJEG4jyLSNpSjmCh/OH1gDI+N0oWhkGa4hlP198UQxUoN4sBsxkj31Lw3Ef/1HhHlkclA+FwCHV76Q8qT1Fh4FiBMGdQCTlqCXSoJ1mxgCMKSmh8g7iGJsDZdFkw57nwVi6RxVnbPy5W7SrF6ldWUB4fgCJSACy5AFdyAGqgDDMbgGbyAV+vJerPerY/Zas7KbvbBH1ifPz0HnzY=</latexit>

O(log |P|/")

<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="aG6HYolbgvx78WkRbWf2ITUagPI=">AAACBnicbVC7SgNBFL0bXzG+opY2g0GwCrshqGXQxjKCeUCyCbOT2WTIzOwyM6uEJb2trf6Dndj6G/6CX+Ek2UITD1w4nHMvnHuCmDNtXPfLya2tb2xu5bcLO7t7+wfFw6OmjhJFaINEPFLtAGvKmaQNwwyn7VhRLAJOW8H4Zua3HqjSLJL3ZhJTX+ChZCEj2FipVemllZ6c9oslt+zOgVaJl5ESZKj3i9/dQUQSQaUhHGvd8dzY+ClWhhFOp4VuommMyRgPacdSiQXVfjqPO0VnVhmgMFJ2pEFz9fdFioXWExHYTYHNSC97M/Ff7xEzObQZqFxKYMIrP2UyTqxFFgHChCMToVknaMAUJYZPLMFEMfsDIiOsMDG2uYItx1uuYpU0K2Xvoly9q5Zq11lNeTiBUzgHDy6hBrdQhwYQGMMzvMCr8+S8Oe/Ox2I152Q3x/AHzucPSnWZhg==</latexit>

22
n

<latexit sha1_base64="UDxqjfcTK5ulG0aGFwxZMeJD3TM=">AAACBHicbVC9SgNBGPwu/sX4F7W0WQyCVbiToJZBG8sIXhJIDvlus5cs2ds7dveUENLa2uo72Imt7+Er+BRukis0cWBhmJkPZidMBdfGdb+cwsrq2vpGcbO0tb2zu1feP2jqJFOU+TQRiWqHqJngkvmGG8HaqWIYh4K1wuH11G89MKV5Iu/MKGVBjH3JI07RWMnvUhSN+3LFrbozkGXi5aQCOWz+u9tLaBYzaahArTuem5pgjMpwKtik1M00S5EOsc86lkqMmQ7Gs7ITcmKVHokSZZ80ZKb+vhhjrPUoDm0yRjPQi95U/Nd7RC77tgOTCw1MdBmMuUwza9F5gSgTxCRkugjpccWoESNLkCpu/0DoABVSY3cr2XG8xSmWSfOs6p1Xa7e1Sv0qn6kIR3AMp+DBBdThBhrgAwUOz/ACr86T8+a8Ox/zaMHJbw7hD5zPH+vOmMg=</latexit>P

One can always test properties of few functions.



Blum-Luby-Rubinfeld ’93: Is my function linear?

Definition: a function                               is 

linear (in      ) if


for some 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="X9bT5hIRT8fZcbmK4repljs7s/w=">AAACKXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGURshaGMZwTwgicvs7GwyZB7LzKwmLPkFf8TWVv/BTm3t/Aonj0ITD1w4nHMvnHuCmFFtXPfDySwtr6yuZddzG5tb2zv53b26lonCpIYlk6oZIE0YFaRmqGGkGSuCeMBII+hfjf3GPVGaSnFrhjHpcNQVNKIYGSv5+WJUHBzDC9jWCfdTeuGN7gREPoVtHEoDB2PGZQjLfr7gltwJ4CLxZqQAZqj6+e92KHHCiTCYIa1bnhubToqUoZiRUa6daBIj3Edd0rJUIE50J518NIJHVglhJJUdYeBE/X2RIq71kAd2kyPT0/PeWPzXe0BUdG0GIuYSmOi8k1IRJ9bC0wBRwqCRcFwbDKki2LChJQgran+AuIcUwsaWm7PlePNVLJJ6ueSdlk5uTgqVy1lNWXAADkEReOAMVMA1qIIawOARPIMX8Oo8OW/Ou/M5Xc04s5t98AfO1w+7uaWv</latexit>

f(x) =
nX

i=1

ai · xi mod 2

<latexit sha1_base64="3s64kAZsnwCFJ8N9ZcfyJ6V9Jzw=">AAACEXicbVDLSsNAFL2pr1pfUZduBovgQkIiRV0W3bisYB/QxDKZTtqhk0mYmVRK6Fe4dav/4E7c+gX+gl/h9LHQ1gMXDufcC+eeMOVMadf9sgorq2vrG8XN0tb2zu6evX/QUEkmCa2ThCeyFWJFORO0rpnmtJVKiuOQ02Y4uJn4zSGViiXiXo9SGsS4J1jECNZG6tg2Rj4TyM/dM88fPwinY5ddx50CLRNvTsowR61jf/vdhGQxFZpwrFTbc1Md5FhqRjgdl/xM0RSTAe7RtqECx1QF+TT5GJ0YpYuiRJoRGk3V3xc5jpUaxaHZjLHuq0VvIv7rPWImeiYDFQsJdHQV5EykmbHILECUcaQTNKkHdZmkRPORIZhIZn5ApI8lJtqUWDLleItVLJPGueNdOJW7Srl6Pa+pCEdwDKfgwSVU4RZqUAcCQ3iGF3i1nqw36936mK0WrPnNIfyB9fkDP+yclg==</latexit>

a 2 {0, 1}n.



Blum-Luby-Rubinfeld ’93: Is my function linear?

Definition: a function                               is 

linear (in      ) if


for some 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="X9bT5hIRT8fZcbmK4repljs7s/w=">AAACKXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGURshaGMZwTwgicvs7GwyZB7LzKwmLPkFf8TWVv/BTm3t/Aonj0ITD1w4nHMvnHuCmFFtXPfDySwtr6yuZddzG5tb2zv53b26lonCpIYlk6oZIE0YFaRmqGGkGSuCeMBII+hfjf3GPVGaSnFrhjHpcNQVNKIYGSv5+WJUHBzDC9jWCfdTeuGN7gREPoVtHEoDB2PGZQjLfr7gltwJ4CLxZqQAZqj6+e92KHHCiTCYIa1bnhubToqUoZiRUa6daBIj3Edd0rJUIE50J518NIJHVglhJJUdYeBE/X2RIq71kAd2kyPT0/PeWPzXe0BUdG0GIuYSmOi8k1IRJ9bC0wBRwqCRcFwbDKki2LChJQgran+AuIcUwsaWm7PlePNVLJJ6ueSdlk5uTgqVy1lNWXAADkEReOAMVMA1qIIawOARPIMX8Oo8OW/Ou/M5Xc04s5t98AfO1w+7uaWv</latexit>

f(x) =
nX

i=1

ai · xi mod 2

<latexit sha1_base64="3s64kAZsnwCFJ8N9ZcfyJ6V9Jzw=">AAACEXicbVDLSsNAFL2pr1pfUZduBovgQkIiRV0W3bisYB/QxDKZTtqhk0mYmVRK6Fe4dav/4E7c+gX+gl/h9LHQ1gMXDufcC+eeMOVMadf9sgorq2vrG8XN0tb2zu6evX/QUEkmCa2ThCeyFWJFORO0rpnmtJVKiuOQ02Y4uJn4zSGViiXiXo9SGsS4J1jECNZG6tg2Rj4TyM/dM88fPwinY5ddx50CLRNvTsowR61jf/vdhGQxFZpwrFTbc1Md5FhqRjgdl/xM0RSTAe7RtqECx1QF+TT5GJ0YpYuiRJoRGk3V3xc5jpUaxaHZjLHuq0VvIv7rPWImeiYDFQsJdHQV5EykmbHILECUcaQTNKkHdZmkRPORIZhIZn5ApI8lJtqUWDLleItVLJPGueNdOJW7Srl6Pa+pCEdwDKfgwSVU4RZqUAcCQ3iGF3i1nqw36936mK0WrPnNIfyB9fkDP+yclg==</latexit>

a 2 {0, 1}n.

Examples: 
<latexit sha1_base64="OUpp+26z2HlN/ZQSJxuSbLrjzeI=">AAACIHicbVDLSgMxFM3UV62vUZcuDBahgpQZKepGKLpxWcE+oB3KnTTThmYyQ5KxlNKlP+LWrf6DO3Gpn+BXmE670NYTAodz7oVzjx9zprTjfFqZpeWV1bXsem5jc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+zcTv/5ApWKRuNfDmHohdAULGAFtpLZ9CPgKF5zT9J3glmTdngYpowEOjOO07bxTdFLgReLOSB7NUGnb361ORJKQCk04KNV0nVh7I5CaEU7HuVaiaAykD13aNFRASJU3Sg8Z42OjdHAQSfOFxqn6e2MEoVLD0DeTIeiemvcm4r/eAJjomgxUzCXQwaU3YiJOjEWmAYKEYx3hSVu4wyQlmg8NASKZuQGTHkgg2nSaM+W481UsktpZ0T0vlu5K+fL1rKYsOkBHqIBcdIHK6BZVUBUR9Iie0Qt6tZ6sN+vd+piOZqzZzj76A+vrBywyoIw=</latexit>

a = (0, 0, 0, 0) ! f = 0



Blum-Luby-Rubinfeld ’93: Is my function linear?

Definition: a function                               is 

linear (in      ) if


for some 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="X9bT5hIRT8fZcbmK4repljs7s/w=">AAACKXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGURshaGMZwTwgicvs7GwyZB7LzKwmLPkFf8TWVv/BTm3t/Aonj0ITD1w4nHMvnHuCmFFtXPfDySwtr6yuZddzG5tb2zv53b26lonCpIYlk6oZIE0YFaRmqGGkGSuCeMBII+hfjf3GPVGaSnFrhjHpcNQVNKIYGSv5+WJUHBzDC9jWCfdTeuGN7gREPoVtHEoDB2PGZQjLfr7gltwJ4CLxZqQAZqj6+e92KHHCiTCYIa1bnhubToqUoZiRUa6daBIj3Edd0rJUIE50J518NIJHVglhJJUdYeBE/X2RIq71kAd2kyPT0/PeWPzXe0BUdG0GIuYSmOi8k1IRJ9bC0wBRwqCRcFwbDKki2LChJQgran+AuIcUwsaWm7PlePNVLJJ6ueSdlk5uTgqVy1lNWXAADkEReOAMVMA1qIIawOARPIMX8Oo8OW/Ou/M5Xc04s5t98AfO1w+7uaWv</latexit>

f(x) =
nX

i=1

ai · xi mod 2

<latexit sha1_base64="3s64kAZsnwCFJ8N9ZcfyJ6V9Jzw=">AAACEXicbVDLSsNAFL2pr1pfUZduBovgQkIiRV0W3bisYB/QxDKZTtqhk0mYmVRK6Fe4dav/4E7c+gX+gl/h9LHQ1gMXDufcC+eeMOVMadf9sgorq2vrG8XN0tb2zu6evX/QUEkmCa2ThCeyFWJFORO0rpnmtJVKiuOQ02Y4uJn4zSGViiXiXo9SGsS4J1jECNZG6tg2Rj4TyM/dM88fPwinY5ddx50CLRNvTsowR61jf/vdhGQxFZpwrFTbc1Md5FhqRjgdl/xM0RSTAe7RtqECx1QF+TT5GJ0YpYuiRJoRGk3V3xc5jpUaxaHZjLHuq0VvIv7rPWImeiYDFQsJdHQV5EykmbHILECUcaQTNKkHdZmkRPORIZhIZn5ApI8lJtqUWDLleItVLJPGueNdOJW7Srl6Pa+pCEdwDKfgwSVU4RZqUAcCQ3iGF3i1nqw36936mK0WrPnNIfyB9fkDP+yclg==</latexit>

a 2 {0, 1}n.

Examples: 
<latexit sha1_base64="OUpp+26z2HlN/ZQSJxuSbLrjzeI=">AAACIHicbVDLSgMxFM3UV62vUZcuDBahgpQZKepGKLpxWcE+oB3KnTTThmYyQ5KxlNKlP+LWrf6DO3Gpn+BXmE670NYTAodz7oVzjx9zprTjfFqZpeWV1bXsem5jc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+zcTv/5ApWKRuNfDmHohdAULGAFtpLZ9CPgKF5zT9J3glmTdngYpowEOjOO07bxTdFLgReLOSB7NUGnb361ORJKQCk04KNV0nVh7I5CaEU7HuVaiaAykD13aNFRASJU3Sg8Z42OjdHAQSfOFxqn6e2MEoVLD0DeTIeiemvcm4r/eAJjomgxUzCXQwaU3YiJOjEWmAYKEYx3hSVu4wyQlmg8NASKZuQGTHkgg2nSaM+W481UsktpZ0T0vlu5K+fL1rKYsOkBHqIBcdIHK6BZVUBUR9Iie0Qt6tZ6sN+vd+piOZqzZzj76A+vrBywyoIw=</latexit>

a = (0, 0, 0, 0) ! f = 0
<latexit sha1_base64="pphWfjetfW7FZzSdXw4tVpcFjxk=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRd0IRTcuK9gHtEO5k2ba0ExmTDJKGfoLbt3qP7gTt/6Dv+BXmGlnoa0nBA7n3AvnHi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdsDRTkTtKGZ5rQdSQqBx2nLG12nfuuBSsVCcafHEXUDGAjmMwLaSC7gS1y2T9LnHPeKJbtiT4EXiZOREspQ7xW/u/2QxAEVmnBQquPYkXYTkJoRTieFbqxoBGQEA9oxVEBAlZtMQ0/wkVH62A+l+ULjqfp7I4FAqXHgmckA9FDNe6n4r/cITAxMBirmEmj/wk2YiGJjkVkAP+ZYhzhtBveZpETzsSFAJDM3YDIECUSb/gqmHGe+ikXSPK04Z5XqbbVUu8pqyqMDdIjKyEHnqIZuUB01EEH36Bm9oFfryXqz3q2P2WjOynb20R9Ynz8U65mw</latexit>

a = (0, 0, 0, 1)



Blum-Luby-Rubinfeld ’93: Is my function linear?

Definition: a function                               is 

linear (in      ) if


for some 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="X9bT5hIRT8fZcbmK4repljs7s/w=">AAACKXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGURshaGMZwTwgicvs7GwyZB7LzKwmLPkFf8TWVv/BTm3t/Aonj0ITD1w4nHMvnHuCmFFtXPfDySwtr6yuZddzG5tb2zv53b26lonCpIYlk6oZIE0YFaRmqGGkGSuCeMBII+hfjf3GPVGaSnFrhjHpcNQVNKIYGSv5+WJUHBzDC9jWCfdTeuGN7gREPoVtHEoDB2PGZQjLfr7gltwJ4CLxZqQAZqj6+e92KHHCiTCYIa1bnhubToqUoZiRUa6daBIj3Edd0rJUIE50J518NIJHVglhJJUdYeBE/X2RIq71kAd2kyPT0/PeWPzXe0BUdG0GIuYSmOi8k1IRJ9bC0wBRwqCRcFwbDKki2LChJQgran+AuIcUwsaWm7PlePNVLJJ6ueSdlk5uTgqVy1lNWXAADkEReOAMVMA1qIIawOARPIMX8Oo8OW/Ou/M5Xc04s5t98AfO1w+7uaWv</latexit>

f(x) =
nX

i=1

ai · xi mod 2

<latexit sha1_base64="3s64kAZsnwCFJ8N9ZcfyJ6V9Jzw=">AAACEXicbVDLSsNAFL2pr1pfUZduBovgQkIiRV0W3bisYB/QxDKZTtqhk0mYmVRK6Fe4dav/4E7c+gX+gl/h9LHQ1gMXDufcC+eeMOVMadf9sgorq2vrG8XN0tb2zu6evX/QUEkmCa2ThCeyFWJFORO0rpnmtJVKiuOQ02Y4uJn4zSGViiXiXo9SGsS4J1jECNZG6tg2Rj4TyM/dM88fPwinY5ddx50CLRNvTsowR61jf/vdhGQxFZpwrFTbc1Md5FhqRjgdl/xM0RSTAe7RtqECx1QF+TT5GJ0YpYuiRJoRGk3V3xc5jpUaxaHZjLHuq0VvIv7rPWImeiYDFQsJdHQV5EykmbHILECUcaQTNKkHdZmkRPORIZhIZn5ApI8lJtqUWDLleItVLJPGueNdOJW7Srl6Pa+pCEdwDKfgwSVU4RZqUAcCQ3iGF3i1nqw36936mK0WrPnNIfyB9fkDP+yclg==</latexit>

a 2 {0, 1}n.

Examples: 
<latexit sha1_base64="OUpp+26z2HlN/ZQSJxuSbLrjzeI=">AAACIHicbVDLSgMxFM3UV62vUZcuDBahgpQZKepGKLpxWcE+oB3KnTTThmYyQ5KxlNKlP+LWrf6DO3Gpn+BXmE670NYTAodz7oVzjx9zprTjfFqZpeWV1bXsem5jc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+zcTv/5ApWKRuNfDmHohdAULGAFtpLZ9CPgKF5zT9J3glmTdngYpowEOjOO07bxTdFLgReLOSB7NUGnb361ORJKQCk04KNV0nVh7I5CaEU7HuVaiaAykD13aNFRASJU3Sg8Z42OjdHAQSfOFxqn6e2MEoVLD0DeTIeiemvcm4r/eAJjomgxUzCXQwaU3YiJOjEWmAYKEYx3hSVu4wyQlmg8NASKZuQGTHkgg2nSaM+W481UsktpZ0T0vlu5K+fL1rKYsOkBHqIBcdIHK6BZVUBUR9Iie0Qt6tZ6sN+vd+piOZqzZzj76A+vrBywyoIw=</latexit>

a = (0, 0, 0, 0) ! f = 0

<latexit sha1_base64="wNlz7pcvOBJJtghkwjqpZPgEw1o=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRd0IRTcuK9gHtEO5k2ba0ExmTDJKGfoLbt3qP7gTt/6Dv+BXmE5noa0nBA7n3AvnHi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdsDRTkTtKGZ5rQdSQqBx2nLG11P/dYDlYqF4k6PI+oGMBDMZwS0kVzAl7jsnKTvuFcs2RU7BV4kTkZKKEO9V/zu9kMSB1RowkGpjmNH2k1AakY4nRS6saIRkBEMaMdQAQFVbpKGnuAjo/SxH0rzhcap+nsjgUCpceCZyQD0UM17U/Ff7xGYGJgMVMwl0P6FmzARxcYiswB+zLEO8bQZ3GeSEs3HhgCRzNyAyRAkEG36K5hynPkqFknztOKcVaq31VLtKqspjw7QISojB52jGrpBddRABN2jZ/SCXq0n6816tz5mozkr29lHf2B9/gAZzpmz</latexit>

a = (1, 1, 1, 1)

<latexit sha1_base64="pphWfjetfW7FZzSdXw4tVpcFjxk=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRd0IRTcuK9gHtEO5k2ba0ExmTDJKGfoLbt3qP7gTt/6Dv+BXmGlnoa0nBA7n3AvnHi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdsDRTkTtKGZ5rQdSQqBx2nLG12nfuuBSsVCcafHEXUDGAjmMwLaSC7gS1y2T9LnHPeKJbtiT4EXiZOREspQ7xW/u/2QxAEVmnBQquPYkXYTkJoRTieFbqxoBGQEA9oxVEBAlZtMQ0/wkVH62A+l+ULjqfp7I4FAqXHgmckA9FDNe6n4r/cITAxMBirmEmj/wk2YiGJjkVkAP+ZYhzhtBveZpETzsSFAJDM3YDIECUSb/gqmHGe+ikXSPK04Z5XqbbVUu8pqyqMDdIjKyEHnqIZuUB01EEH36Bm9oFfryXqz3q2P2WjOynb20R9Ynz8U65mw</latexit>

a = (0, 0, 0, 1)



Blum-Luby-Rubinfeld ’93: Is my function linear?

Definition: a function                               is 

linear (in      ) if


for some 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="X9bT5hIRT8fZcbmK4repljs7s/w=">AAACKXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGURshaGMZwTwgicvs7GwyZB7LzKwmLPkFf8TWVv/BTm3t/Aonj0ITD1w4nHMvnHuCmFFtXPfDySwtr6yuZddzG5tb2zv53b26lonCpIYlk6oZIE0YFaRmqGGkGSuCeMBII+hfjf3GPVGaSnFrhjHpcNQVNKIYGSv5+WJUHBzDC9jWCfdTeuGN7gREPoVtHEoDB2PGZQjLfr7gltwJ4CLxZqQAZqj6+e92KHHCiTCYIa1bnhubToqUoZiRUa6daBIj3Edd0rJUIE50J518NIJHVglhJJUdYeBE/X2RIq71kAd2kyPT0/PeWPzXe0BUdG0GIuYSmOi8k1IRJ9bC0wBRwqCRcFwbDKki2LChJQgran+AuIcUwsaWm7PlePNVLJJ6ueSdlk5uTgqVy1lNWXAADkEReOAMVMA1qIIawOARPIMX8Oo8OW/Ou/M5Xc04s5t98AfO1w+7uaWv</latexit>

f(x) =
nX

i=1

ai · xi mod 2

<latexit sha1_base64="3s64kAZsnwCFJ8N9ZcfyJ6V9Jzw=">AAACEXicbVDLSsNAFL2pr1pfUZduBovgQkIiRV0W3bisYB/QxDKZTtqhk0mYmVRK6Fe4dav/4E7c+gX+gl/h9LHQ1gMXDufcC+eeMOVMadf9sgorq2vrG8XN0tb2zu6evX/QUEkmCa2ThCeyFWJFORO0rpnmtJVKiuOQ02Y4uJn4zSGViiXiXo9SGsS4J1jECNZG6tg2Rj4TyM/dM88fPwinY5ddx50CLRNvTsowR61jf/vdhGQxFZpwrFTbc1Md5FhqRjgdl/xM0RSTAe7RtqECx1QF+TT5GJ0YpYuiRJoRGk3V3xc5jpUaxaHZjLHuq0VvIv7rPWImeiYDFQsJdHQV5EykmbHILECUcaQTNKkHdZmkRPORIZhIZn5ApI8lJtqUWDLleItVLJPGueNdOJW7Srl6Pa+pCEdwDKfgwSVU4RZqUAcCQ3iGF3i1nqw36936mK0WrPnNIfyB9fkDP+yclg==</latexit>

a 2 {0, 1}n.

Examples: 
<latexit sha1_base64="OUpp+26z2HlN/ZQSJxuSbLrjzeI=">AAACIHicbVDLSgMxFM3UV62vUZcuDBahgpQZKepGKLpxWcE+oB3KnTTThmYyQ5KxlNKlP+LWrf6DO3Gpn+BXmE670NYTAodz7oVzjx9zprTjfFqZpeWV1bXsem5jc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+zcTv/5ApWKRuNfDmHohdAULGAFtpLZ9CPgKF5zT9J3glmTdngYpowEOjOO07bxTdFLgReLOSB7NUGnb361ORJKQCk04KNV0nVh7I5CaEU7HuVaiaAykD13aNFRASJU3Sg8Z42OjdHAQSfOFxqn6e2MEoVLD0DeTIeiemvcm4r/eAJjomgxUzCXQwaU3YiJOjEWmAYKEYx3hSVu4wyQlmg8NASKZuQGTHkgg2nSaM+W481UsktpZ0T0vlu5K+fL1rKYsOkBHqIBcdIHK6BZVUBUR9Iie0Qt6tZ6sN+vd+piOZqzZzj76A+vrBywyoIw=</latexit>

a = (0, 0, 0, 0) ! f = 0

<latexit sha1_base64="wNlz7pcvOBJJtghkwjqpZPgEw1o=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRd0IRTcuK9gHtEO5k2ba0ExmTDJKGfoLbt3qP7gTt/6Dv+BXmE5noa0nBA7n3AvnHi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdsDRTkTtKGZ5rQdSQqBx2nLG11P/dYDlYqF4k6PI+oGMBDMZwS0kVzAl7jsnKTvuFcs2RU7BV4kTkZKKEO9V/zu9kMSB1RowkGpjmNH2k1AakY4nRS6saIRkBEMaMdQAQFVbpKGnuAjo/SxH0rzhcap+nsjgUCpceCZyQD0UM17U/Ff7xGYGJgMVMwl0P6FmzARxcYiswB+zLEO8bQZ3GeSEs3HhgCRzNyAyRAkEG36K5hynPkqFknztOKcVaq31VLtKqspjw7QISojB52jGrpBddRABN2jZ/SCXq0n6816tz5mozkr29lHf2B9/gAZzpmz</latexit>

a = (1, 1, 1, 1)

<latexit sha1_base64="pphWfjetfW7FZzSdXw4tVpcFjxk=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRd0IRTcuK9gHtEO5k2ba0ExmTDJKGfoLbt3qP7gTt/6Dv+BXmGlnoa0nBA7n3AvnHi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdsDRTkTtKGZ5rQdSQqBx2nLG12nfuuBSsVCcafHEXUDGAjmMwLaSC7gS1y2T9LnHPeKJbtiT4EXiZOREspQ7xW/u/2QxAEVmnBQquPYkXYTkJoRTieFbqxoBGQEA9oxVEBAlZtMQ0/wkVH62A+l+ULjqfp7I4FAqXHgmckA9FDNe6n4r/cITAxMBirmEmj/wk2YiGJjkVkAP+ZYhzhtBveZpETzsSFAJDM3YDIECUSb/gqmHGe+ikXSPK04Z5XqbbVUu8pqyqMDdIjKyEHnqIZuUB01EEH36Bm9oFfryXqz3q2P2WjOynb20R9Ynz8U65mw</latexit>

a = (0, 0, 0, 1)



Blum-Luby-Rubinfeld ’93: Is my function linear?

Definition: a function                               is 

linear (in      ) if


for some 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="X9bT5hIRT8fZcbmK4repljs7s/w=">AAACKXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGURshaGMZwTwgicvs7GwyZB7LzKwmLPkFf8TWVv/BTm3t/Aonj0ITD1w4nHMvnHuCmFFtXPfDySwtr6yuZddzG5tb2zv53b26lonCpIYlk6oZIE0YFaRmqGGkGSuCeMBII+hfjf3GPVGaSnFrhjHpcNQVNKIYGSv5+WJUHBzDC9jWCfdTeuGN7gREPoVtHEoDB2PGZQjLfr7gltwJ4CLxZqQAZqj6+e92KHHCiTCYIa1bnhubToqUoZiRUa6daBIj3Edd0rJUIE50J518NIJHVglhJJUdYeBE/X2RIq71kAd2kyPT0/PeWPzXe0BUdG0GIuYSmOi8k1IRJ9bC0wBRwqCRcFwbDKki2LChJQgran+AuIcUwsaWm7PlePNVLJJ6ueSdlk5uTgqVy1lNWXAADkEReOAMVMA1qIIawOARPIMX8Oo8OW/Ou/M5Xc04s5t98AfO1w+7uaWv</latexit>

f(x) =
nX

i=1

ai · xi mod 2

<latexit sha1_base64="3s64kAZsnwCFJ8N9ZcfyJ6V9Jzw=">AAACEXicbVDLSsNAFL2pr1pfUZduBovgQkIiRV0W3bisYB/QxDKZTtqhk0mYmVRK6Fe4dav/4E7c+gX+gl/h9LHQ1gMXDufcC+eeMOVMadf9sgorq2vrG8XN0tb2zu6evX/QUEkmCa2ThCeyFWJFORO0rpnmtJVKiuOQ02Y4uJn4zSGViiXiXo9SGsS4J1jECNZG6tg2Rj4TyM/dM88fPwinY5ddx50CLRNvTsowR61jf/vdhGQxFZpwrFTbc1Md5FhqRjgdl/xM0RSTAe7RtqECx1QF+TT5GJ0YpYuiRJoRGk3V3xc5jpUaxaHZjLHuq0VvIv7rPWImeiYDFQsJdHQV5EykmbHILECUcaQTNKkHdZmkRPORIZhIZn5ApI8lJtqUWDLleItVLJPGueNdOJW7Srl6Pa+pCEdwDKfgwSVU4RZqUAcCQ3iGF3i1nqw36936mK0WrPnNIfyB9fkDP+yclg==</latexit>

a 2 {0, 1}n.

Examples: 
<latexit sha1_base64="OUpp+26z2HlN/ZQSJxuSbLrjzeI=">AAACIHicbVDLSgMxFM3UV62vUZcuDBahgpQZKepGKLpxWcE+oB3KnTTThmYyQ5KxlNKlP+LWrf6DO3Gpn+BXmE670NYTAodz7oVzjx9zprTjfFqZpeWV1bXsem5jc2t7x97dq6kokYRWScQj2fBBUc4ErWqmOW3EkkLoc1r3+zcTv/5ApWKRuNfDmHohdAULGAFtpLZ9CPgKF5zT9J3glmTdngYpowEOjOO07bxTdFLgReLOSB7NUGnb361ORJKQCk04KNV0nVh7I5CaEU7HuVaiaAykD13aNFRASJU3Sg8Z42OjdHAQSfOFxqn6e2MEoVLD0DeTIeiemvcm4r/eAJjomgxUzCXQwaU3YiJOjEWmAYKEYx3hSVu4wyQlmg8NASKZuQGTHkgg2nSaM+W481UsktpZ0T0vlu5K+fL1rKYsOkBHqIBcdIHK6BZVUBUR9Iie0Qt6tZ6sN+vd+piOZqzZzj76A+vrBywyoIw=</latexit>

a = (0, 0, 0, 0) ! f = 0

<latexit sha1_base64="wNlz7pcvOBJJtghkwjqpZPgEw1o=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRd0IRTcuK9gHtEO5k2ba0ExmTDJKGfoLbt3qP7gTt/6Dv+BXmE5noa0nBA7n3AvnHi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdsDRTkTtKGZ5rQdSQqBx2nLG11P/dYDlYqF4k6PI+oGMBDMZwS0kVzAl7jsnKTvuFcs2RU7BV4kTkZKKEO9V/zu9kMSB1RowkGpjmNH2k1AakY4nRS6saIRkBEMaMdQAQFVbpKGnuAjo/SxH0rzhcap+nsjgUCpceCZyQD0UM17U/Ff7xGYGJgMVMwl0P6FmzARxcYiswB+zLEO8bQZ3GeSEs3HhgCRzNyAyRAkEG36K5hynPkqFknztOKcVaq31VLtKqspjw7QISojB52jGrpBddRABN2jZ/SCXq0n6816tz5mozkr29lHf2B9/gAZzpmz</latexit>

a = (1, 1, 1, 1)

<latexit sha1_base64="pphWfjetfW7FZzSdXw4tVpcFjxk=">AAACDHicbVDLSgMxFM3UV62vqks3wSJUkDIjRd0IRTcuK9gHtEO5k2ba0ExmTDJKGfoLbt3qP7gTt/6Dv+BXmGlnoa0nBA7n3AvnHi/iTGnb/rJyS8srq2v59cLG5tb2TnF3r6nCWBLaICEPZdsDRTkTtKGZ5rQdSQqBx2nLG12nfuuBSsVCcafHEXUDGAjmMwLaSC7gS1y2T9LnHPeKJbtiT4EXiZOREspQ7xW/u/2QxAEVmnBQquPYkXYTkJoRTieFbqxoBGQEA9oxVEBAlZtMQ0/wkVH62A+l+ULjqfp7I4FAqXHgmckA9FDNe6n4r/cITAxMBirmEmj/wk2YiGJjkVkAP+ZYhzhtBveZpETzsSFAJDM3YDIECUSb/gqmHGe+ikXSPK04Z5XqbbVUu8pqyqMDdIjKyEHnqIZuUB01EEH36Bm9oFfryXqz3q2P2WjOynb20R9Ynz8U65mw</latexit>

a = (0, 0, 0, 1)
Naive Benchmark: 

<latexit sha1_base64="FJPmRdpOUoXa8J0RvOgy9tylcLM=">AAACCHicbVDLTgIxFO3gC/GFunTTSExwgzOGqEuiG3diIg8DE9IpF2hoO5O2oyETfsCtW/0Hd8atf+Ev+BUWmIWCJ7nJyTn3JueeIOJMG9f9cjJLyyura9n13Mbm1vZOfnevrsNYUajRkIeqGRANnEmoGWY4NCMFRAQcGsHwauI3HkBpFso7M4rAF6QvWY9RYqx0f1OUJ22I9HEnX3BL7hR4kXgpKaAU1U7+u90NaSxAGsqJ1i3PjYyfEGUY5TDOtWMNEaFD0oeWpZII0H4yDTzGR1bp4l6o7EiDp+rvi4QIrUcisJuCmIGe9ybiv94jYbJvM4CcS2B6F37CZBRbi84C9GKOTYgnreAuU0ANH1lCqGL2B0wHRBFqbHc5W443X8UiqZ+WvLNS+bZcqFymNWXRATpEReShc1RB16iKaogigZ7RC3p1npw35935mK1mnPRmH/2B8/kDK12Z9Q==</latexit>

O(n/")
<latexit sha1_base64="gStWM98BS53U2aJ2hncJLFTPCfI=">AAAB/HicbVDLSgMxFL1TX7W+ql26CRbBVZkpRd0IRTcuK9gHtGPJpJk2NJMZkoxQpvVX3LhQxK0f4s6/MdPOQlsPBA7n3Ms9OV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm9duPVCoWins9iagb4KFgPiNYG6lfLE17AdYjgnnSmE3RFao+GLVsV+w50CpxMlKGDI1+8as3CEkcUKEJx0p1HTvSboKlZoTTWaEXKxphMsZD2jVU4IAqN5mHn6FTowyQH0rzhEZz9fdGggOlJoFnJtOkatlLxf+8bqz9SzdhIoo1FWRxyI850iFKm0ADJinRfGIIJpKZrIiMsMREm74KpgRn+curpFWtOOeV2l2tXL/O6sjDMZzAGThwAXW4hQY0gcAEnuEV3qwn68V6tz4Wozkr2ynBH1ifPw6elGM=</latexit>

|P| = 2n



Blum-Luby-Rubinfeld ’93: Is my function linear?

Definition: a function                               is 

linear (in      ) if


for some 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="X9bT5hIRT8fZcbmK4repljs7s/w=">AAACKXicbVC7SgNBFJ2NrxhfUUubwSDEJuwGURshaGMZwTwgicvs7GwyZB7LzKwmLPkFf8TWVv/BTm3t/Aonj0ITD1w4nHMvnHuCmFFtXPfDySwtr6yuZddzG5tb2zv53b26lonCpIYlk6oZIE0YFaRmqGGkGSuCeMBII+hfjf3GPVGaSnFrhjHpcNQVNKIYGSv5+WJUHBzDC9jWCfdTeuGN7gREPoVtHEoDB2PGZQjLfr7gltwJ4CLxZqQAZqj6+e92KHHCiTCYIa1bnhubToqUoZiRUa6daBIj3Edd0rJUIE50J518NIJHVglhJJUdYeBE/X2RIq71kAd2kyPT0/PeWPzXe0BUdG0GIuYSmOi8k1IRJ9bC0wBRwqCRcFwbDKki2LChJQgran+AuIcUwsaWm7PlePNVLJJ6ueSdlk5uTgqVy1lNWXAADkEReOAMVMA1qIIawOARPIMX8Oo8OW/Ou/M5Xc04s5t98AfO1w+7uaWv</latexit>

f(x) =
nX

i=1

ai · xi mod 2

<latexit sha1_base64="3s64kAZsnwCFJ8N9ZcfyJ6V9Jzw=">AAACEXicbVDLSsNAFL2pr1pfUZduBovgQkIiRV0W3bisYB/QxDKZTtqhk0mYmVRK6Fe4dav/4E7c+gX+gl/h9LHQ1gMXDufcC+eeMOVMadf9sgorq2vrG8XN0tb2zu6evX/QUEkmCa2ThCeyFWJFORO0rpnmtJVKiuOQ02Y4uJn4zSGViiXiXo9SGsS4J1jECNZG6tg2Rj4TyM/dM88fPwinY5ddx50CLRNvTsowR61jf/vdhGQxFZpwrFTbc1Md5FhqRjgdl/xM0RSTAe7RtqECx1QF+TT5GJ0YpYuiRJoRGk3V3xc5jpUaxaHZjLHuq0VvIv7rPWImeiYDFQsJdHQV5EykmbHILECUcaQTNKkHdZmkRPORIZhIZn5ApI8lJtqUWDLleItVLJPGueNdOJW7Srl6Pa+pCEdwDKfgwSVU4RZqUAcCQ3iGF3i1nqw36936mK0WrPnNIfyB9fkDP+yclg==</latexit>

a 2 {0, 1}n.

Naive Benchmark: 
<latexit sha1_base64="FJPmRdpOUoXa8J0RvOgy9tylcLM=">AAACCHicbVDLTgIxFO3gC/GFunTTSExwgzOGqEuiG3diIg8DE9IpF2hoO5O2oyETfsCtW/0Hd8atf+Ev+BUWmIWCJ7nJyTn3JueeIOJMG9f9cjJLyyura9n13Mbm1vZOfnevrsNYUajRkIeqGRANnEmoGWY4NCMFRAQcGsHwauI3HkBpFso7M4rAF6QvWY9RYqx0f1OUJ22I9HEnX3BL7hR4kXgpKaAU1U7+u90NaSxAGsqJ1i3PjYyfEGUY5TDOtWMNEaFD0oeWpZII0H4yDTzGR1bp4l6o7EiDp+rvi4QIrUcisJuCmIGe9ybiv94jYbJvM4CcS2B6F37CZBRbi84C9GKOTYgnreAuU0ANH1lCqGL2B0wHRBFqbHc5W443X8UiqZ+WvLNS+bZcqFymNWXRATpEReShc1RB16iKaogigZ7RC3p1npw35935mK1mnPRmH/2B8/kDK12Z9Q==</latexit>

O(n/")
<latexit sha1_base64="gStWM98BS53U2aJ2hncJLFTPCfI=">AAAB/HicbVDLSgMxFL1TX7W+ql26CRbBVZkpRd0IRTcuK9gHtGPJpJk2NJMZkoxQpvVX3LhQxK0f4s6/MdPOQlsPBA7n3Ms9OV7EmdK2/W3l1tY3Nrfy24Wd3b39g+LhUUuFsSS0SUIeyo6HFeVM0KZmmtNOJCkOPE7b3vgm9duPVCoWins9iagb4KFgPiNYG6lfLE17AdYjgnnSmE3RFao+GLVsV+w50CpxMlKGDI1+8as3CEkcUKEJx0p1HTvSboKlZoTTWaEXKxphMsZD2jVU4IAqN5mHn6FTowyQH0rzhEZz9fdGggOlJoFnJtOkatlLxf+8bqz9SzdhIoo1FWRxyI850iFKm0ADJinRfGIIJpKZrIiMsMREm74KpgRn+curpFWtOOeV2l2tXL/O6sjDMZzAGThwAXW4hQY0gcAEnuEV3qwn68V6tz4Wozkr2ynBH1ifPw6elGM=</latexit>

|P| = 2n

Slight improvement:


1. Query

2. Check if


by querying 

random inputs. 

<latexit sha1_base64="/Udb/zLOUuaDJU8Na+abqRGB57o=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoiRd0IRTcuK9gHNCHcTCft0MmDmYlQQldu/BU3LhRx6ze482+ctllo64ELh3Pu5d57/IQzqSzr2ygsLa+srhXXSxubW9s75u5eS8apILRJYh6Ljg+SchbRpmKK004iKIQ+p21/eDPx2w9USBZH92qUUDeEfsQCRkBpyTMPgwr12Am+ws4AVAZjj51iJ4gFcI6ZZ5atqjUFXiR2TsooR8Mzv5xeTNKQRopwkLJrW4lyMxCKEU7HJSeVNAEyhD7tahpBSKWbTd8Y42Ot9LDerStSeKr+nsgglHIU+rozBDWQ895E/M/rpiq4dDMWJamiEZktClKOVYwnmeAeE5QoPtIEiGD6VkwGIIAonVxJh2DPv7xIWmdV+7xau6uV69d5HEV0gI5QBdnoAtXRLWqgJiLoET2jV/RmPBkvxrvxMWstGPnMPvoD4/MHFl2Xog==</latexit>

f(ei) = âi, 8i

<latexit sha1_base64="x5C8/qn+zlh/mriZYcdiiie8WG4=">AAACGnicbVBNSwMxFMz6WetX1aOXYBE8lV0R9VIsevFYwarQrUs2zbbBbLIkb8Wy7O/w4l/x4kERb+LFf2O27kGrA4Fh5j1eZsJEcAOu++lMTc/Mzs1XFqqLS8srq7W19QujUk1Zhyqh9FVIDBNcsg5wEOwq0YzEoWCX4c1J4V/eMm24kucwSlgvJgPJI04JWCmoeRH2YwJDlWTN/Do7yrFv0jjIeNPLryX2hwQykgcc+7SvAN8FPKjV3YY7Bv5LvJLUUYl2UHv3+4qmMZNABTGm67kJ9DKigVPB8qqfGpYQekMGrGupJDEzvWwcLcfbVunjSGn7JOCx+nMjI7Exozi0k0UMM+kV4n9eN4XosJdxmaTAJP0+FKUCg8JFT7jPNaMgRpYQqrn9K6ZDogkF22bVluBNRv5LLnYb3n5j72yv3jou66igTbSFdpCHDlALnaI26iCK7tEjekYvzoPz5Lw6b9+jU065s4F+wfn4AjikoP4=</latexit>

f
?
=

nX

i=1

âi · xi

<latexit sha1_base64="ncPYOgK9/RaROP5VGlj9iY2Fbg4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe5KUY9FL96sYD+gXUo2nW1Ds8maZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh7dRvjkBpJsWjGcfgR6QvWMgoMVby70veeQdizbgUZ91C0S27M+Bl4mWkiDLUuoWvTk/SJAJhKCdatz03Nn5KlGGUwyTfSTTEhA5JH9qWChKB9tPZ0RN8apUeDqWyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UybixICg80VhwrGReJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdm7LFceKsXqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AGY/pFb</latexit>

O(1/✏)

<latexit sha1_base64="fTyY7iToI17nokiCiIXVK+OFv8I=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCRaiJFPVY9OLNCvYD2lA220m7dLMJuxulxP4ULx4U8eov8ea/cdvmoNUHA4/3ZpiZ58ecKe04X1ZuaXlldS2/XtjY3NresYu7TRUlkkKDRjySbZ8o4ExAQzPNoR1LIKHPoeWPrqZ+6x6kYpG40+MYvJAMBAsYJdpIPbso8DG+KbsnXYgV45E46tklp+LMgP8SNyMllKHesz+7/YgmIQhNOVGq4zqx9lIiNaMcJoVuoiAmdEQG0DFUkBCUl85On+BDo/RxEElTQuOZ+nMiJaFS49A3nSHRQ7XoTcX/vE6igwsvZSJONAg6XxQkHOsIT3PAfSaBaj42hFDJzK2YDokkVJu0CiYEd/Hlv6R5WnHPKtXbaql2mcWRR/voAJWRi85RDV2jOmogih7QE3pBr9aj9Wy9We/z1pyVzeyhX7A+vgH6qZKN</latexit>

n+O(1/✏)



A different definition of linearity and a natural consistency test.

Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="8tkOw7hZwWMO0ilD+k2uXmIFzM8="></latexit>

f(x) + f(y) = f(x+ y) 8x, y 2 2



Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="8tkOw7hZwWMO0ilD+k2uXmIFzM8="></latexit>

f(x) + f(y) = f(x+ y) 8x, y 2 2

Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

A different definition of linearity and a natural consistency test.



Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="8tkOw7hZwWMO0ilD+k2uXmIFzM8="></latexit>

f(x) + f(y) = f(x+ y) 8x, y 2 2

Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

A low-query algorithm cannot 
check          . Can “closeness”

be derived from probabilistic 

guarantee?

<latexit sha1_base64="TJb1dXvwEbxJ1++F59Cc7lXXWBM=">AAACC3icbVDLSgMxFL3js9ZX1aWbYBFcSJmRoi6LblxWsA9oS7mTpm1oJjMkGXUY+glu3eo/uBO3foS/4FeYtrPQ1gOBwzn3ck+OHwmujet+OUvLK6tr67mN/ObW9s5uYW+/rsNYUVajoQhV00fNBJesZrgRrBkphoEvWMMfXU/8xj1TmofyziQR6wQ4kLzPKRortdv9UKEQ5PGUJN1C0S25U5BF4mWkCBmq3cJ3uxfSOGDSUIFatzw3Mp0UleFUsHG+HWsWIR3hgLUslRgw3Umnmcfk2Co9Ys/bJw2Zqr83Ugy0TgLfTgZohnrem4j/eg/I5cBmYHIugelfdlIuo9hadBagHwtiQjIphvS4YtSIxBKkits/EDpEhdTY+vK2HG++ikVSPyt556XybblYucpqysEhHMEJeHABFbiBKtSAQgTP8AKvzpPz5rw7H7PRJSfbOYA/cD5/ANJWm2s=</latexit>

8x, y

A different definition of linearity and a natural consistency test.



What could possibly go wrong?

Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="8tkOw7hZwWMO0ilD+k2uXmIFzM8="></latexit>

f(x) + f(y) = f(x+ y) 8x, y 2 2



What could possibly go wrong?

Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="8tkOw7hZwWMO0ilD+k2uXmIFzM8="></latexit>

f(x) + f(y) = f(x+ y) 8x, y 2 2

• Bad Case 1: Portions of function 
are linear for different reasons. 

• Bad Case 2: Even though far, 
evidence is hard to find.



Bad Case 1: Portions of function are linear for different reasons.

Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

<latexit sha1_base64="vVH33M9t9jsjWJa+dfOY4lyXJ3Y=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0Wom5JIUTdC0Y3LCvYBTRomk2k7dDIJMxOxhKzd+CtuXCji1i9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90fXEb98TIWnE79Q4Jm6IBpz2KUZKS5556Mgk9FJ6aWc9DpFHe2nFPsmgg4NIwQePQs8sW1VrCrhI7JyUQY6GZ345QYSTkHCFGZKya1uxclMkFMWMZCUnkSRGeIQGpKspRyGRbjp9JYPHWglgPxK6uIJT9fdEikIpx6GvO0OkhnLem4j/ed1E9S/clPI4UYTj2aJ+wqCK4CQXGFBBsGJjTRAWVN8K8RAJhJVOr6RDsOdfXiSt06p9Vq3d1sr1qzyOIjgAR6ACbHAO6uAGNEATYPAInsEreDOejBfj3fiYtRaMfGYf/IHx+QNmtJlw</latexit> nX

i=1

a(1)i · xi

<latexit sha1_base64="8vl4Sx29kjm+KmGPvnsN+laetJs=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5KUom6EohuXFewDmjRMJpN26GQSZiZiCd268VfcuFDErX/gzr9x2mahrQcuHM65l3vv8RNGpbKsb6Owsrq2vlHcLG1t7+zumfsHbRmnApMWjlksuj6ShFFOWooqRrqJICjyGen4o+up37knQtKY36lxQtwIDTgNKUZKS54JHZlGXkYv7UmfQ+TRflapnU6gg4NYwQePembZqlozwGVi56QMcjQ988sJYpxGhCvMkJQ920qUmyGhKGZkUnJSSRKER2hAeppyFBHpZrNPJvBEKwEMY6GLKzhTf09kKJJyHPm6M0JqKBe9qfif10tVeOFmlCepIhzPF4UpgyqG01hgQAXBio01QVhQfSvEQyQQVjq8kg7BXnx5mbRrVfusWr+tlxtXeRxFcASOQQXY4Bw0wA1oghbA4BE8g1fwZjwZL8a78TFvLRj5zCH4A+PzBwcxmUc=</latexit> nX

i=1

a(2)i · xi

<latexit sha1_base64="GVskLI2HeW5UYvmEtgUfiuVbDQU=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5JoUTdC0Y3LCvYBTRomk2k7dDIJMxOxhGzd+CtuXCji1j9w5984bbPQ1gMXDufcy733+DGjUlnWt1FYWl5ZXSuulzY2t7Z3zN29lowSgUkTRywSHR9JwignTUUVI51YEBT6jLT90fXEb98TIWnE79Q4Jm6IBpz2KUZKS54JHZmEXkov7azHIfJoL62cHmfQwUGk4INHPbNsVa0p4CKxc1IGORqe+eUEEU5CwhVmSMqubcXKTZFQFDOSlZxEkhjhERqQrqYchUS66fSTDB5pJYD9SOjiCk7V3xMpCqUch77uDJEaynlvIv7ndRPVv3BTyuNEEY5ni/oJgyqCk1hgQAXBio01QVhQfSvEQyQQVjq8kg7Bnn95kbROqvZZtXZbK9ev8jiK4AAcggqwwTmogxvQAE2AwSN4Bq/gzXgyXox342PWWjDymX3wB8bnDwjBmUg=</latexit> nX

i=1

a(3)i · xi

<latexit sha1_base64="XMqwK8XOITAzSHMnTFts0n0Zef4=">AAACCXicbVDLSsNAFJ34rPUVdelmsAh1UxIp6kYounFZwT6gScNkMmmHTiZhZiKWkK0bf8WNC0Xc+gfu/BunbRbaeuDC4Zx7ufceP2FUKsv6NpaWV1bX1ksb5c2t7Z1dc2+/LeNUYNLCMYtF10eSMMpJS1HFSDcRBEU+Ix1/dD3xO/dESBrzOzVOiBuhAachxUhpyTOhI9PIy+ilnfc5RB7tZ9X6SQ4dHMQKPnjUMytWzZoCLhK7IBVQoOmZX04Q4zQiXGGGpOzZVqLcDAlFMSN52UklSRAeoQHpacpRRKSbTT/J4bFWAhjGQhdXcKr+nshQJOU48nVnhNRQznsT8T+vl6rwws0oT1JFOJ4tClMGVQwnscCACoIVG2uCsKD6VoiHSCCsdHhlHYI9//IiaZ/W7LNa/bZeaVwVcZTAITgCVWCDc9AAN6AJWgCDR/AMXsGb8WS8GO/Gx6x1yShmDsAfGJ8/ClGZSQ==</latexit> nX

i=1

a(4)i · xi



Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="QqCBhehWGoI6Ueuec69ghNn+fHo=">AAAB7HicbVBNS8NAEJ31s9avqkcvi0UQhJJIUY9FLx4rmLbQhrLZbtqlm03Y3Ygh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSK4No7zjVZW19Y3Nktb5e2d3b39ysFhS8eposyjsYhVJyCaCS6ZZ7gRrJMoRqJAsHYwvp367UemNI/lg8kS5kdkKHnIKTFW8p7wOc76lapTc2bAy8QtSBUKNPuVr94gpmnEpKGCaN11ncT4OVGGU8Em5V6qWULomAxZ11JJIqb9fHbsBJ9aZYDDWNmSBs/U3xM5ibTOosB2RsSM9KI3Ff/zuqkJr/2cyyQ1TNL5ojAV2MR4+jkecMWoEZklhCpub8V0RBShxuZTtiG4iy8vk9ZFzb2s1e/r1cZNEUcJjuEEzsCFK2jAHTTBAwocnuEV3pBEL+gdfcxbV1AxcwR/gD5/ANknjhE=</latexit>

x+ y

Bad Case 1: Portions of function are linear for different reasons.



Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="QqCBhehWGoI6Ueuec69ghNn+fHo=">AAAB7HicbVBNS8NAEJ31s9avqkcvi0UQhJJIUY9FLx4rmLbQhrLZbtqlm03Y3Ygh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSK4No7zjVZW19Y3Nktb5e2d3b39ysFhS8eposyjsYhVJyCaCS6ZZ7gRrJMoRqJAsHYwvp367UemNI/lg8kS5kdkKHnIKTFW8p7wOc76lapTc2bAy8QtSBUKNPuVr94gpmnEpKGCaN11ncT4OVGGU8Em5V6qWULomAxZ11JJIqb9fHbsBJ9aZYDDWNmSBs/U3xM5ibTOosB2RsSM9KI3Ff/zuqkJr/2cyyQ1TNL5ojAV2MR4+jkecMWoEZklhCpub8V0RBShxuZTtiG4iy8vk9ZFzb2s1e/r1cZNEUcJjuEEzsCFK2jAHTTBAwocnuEV3pBEL+gdfcxbV1AxcwR/gD5/ANknjhE=</latexit>

x+ y

Bad Case 1: Portions of function are linear for different reasons.



Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="+uQyNRflh6ZfpBt0Osl+e4sjuBk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ+6LqXVZrzVqlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6quNBg==</latexit>y

<latexit sha1_base64="QqCBhehWGoI6Ueuec69ghNn+fHo=">AAAB7HicbVBNS8NAEJ31s9avqkcvi0UQhJJIUY9FLx4rmLbQhrLZbtqlm03Y3Ygh9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5QSK4No7zjVZW19Y3Nktb5e2d3b39ysFhS8eposyjsYhVJyCaCS6ZZ7gRrJMoRqJAsHYwvp367UemNI/lg8kS5kdkKHnIKTFW8p7wOc76lapTc2bAy8QtSBUKNPuVr94gpmnEpKGCaN11ncT4OVGGU8Em5V6qWULomAxZ11JJIqb9fHbsBJ9aZYDDWNmSBs/U3xM5ibTOosB2RsSM9KI3Ff/zuqkJr/2cyyQ1TNL5ojAV2MR4+jkecMWoEZklhCpub8V0RBShxuZTtiG4iy8vk9ZFzb2s1e/r1cZNEUcJjuEEzsCFK2jAHTTBAwocnuEV3pBEL+gdfcxbV1AxcwR/gD5/ANknjhE=</latexit>

x+ y

Bad Case 1: Portions of function are linear for different reasons.



Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

Bad Case 2: Even though    -far from linear, hard to find evidence.
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

Theorem [BLR’93]: Test works with query complexity 
<latexit sha1_base64="ncPYOgK9/RaROP5VGlj9iY2Fbg4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe5KUY9FL96sYD+gXUo2nW1Ds8maZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh7dRvjkBpJsWjGcfgR6QvWMgoMVby70veeQdizbgUZ91C0S27M+Bl4mWkiDLUuoWvTk/SJAJhKCdatz03Nn5KlGGUwyTfSTTEhA5JH9qWChKB9tPZ0RN8apUeDqWyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UybixICg80VhwrGReJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdm7LFceKsXqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AGY/pFb</latexit>

O(1/✏)

Bad Case 2: Even though    -far from linear, hard to find evidence.
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="Z7iHXeV06Xoq/ZFnElUkJwcBkv4="></latexit>

f(x+ ei) = f(x) + f(ei) 8x 2 {0, 1}n, i 2 [n]

Bad Case 2: Even though    -far from linear, hard to find evidence.
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="Z7iHXeV06Xoq/ZFnElUkJwcBkv4="></latexit>

f(x+ ei) = f(x) + f(ei) 8x 2 {0, 1}n, i 2 [n]

Natural Algorithm (Check Consistency) 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="43D8f2RbpNzDFfVioQBJ1egaZM4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRWoSSSFE3QtGNywr2Ak0ok+mkHTqZhJmJWkLfwBdx61bfwZ3o0q1P4TSNoK0HDvx8/zlwzu9FjEplWR9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oaXE791S4SkIb9Ro4i4Aepz6lOMlEZd89AvOd59GR5Bv0S6iePRcRmew5Rq+IO6ZtGqWGnBeWFnogiyqnfNL6cX4jggXGGGpOzYVqTcBAlFMSPjghNLEiE8RH3S0ZKjgEg3Sf8ZwwNNetAPhW6uYEp/byQokHIUeHoyQGogZ70J/Ne7Q5T39Q2Ez1yg/DM3oTyKtYWnB/gxgyqEk9BgjwqCFRtpgbCg+geIB0ggrHS0BR2OPRvFvGgeV+yTSvW6WqxdZDHlwR7YByVgg1NQA1egDhoAgwfwBJ7Bi/FovBpvxvt0NGdkO7vgTxmf38l3pBE=</latexit>

f(x) + f(ei) = f(x+ ei)

Bad Case 2: Even though    -far from linear, hard to find evidence.
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="Z7iHXeV06Xoq/ZFnElUkJwcBkv4="></latexit>

f(x+ ei) = f(x) + f(ei) 8x 2 {0, 1}n, i 2 [n]

Natural Algorithm (Check Consistency) 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="43D8f2RbpNzDFfVioQBJ1egaZM4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRWoSSSFE3QtGNywr2Ak0ok+mkHTqZhJmJWkLfwBdx61bfwZ3o0q1P4TSNoK0HDvx8/zlwzu9FjEplWR9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oaXE791S4SkIb9Ro4i4Aepz6lOMlEZd89AvOd59GR5Bv0S6iePRcRmew5Rq+IO6ZtGqWGnBeWFnogiyqnfNL6cX4jggXGGGpOzYVqTcBAlFMSPjghNLEiE8RH3S0ZKjgEg3Sf8ZwwNNetAPhW6uYEp/byQokHIUeHoyQGogZ70J/Ne7Q5T39Q2Ez1yg/DM3oTyKtYWnB/gxgyqEk9BgjwqCFRtpgbCg+geIB0ggrHS0BR2OPRvFvGgeV+yTSvW6WqxdZDHlwR7YByVgg1NQA1egDhoAgwfwBJ7Bi/FovBpvxvt0NGdkO7vgTxmf38l3pBE=</latexit>

f(x) + f(ei) = f(x+ ei)

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

Bad Case 2: Even though    -far from linear, hard to find evidence.
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="Z7iHXeV06Xoq/ZFnElUkJwcBkv4="></latexit>

f(x+ ei) = f(x) + f(ei) 8x 2 {0, 1}n, i 2 [n]

Natural Algorithm (Check Consistency) 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="43D8f2RbpNzDFfVioQBJ1egaZM4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRWoSSSFE3QtGNywr2Ak0ok+mkHTqZhJmJWkLfwBdx61bfwZ3o0q1P4TSNoK0HDvx8/zlwzu9FjEplWR9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oaXE791S4SkIb9Ro4i4Aepz6lOMlEZd89AvOd59GR5Bv0S6iePRcRmew5Rq+IO6ZtGqWGnBeWFnogiyqnfNL6cX4jggXGGGpOzYVqTcBAlFMSPjghNLEiE8RH3S0ZKjgEg3Sf8ZwwNNetAPhW6uYEp/byQokHIUeHoyQGogZ70J/Ne7Q5T39Q2Ez1yg/DM3oTyKtYWnB/gxgyqEk9BgjwqCFRtpgbCg+geIB0ggrHS0BR2OPRvFvGgeV+yTSvW6WqxdZDHlwR7YByVgg1NQA1egDhoAgwfwBJ7Bi/FovBpvxvt0NGdkO7vgTxmf38l3pBE=</latexit>

f(x) + f(ei) = f(x+ ei)

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="JUG3Npaz1YZyWzEcvjKnn/Ky9PU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0aMjc4=</latexit>ei

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="LSFQTsWt7KReOvs/VDpL1ye6F2w=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaLSPJYPZpygH9GB5CFn1Fip9UTOCfZ4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbuhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jvpc4XMiLEllClubyVsSBVlxiZUtCF4iy8vk+ZFxbusVO+r5dpNHkcBjuEEzsCDK6jBHdShAQxG8Ayv8OYkzovz7nzMW1ecfOYI/sD5/AE23o7Z</latexit>

x+ ei

Bad Case 2: Even though    -far from linear, hard to find evidence.
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏



Definition: a function                               is 

linear (in      ) iff


<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="GWJdNRllJ/IAF6wXS0YwjBbOvzo=">AAACA3icbVDLSgMxFL3js9ZX1aWbYBFclZlS1GVREJcV7APaoWTSTBuaSYYko5ShS7du9R/ciVs/xF/wK8y0s9DWAxcO59wL554g5kwb1/1yVlbX1jc2C1vF7Z3dvf3SwWFLy0QR2iSSS9UJsKacCdo0zHDaiRXFUcBpOxhfZ377gSrNpLg3k5j6ER4KFjKCTSb1bvrVfqnsVtwZ0DLxclKGHI1+6bs3kCSJqDCEY627nhsbP8XKMMLptNhLNI0xGeMh7VoqcES1n86yTtGpVQYolMqOMGim/r5IcaT1JArsZoTNSC96mfiv94iZGNoMVCwkMOGlnzIRJ9Yi8wBhwpGRKCsEDZiixPCJJZgoZn9AZIQVJsbWVrTleItVLJNWteKdV2p3tXL9Kq+pAMdwAmfgwQXU4RYa0AQCI3iGF3h1npw35935mK+uOPnNEfyB8/kDtPmYFQ==</latexit>

2
<latexit sha1_base64="Z7iHXeV06Xoq/ZFnElUkJwcBkv4="></latexit>

f(x+ ei) = f(x) + f(ei) 8x 2 {0, 1}n, i 2 [n]

Natural Algorithm (Check Consistency) 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="43D8f2RbpNzDFfVioQBJ1egaZM4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRWoSSSFE3QtGNywr2Ak0ok+mkHTqZhJmJWkLfwBdx61bfwZ3o0q1P4TSNoK0HDvx8/zlwzu9FjEplWR9GbmFxaXklv1pYW9/Y3DK3d5oyjAUmDRyyULQ9JAmjnDQUVYy0I0FQ4DHS8oaXE791S4SkIb9Ro4i4Aepz6lOMlEZd89AvOd59GR5Bv0S6iePRcRmew5Rq+IO6ZtGqWGnBeWFnogiyqnfNL6cX4jggXGGGpOzYVqTcBAlFMSPjghNLEiE8RH3S0ZKjgEg3Sf8ZwwNNetAPhW6uYEp/byQokHIUeHoyQGogZ70J/Ne7Q5T39Q2Ez1yg/DM3oTyKtYWnB/gxgyqEk9BgjwqCFRtpgbCg+geIB0ggrHS0BR2OPRvFvGgeV+yTSvW6WqxdZDHlwR7YByVgg1NQA1egDhoAgwfwBJ7Bi/FovBpvxvt0NGdkO7vgTxmf38l3pBE=</latexit>

f(x) + f(ei) = f(x+ ei)

<latexit sha1_base64="SvEw9j+G6/nNSZebhlvQwRvlSiI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfAeMvQ==</latexit>

0

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="JUG3Npaz1YZyWzEcvjKnn/Ky9PU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0gH3eL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/m586JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSE137GZZIalGyxKEwFMTGZ/U0GXCEzYmIJZYrbWwkbUUWZsemUbAje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0aMjc4=</latexit>ei

<latexit sha1_base64="jqylwcxBagMhesCQ8VFOWEkScmo=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOknjQU=</latexit>x

<latexit sha1_base64="LSFQTsWt7KReOvs/VDpL1ye6F2w=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+Oyura+sbm4Wt4vbO7t5+6eCwqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7dRvPaLSPJYPZpygH9GB5CFn1Fip9UTOCfZ4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbuhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvsZl0lqULL5ojAVxMRk+jvpc4XMiLEllClubyVsSBVlxiZUtCF4iy8vk+ZFxbusVO+r5dpNHkcBjuEEzsCDK6jBHdShAQxG8Ayv8OYkzovz7nzMW1ecfOYI/sD5/AE23o7Z</latexit>

x+ ei

Bad Case 2: Even though    -far from linear, hard to find evidence.
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="PSdOk4iM0m/oirWgODPcID5W4cI=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkoiRT0WvXizgv2AJpTNdtMu3Wzi7qZQQv+JFw+KePWfePPfuG1z0NYHA4/3ZpiZFyScKe0431ZhbX1jc6u4XdrZ3ds/sA+PWipOJaFNEvNYdgKsKGeCNjXTnHYSSXEUcNoORrczvz2mUrFYPOpJQv0IDwQLGcHaSD3b9u4jOsAVTz1JnYnpec8uO1VnDrRK3JyUIUejZ395/ZikERWacKxU13US7WdYakY4nZa8VNEEkxEe0K6hAkdU+dn88ik6M0ofhbE0JTSaq78nMhwpNYkC0xlhPVTL3kz8z+umOrz2MyaSVFNBFovClCMdo1kMqM8kJZpPDMFEMnMrIkMsMdEmrJIJwV1+eZW0LqruZbX2UCvXb/I4inACp1ABF66gDnfQgCYQGMMzvMKblVkv1rv1sWgtWPnMMfyB9fkDTp6Tdg==</latexit>

⌦(
p
n) queries needed



Thm [BLR’93]:                repetitions suffice. Efficient test without learning.

Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f

<latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

?

<latexit sha1_base64="ncPYOgK9/RaROP5VGlj9iY2Fbg4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe5KUY9FL96sYD+gXUo2nW1Ds8maZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh7dRvjkBpJsWjGcfgR6QvWMgoMVby70veeQdizbgUZ91C0S27M+Bl4mWkiDLUuoWvTk/SJAJhKCdatz03Nn5KlGGUwyTfSTTEhA5JH9qWChKB9tPZ0RN8apUeDqWyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UybixICg80VhwrGReJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdm7LFceKsXqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AGY/pFb</latexit>

O(1/✏)



Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f

<latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

?

Voting Function:

(what should      be in order to “pass” often) <latexit sha1_base64="1gC7ogn085WEpnQqZ19qayHKEYE=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5id9CZDZmeXmVk1hFy8etV/8CZe/RN/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HN1G/eo9I8lndmlKAf0b7kIWfUWKn22C2W3LI7A1kmXkZKkKHaLX53ejFLI5SGCap123MT44+pMpwJnBQ6qcaEsiHtY9tSSSPU/ngWdEJOrNIjYazsSENm6u+LMY20HkWB3YyoGehFbyr+6z1QLvs2A8qFBCa88sdcJqm12DxAmApiYjJtg/S4QmbEyBLKFLc/EDagijJjOyvYcrzFKpZJ46zsXZTPa+elynVWUx6O4BhOwYNLqMAtVKEODBCe4QVenSfnzXl3PuarOSe7OYQ/cD5/ABb9lzw=</latexit>x

<latexit sha1_base64="A1xeXGu+YaF8bipZTZJxpo5dadI="></latexit>

g(x) =

⇢
0 Pry [f(x+ y)� f(y) = 0] � 1/2
1 Pry [f(x+ y)� f(y) = 1] > 1/2

Thm [BLR’93]:                repetitions suffice. Efficient test without learning.
<latexit sha1_base64="ncPYOgK9/RaROP5VGlj9iY2Fbg4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe5KUY9FL96sYD+gXUo2nW1Ds8maZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh7dRvjkBpJsWjGcfgR6QvWMgoMVby70veeQdizbgUZ91C0S27M+Bl4mWkiDLUuoWvTk/SJAJhKCdatz03Nn5KlGGUwyTfSTTEhA5JH9qWChKB9tPZ0RN8apUeDqWyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UybixICg80VhwrGReJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdm7LFceKsXqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AGY/pFb</latexit>

O(1/✏)



Natural Algorithm (Check Consistency) 

1. Sample pairs of inputs 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="Gzs15oX03HX2LeePMEwYLT8FIWg=">AAACHHicbVDLSsNAFJ34rPVVddnNYBFclJJIUZdFNy4r2Ac0MUymk3bozCTMTNQQuvBH3LrVf3AnbgV/wa9w2mahrQcuHM65F849Qcyo0rb9ZS0tr6yurRc2iptb2zu7pb39tooSiUkLRyyS3QApwqggLU01I91YEsQDRjrB6HLid+6IVDQSNzqNicfRQNCQYqSN5JfKbvDg0yp0g9Sn0FWUQzezq447vjVuxa7ZU8BF4uSkAnI0/dK3249wwonQmCGleo4day9DUlPMyLjoJorECI/QgPQMFYgT5WXTJ8bwyCh9GEbSjNBwqv6+yBBXKuWB2eRID9W8NxH/9e4RFQOTgYi5BDo89zIq4sRYeBYgTBjUEZw0BftUEqxZagjCkpofIB4iibA2fRZNOc58FYukfVJzTmv163qlcZHXVABlcAiOgQPOQANcgSZoAQwewTN4Aa/Wk/VmvVsfs9UlK785AH9gff4A5G2hMA==</latexit>

xi,yi ⇠ {0, 1}n
<latexit sha1_base64="LeoAZH7R4WZAS1TusAOg6Wiyhd4=">AAACJ3icbZDLSsNAFIYn9VbrLerSzWBRKkJJpKgboejGZQV7gTaEyXTSDp1MwsxEDaFv4Iu4davv4E506dancNJmoa0HDnz8/zlwzu9FjEplWZ9GYWFxaXmluFpaW9/Y3DK3d1oyjAUmTRyyUHQ8JAmjnDQVVYx0IkFQ4DHS9kZXmd++I0LSkN+qJCJOgAac+hQjpSXXPPQrPe/BpUfwGGaYZHgBc1WLU8k1y1bVmhScBzuHMsir4ZrfvX6I44BwhRmSsmtbkXJSJBTFjIxLvViSCOERGpCuRo4CIp108s8YHmilD/1Q6OYKTtTfGykKpEwCT08GSA3lrJeJ/3r3iPKBvoHwmQuUf+6klEextvD0AD9mUIUwCw32qSBYsUQDwoLqHyAeIoGw0tGWdDj2bBTz0Dqp2qfV2k2tXL/MYyqCPbAPKsAGZ6AOrkEDNAEGj+AZvIBX48l4M96Nj+lowch3dsGfMr5+AHCJo9k=</latexit>

f(xi) + f(yi) = f(xi + yi)

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f

<latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

?

Voting Function:

Lemma 2: If     oftentimes passes test, then 

                  is linear.

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f <latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

(what should      be in order to “pass” often) <latexit sha1_base64="1gC7ogn085WEpnQqZ19qayHKEYE=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5id9CZDZmeXmVk1hFy8etV/8CZe/RN/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HN1G/eo9I8lndmlKAf0b7kIWfUWKn22C2W3LI7A1kmXkZKkKHaLX53ejFLI5SGCap123MT44+pMpwJnBQ6qcaEsiHtY9tSSSPU/ngWdEJOrNIjYazsSENm6u+LMY20HkWB3YyoGehFbyr+6z1QLvs2A8qFBCa88sdcJqm12DxAmApiYjJtg/S4QmbEyBLKFLc/EDagijJjOyvYcrzFKpZJ46zsXZTPa+elynVWUx6O4BhOwYNLqMAtVKEODBCe4QVenSfnzXl3PuarOSe7OYQ/cD5/ABb9lzw=</latexit>x

Lemma 1: If                     , the battle is almost 

                  won.

<latexit sha1_base64="HlWEBjuQKzVgvJLXZC1hHXYYAfM=">AAACDXicbZC9TsMwFIVvyl8pfwVGFosKqSxVgipgrGBhLBL9kdpQOa6TWnWcYDtAFfUZWFnhHdgQK8/AK/AUuG0GaLmSpU/n3CsdHy/mTGnb/rJyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNvDinImaEMzzWk7lhSHHqctb3g58Vv3VCoWiRs9iqkb4kAwnxGsjXTrlx+PUVfQOxQY6hVLdsWeDloEJ4MSZFPvFb+7/YgkIRWacKxUx7Fj7aZYakY4HRe6iaIxJkMc0I5BgUOq3HSaeoyOjNJHfiTNExpN1d8XKQ6VGoWe2QyxHqh5byL+6z1gJgKTgYq5BNo/d1Mm4sRYZBbATzjSEZpUg/pMUqL5yAAmkpk/IDLAEhNtCiyYcpz5KhaheVJxTivV62qpdpHVlIcDOIQyOHAGNbiCOjSAgIRneIFX68l6s96tj9lqzspu9uHPWJ8/KQObhQ==</latexit>

f(x) 6= g(x)

<latexit sha1_base64="mtGai1RzjZuwnONPtlEgudrY50Q="></latexit>

) d(f, g) · (1/2)  Pr
x,y

[catch mistake!]

<latexit sha1_base64="A1xeXGu+YaF8bipZTZJxpo5dadI="></latexit>

g(x) =

⇢
0 Pry [f(x+ y)� f(y) = 0] � 1/2
1 Pry [f(x+ y)� f(y) = 1] > 1/2

Thm [BLR’93]:                repetitions suffice. Efficient test without learning.
<latexit sha1_base64="ncPYOgK9/RaROP5VGlj9iY2Fbg4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe5KUY9FL96sYD+gXUo2nW1Ds8maZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh7dRvjkBpJsWjGcfgR6QvWMgoMVby70veeQdizbgUZ91C0S27M+Bl4mWkiDLUuoWvTk/SJAJhKCdatz03Nn5KlGGUwyTfSTTEhA5JH9qWChKB9tPZ0RN8apUeDqWyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UybixICg80VhwrGReJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdm7LFceKsXqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AGY/pFb</latexit>

O(1/✏)



Voting Function:

Lemma 2: If     oftentimes passes test, then 

                  is linear.

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f <latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

(what should      be in order to “pass” often) <latexit sha1_base64="1gC7ogn085WEpnQqZ19qayHKEYE=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5id9CZDZmeXmVk1hFy8etV/8CZe/RN/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HN1G/eo9I8lndmlKAf0b7kIWfUWKn22C2W3LI7A1kmXkZKkKHaLX53ejFLI5SGCap123MT44+pMpwJnBQ6qcaEsiHtY9tSSSPU/ngWdEJOrNIjYazsSENm6u+LMY20HkWB3YyoGehFbyr+6z1QLvs2A8qFBCa88sdcJqm12DxAmApiYjJtg/S4QmbEyBLKFLc/EDagijJjOyvYcrzFKpZJ46zsXZTPa+elynVWUx6O4BhOwYNLqMAtVKEODBCe4QVenSfnzXl3PuarOSe7OYQ/cD5/ABb9lzw=</latexit>x

Lemma 1: If                     , the battle is almost 

                  won.

<latexit sha1_base64="HlWEBjuQKzVgvJLXZC1hHXYYAfM=">AAACDXicbZC9TsMwFIVvyl8pfwVGFosKqSxVgipgrGBhLBL9kdpQOa6TWnWcYDtAFfUZWFnhHdgQK8/AK/AUuG0GaLmSpU/n3CsdHy/mTGnb/rJyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNvDinImaEMzzWk7lhSHHqctb3g58Vv3VCoWiRs9iqkb4kAwnxGsjXTrlx+PUVfQOxQY6hVLdsWeDloEJ4MSZFPvFb+7/YgkIRWacKxUx7Fj7aZYakY4HRe6iaIxJkMc0I5BgUOq3HSaeoyOjNJHfiTNExpN1d8XKQ6VGoWe2QyxHqh5byL+6z1gJgKTgYq5BNo/d1Mm4sRYZBbATzjSEZpUg/pMUqL5yAAmkpk/IDLAEhNtCiyYcpz5KhaheVJxTivV62qpdpHVlIcDOIQyOHAGNbiCOjSAgIRneIFX68l6s96tj9lqzspu9uHPWJ8/KQObhQ==</latexit>

f(x) 6= g(x)

<latexit sha1_base64="mtGai1RzjZuwnONPtlEgudrY50Q="></latexit>

) d(f, g) · (1/2)  Pr
x,y

[catch mistake!]

If often avoid 

catching mistakes

Then, the voting

function      is 


linear

<latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

Then,                .
<latexit sha1_base64="+5uhSW6EdKko/evNO4P+0PdNgDM=">AAACF3icbVDLSsNAFJ3UV62vquDGzWARKkhJpKjLohuXFewD2lAmk5t06GQSZyZKif0Qt271H9yJW5f+gl/h9LHQ6oELh3PuhXOPl3CmtG1/WrmFxaXllfxqYW19Y3OruL3TVHEqKTRozGPZ9ogCzgQ0NNMc2okEEnkcWt7gcuy37kAqFosbPUzAjUgoWMAo0UbqFfe6kCjGY4G7HG6xXw6OcXiEe8WSXbEnwH+JMyMlNEO9V/zq+jFNIxCacqJUx7ET7WZEakY5jArdVEFC6ICE0DFUkAiUm03yj/ChUXwcxNKM0Hii/rzISKTUMPLMZkR0X817Y/Ff754wEZoMIOYS6ODczZhIUmPRaYAg5VjHeFwS9pkEqvnQEEIlMz9g2ieSUG2qLJhynPkq/pLmScU5rVSvq6XaxaymPNpHB6iMHHSGaugK1VEDUfSAntAzerEerVfrzXqfruas2c0u+gXr4xuscZ7p</latexit>

"  d(f, g)

Lemma 2

Farness
<latexit sha1_base64="G7wK/ODHypaDguEKh0nwY6WFvqg=">AAACF3icbVDLSsNAFJ3UV62vqODGzWARKkhJpKjLohuXFewDmlAmk5t26GQSZyZKqf0Qt271H9yJW5f+gl/h9LHQ6oELh3PuhXNPkHKmtON8WrmFxaXllfxqYW19Y3PL3t5pqCSTFOo04YlsBUQBZwLqmmkOrVQCiQMOzaB/OfabdyAVS8SNHqTgx6QrWMQo0Ubq2HsepAp7HG5xWIqOsUcJrx3hjl10ys4E+C9xZ6SIZqh17C8vTGgWg9CUE6XarpNqf0ikZpTDqOBlClJC+6QLbUMFiUH5w0n+ET40SoijRJoRGk/UnxdDEis1iAOzGRPdU/PeWPzXuydMdE0GEHMJdHTuD5lIM2PRaYAo41gneFwSDpkEqvnAEEIlMz9g2iOSUG2qLJhy3Pkq/pLGSdk9LVeuK8XqxaymPNpHB6iEXHSGqugK1VAdUfSAntAzerEerVfrzXqfruas2c0u+gXr4xtDKJ6s</latexit>

"  d(f,P)

Do catch mistakes!

Lemma 1

<latexit sha1_base64="A1xeXGu+YaF8bipZTZJxpo5dadI="></latexit>

g(x) =

⇢
0 Pry [f(x+ y)� f(y) = 0] � 1/2
1 Pry [f(x+ y)� f(y) = 1] > 1/2

Thm [BLR’93]:                repetitions suffice. Efficient test without learning.
<latexit sha1_base64="ncPYOgK9/RaROP5VGlj9iY2Fbg4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe5KUY9FL96sYD+gXUo2nW1Ds8maZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh7dRvjkBpJsWjGcfgR6QvWMgoMVby70veeQdizbgUZ91C0S27M+Bl4mWkiDLUuoWvTk/SJAJhKCdatz03Nn5KlGGUwyTfSTTEhA5JH9qWChKB9tPZ0RN8apUeDqWyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UybixICg80VhwrGReJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdm7LFceKsXqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AGY/pFb</latexit>

O(1/✏)



Voting Function:

Lemma 2: If     oftentimes passes test, then 

                  is linear.

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f <latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

(what should      be in order to “pass” often) <latexit sha1_base64="1gC7ogn085WEpnQqZ19qayHKEYE=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48JmAckS5id9CZDZmeXmVk1hFy8etV/8CZe/RN/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+HN1G/eo9I8lndmlKAf0b7kIWfUWKn22C2W3LI7A1kmXkZKkKHaLX53ejFLI5SGCap123MT44+pMpwJnBQ6qcaEsiHtY9tSSSPU/ngWdEJOrNIjYazsSENm6u+LMY20HkWB3YyoGehFbyr+6z1QLvs2A8qFBCa88sdcJqm12DxAmApiYjJtg/S4QmbEyBLKFLc/EDagijJjOyvYcrzFKpZJ46zsXZTPa+elynVWUx6O4BhOwYNLqMAtVKEODBCe4QVenSfnzXl3PuarOSe7OYQ/cD5/ABb9lzw=</latexit>x

Lemma 1: If                     , the battle is almost 

                  won.

<latexit sha1_base64="HlWEBjuQKzVgvJLXZC1hHXYYAfM=">AAACDXicbZC9TsMwFIVvyl8pfwVGFosKqSxVgipgrGBhLBL9kdpQOa6TWnWcYDtAFfUZWFnhHdgQK8/AK/AUuG0GaLmSpU/n3CsdHy/mTGnb/rJyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNvDinImaEMzzWk7lhSHHqctb3g58Vv3VCoWiRs9iqkb4kAwnxGsjXTrlx+PUVfQOxQY6hVLdsWeDloEJ4MSZFPvFb+7/YgkIRWacKxUx7Fj7aZYakY4HRe6iaIxJkMc0I5BgUOq3HSaeoyOjNJHfiTNExpN1d8XKQ6VGoWe2QyxHqh5byL+6z1gJgKTgYq5BNo/d1Mm4sRYZBbATzjSEZpUg/pMUqL5yAAmkpk/IDLAEhNtCiyYcpz5KhaheVJxTivV62qpdpHVlIcDOIQyOHAGNbiCOjSAgIRneIFX68l6s96tj9lqzspu9uHPWJ8/KQObhQ==</latexit>

f(x) 6= g(x)

<latexit sha1_base64="mtGai1RzjZuwnONPtlEgudrY50Q="></latexit>

) d(f, g) · (1/2)  Pr
x,y

[catch mistake!]

If often avoid 

catching mistakes

Then, the voting

function      is 


linear

<latexit sha1_base64="we3uFaJRrhKOWXmPtL2cgNe/p5Y=">AAACAHicbVDLSsNAFL2pr1pfVZdugkVwVRIp6rLoxmUL9gFtKJPpTTp0MgkzE6WEbty61X9wJ279E3/Br3DaZqGtBy4czrkXzj1+wpnSjvNlFdbWNza3itulnd29/YPy4VFbxamk2KIxj2XXJwo5E9jSTHPsJhJJ5HPs+OPbmd95QKlYLO71JEEvIqFgAaNEG6kZDsoVp+rMYa8SNycVyNEYlL/7w5imEQpNOVGq5zqJ9jIiNaMcp6V+qjAhdExC7BkqSITKy+ZBp/aZUYZ2EEszQttz9fdFRiKlJpFvNiOiR2rZm4n/eo+EidBkQLGUQAfXXsZEkhqLLgIEKbd1bM/asIdMItV8YgihkpkfbDoiklBtOiuZctzlKlZJ+6LqXlZrzVqlfpPXVIQTOIVzcOEK6nAHDWgBBYRneIFX68l6s96tj8VqwcpvjuEPrM8f+5KXKw==</latexit>g

Then,                .
<latexit sha1_base64="+5uhSW6EdKko/evNO4P+0PdNgDM=">AAACF3icbVDLSsNAFJ3UV62vquDGzWARKkhJpKjLohuXFewD2lAmk5t06GQSZyZKif0Qt271H9yJW5f+gl/h9LHQ6oELh3PuhXOPl3CmtG1/WrmFxaXllfxqYW19Y3OruL3TVHEqKTRozGPZ9ogCzgQ0NNMc2okEEnkcWt7gcuy37kAqFosbPUzAjUgoWMAo0UbqFfe6kCjGY4G7HG6xXw6OcXiEe8WSXbEnwH+JMyMlNEO9V/zq+jFNIxCacqJUx7ET7WZEakY5jArdVEFC6ICE0DFUkAiUm03yj/ChUXwcxNKM0Hii/rzISKTUMPLMZkR0X817Y/Ff754wEZoMIOYS6ODczZhIUmPRaYAg5VjHeFwS9pkEqvnQEEIlMz9g2ieSUG2qLJhynPkq/pLmScU5rVSvq6XaxaymPNpHB6iMHHSGaugK1VEDUfSAntAzerEerVfrzXqfruas2c0u+gXr4xuscZ7p</latexit>

"  d(f, g)

Lemma 2

Farness
<latexit sha1_base64="G7wK/ODHypaDguEKh0nwY6WFvqg=">AAACF3icbVDLSsNAFJ3UV62vqODGzWARKkhJpKjLohuXFewDmlAmk5t26GQSZyZKqf0Qt271H9yJW5f+gl/h9LHQ6oELh3PuhXNPkHKmtON8WrmFxaXllfxqYW19Y3PL3t5pqCSTFOo04YlsBUQBZwLqmmkOrVQCiQMOzaB/OfabdyAVS8SNHqTgx6QrWMQo0Ubq2HsepAp7HG5xWIqOsUcJrx3hjl10ys4E+C9xZ6SIZqh17C8vTGgWg9CUE6XarpNqf0ikZpTDqOBlClJC+6QLbUMFiUH5w0n+ET40SoijRJoRGk/UnxdDEis1iAOzGRPdU/PeWPzXuydMdE0GEHMJdHTuD5lIM2PRaYAo41gneFwSDpkEqvnAEEIlMz9g2iOSUG2qLJhy3Pkq/pLGSdk9LVeuK8XqxaymPNpHB6iEXHSGqugK1VAdUfSAntAzerEerVfrzXqfruas2c0u+gXr4xtDKJ6s</latexit>

"  d(f,P)

Do catch mistakes!

Lemma 1

<latexit sha1_base64="4AKJeVpXK97ZqsDVYLI6bI8LiUM="></latexit>

g(x) =

⇢
0 Pry [f(x+ y)� f(y) = 0] � 0.99
1 Pry [f(x+ y)� f(y) = 1] � 0.99

Thm [BLR’93]:                repetitions suffice. Efficient test without learning.
<latexit sha1_base64="ncPYOgK9/RaROP5VGlj9iY2Fbg4=">AAAB9HicbVBNSwMxEM36WetX1aOXYBHqpe5KUY9FL96sYD+gXUo2nW1Ds8maZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzgpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPh7dRvjkBpJsWjGcfgR6QvWMgoMVby70veeQdizbgUZ91C0S27M+Bl4mWkiDLUuoWvTk/SJAJhKCdatz03Nn5KlGGUwyTfSTTEhA5JH9qWChKB9tPZ0RN8apUeDqWyJQyeqb8nUhJpPY4C2xkRM9CL3lT8z2snJrz2UybixICg80VhwrGReJoA7jEF1PCxJYQqZm/FdEAUocbmlLcheIsvL5PGRdm7LFceKsXqTRZHDh2jE1RCHrpCVXSHaqiOKHpCz+gVvTkj58V5dz7mrStONnOE/sD5/AGY/pFb</latexit>

O(1/✏)



Quick Digest of Important Ideas

• Definition of approx. in property testing and why its necessary. 

• Generic                     -query tester for any property via naive learning. 

• Linearity testing definition: 
 
    1. An algorithm via learning using                    queries.


     2. Not all “local” definitions are equally good. 
     3. Process getting to linear function (self-correction)


• Different Fourier-analytic proof [Bellare, Coppersmith, Håstad, Kiwi, Sudan ’96] in    
O’Donnel’s book on “Analysis of Boolean Functions”

<latexit sha1_base64="8znUrQt6dg29xSPaFdDGUj85Fv8=">AAACF3icbVDLSgMxFM3UV62vUcGNm2AR6qbOSFGXRTfurGAf0BlKJs1MQzPJkGSU0vZD3LrVf3Anbl36C36FaTsLbT1w4XDOvXDuCRJGlXacLyu3tLyyupZfL2xsbm3v2Lt7DSVSiUkdCyZkK0CKMMpJXVPNSCuRBMUBI82gfz3xmw9EKir4vR4kxI9RxGlIMdJG6tgHtyWPiQiOPIxYbQRPoUcSddKxi07ZmQIuEjcjRZCh1rG/va7AaUy4xgwp1XadRPtDJDXFjIwLXqpIgnAfRaRtKEcxUf5wmn8Mj43ShaGQZriGU/X3xRDFSg3iwGzGSPfUvDcR//UeEeWRyUD4XAIdXvpDypPUWHgWIEwZ1AJOSoJdKgnWbGAIwpKaHyDuIYmwNlUWTDnufBWLpHFWds/LlbtKsXqV1ZQHh+AIlIALLkAV3IAaqAMMRuAZvIBX68l6s96tj9lqzspu9sEfWJ8/3O6fDA==</latexit>

O(log |P|/")

<latexit sha1_base64="npXNyJQQ+Aa2N5hfHTREWZq3KeQ=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoMQEeKuBPUY9OLNCOYByRJmJ51kyOzsOjOrhJBf8OpV/8GbePUf/AW/wsnjoNGChqKqG6oriAXXxnU/ndTC4tLySno1s7a+sbmV3d6p6ihRDCssEpGqB1Sj4BIrhhuB9VghDQOBtaB/OfZr96g0j+StGcToh7QreYczaqzkS3JErvPecRNjfdjK5tyCOwH5S7wZycEM5Vb2q9mOWBKiNExQrRueGxt/SJXhTOAo00w0xpT1aRcblkoaovaHk9AjcmCVNulEyo40ZKL+vBjSUOtBGNjNkJqenvfG4r/eA+WyazOgnEtgOuf+kMs4sRabBugkgpiIjJshba6QGTGwhDLF7Q+E9aiizNj+MrYcb76Kv6R6UvBOC8WbYq50MaspDXuwD3nw4AxKcAVlqACDO3iCZ3hxHp1X5815n66mnNnNLvyC8/ENwqCauQ==</latexit>

n+O(1/")



Definition: a function                               is 

monotone iff


for any            . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="qNQutprK/qgh9YGBFjpT2lwU3fc=">AAACDXicbVDLTsJAFL31ifhCXbqZSExgQ1pD1CXRjUtM5JFAJdNhChOm0zozVZuGb3DrVv/BnXHrN/gLfoUDdKHgSW5ycs69ybnHizhT2ra/rKXlldW19dxGfnNre2e3sLffVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3upz4rXsqFQvFjU4i6gZ4IJjPCNZGuvVLj2XU5fQO+aWk3CsU7Yo9BVokTkaKkKHeK3x3+yGJAyo04VipjmNH2k2x1IxwOs53Y0UjTEZ4QDuGChxQ5abT1GN0bJQ+8kNpRmg0VX9fpDhQKgk8sxlgPVTz3kT813vATAxMBirmEmj/3E2ZiGJjkVkAP+ZIh2hSDeozSYnmiSGYSGZ+QGSIJSbaFJg35TjzVSyS5knFOa1Ur6vF2kVWUw4O4QhK4MAZ1OAK6tAAAhKe4QVerSfrzXq3PmarS1Z2cwB/YH3+ACW7m4M=</latexit>

f(x)  f(y)
<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y

Examples: 
<latexit sha1_base64="r7yf2f83ftkjb/NzB8ymYqSNod0=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHhIZMhylMmE6bmalCGr7ArVv9B3fGrV/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG+neL45O0SUadVk3X7BL9gxomTgpKUCKWjf/3emFJA6o0IRjpdqOHWk3wVIzwukk14kVjTAZ4j5tGypwQJWbzBJP0IlResgPpRmh0Uz9fZHgQKlx4JnNAOuBWvSm4r/eI2aibzJQsZBA+xduwkQUG4vMA/gxRzpE01pQj0lKNB8bgolk5gdEBlhiok15OVOOs1jFMmmclZxKqXxbLlSv0pqycATHUAQHzqEKN1CDOhAQ8Awv8Go9WW/Wu/UxX81Y6c0h/IH1+QNjc5oK</latexit>

f(x) = xi
<latexit sha1_base64="8WhPgJgbpeYNCtUz0dla5W538vY=">AAACDXicbZDNSgMxFIXv+FvrX9Wlm2AR6qbMSFE3QtWNCEIF+wPtWDJppg3NZIYko5ahz+DWrb6DO3HrM/gKPoVpOwttvRD4OOdeODlexJnStv1lzc0vLC4tZ1ayq2vrG5u5re2aCmNJaJWEPJQNDyvKmaBVzTSnjUhSHHic1r3+xciv31OpWChu9SCiboC7gvmMYG2kO7/weIBOUev67MpQO5e3i/Z40Cw4KeQhnUo7993qhCQOqNCEY6Wajh1pN8FSM8LpMNuKFY0w6eMubRoUOKDKTcaph2jfKB3kh9I8odFY/X2R4ECpQeCZzQDrnpr2RuK/3gNmomsyUDGVQPsnbsJEFBuLTAL4MUc6RKNqUIdJSjQfGMBEMvMHRHpYYqJNgVlTjjNdxSzUDovOUbF0U8qXz9OaMrALe1AAB46hDJdQgSoQkPAML/BqPVlv1rv1MVmds9KbHfgz1ucPM7Wa7w==</latexit>

f(x) = MAJ(x)

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

Is my function monotone? [Goldreich, Goldwasser, Lehman, Ron, Samorodnitsky ’00]



Definition: a function                               is 

monotone iff


for any            . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="qNQutprK/qgh9YGBFjpT2lwU3fc=">AAACDXicbVDLTsJAFL31ifhCXbqZSExgQ1pD1CXRjUtM5JFAJdNhChOm0zozVZuGb3DrVv/BnXHrN/gLfoUDdKHgSW5ycs69ybnHizhT2ra/rKXlldW19dxGfnNre2e3sLffVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3upz4rXsqFQvFjU4i6gZ4IJjPCNZGuvVLj2XU5fQO+aWk3CsU7Yo9BVokTkaKkKHeK3x3+yGJAyo04VipjmNH2k2x1IxwOs53Y0UjTEZ4QDuGChxQ5abT1GN0bJQ+8kNpRmg0VX9fpDhQKgk8sxlgPVTz3kT813vATAxMBirmEmj/3E2ZiGJjkVkAP+ZIh2hSDeozSYnmiSGYSGZ+QGSIJSbaFJg35TjzVSyS5knFOa1Ur6vF2kVWUw4O4QhK4MAZ1OAK6tAAAhKe4QVerSfrzXq3PmarS1Z2cwB/YH3+ACW7m4M=</latexit>

f(x)  f(y)
<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y

Examples: 
<latexit sha1_base64="r7yf2f83ftkjb/NzB8ymYqSNod0=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHhIZMhylMmE6bmalCGr7ArVv9B3fGrV/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG+neL45O0SUadVk3X7BL9gxomTgpKUCKWjf/3emFJA6o0IRjpdqOHWk3wVIzwukk14kVjTAZ4j5tGypwQJWbzBJP0IlResgPpRmh0Uz9fZHgQKlx4JnNAOuBWvSm4r/eI2aibzJQsZBA+xduwkQUG4vMA/gxRzpE01pQj0lKNB8bgolk5gdEBlhiok15OVOOs1jFMmmclZxKqXxbLlSv0pqycATHUAQHzqEKN1CDOhAQ8Awv8Go9WW/Wu/UxX81Y6c0h/IH1+QNjc5oK</latexit>

f(x) = xi
<latexit sha1_base64="8WhPgJgbpeYNCtUz0dla5W538vY=">AAACDXicbZDNSgMxFIXv+FvrX9Wlm2AR6qbMSFE3QtWNCEIF+wPtWDJppg3NZIYko5ahz+DWrb6DO3HrM/gKPoVpOwttvRD4OOdeODlexJnStv1lzc0vLC4tZ1ayq2vrG5u5re2aCmNJaJWEPJQNDyvKmaBVzTSnjUhSHHic1r3+xciv31OpWChu9SCiboC7gvmMYG2kO7/weIBOUev67MpQO5e3i/Z40Cw4KeQhnUo7993qhCQOqNCEY6Wajh1pN8FSM8LpMNuKFY0w6eMubRoUOKDKTcaph2jfKB3kh9I8odFY/X2R4ECpQeCZzQDrnpr2RuK/3gNmomsyUDGVQPsnbsJEFBuLTAL4MUc6RKNqUIdJSjQfGMBEMvMHRHpYYqJNgVlTjjNdxSzUDovOUbF0U8qXz9OaMrALe1AAB46hDJdQgSoQkPAML/BqPVlv1rv1MVmds9KbHfgz1ucPM7Wa7w==</latexit>

f(x) = MAJ(x)

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

!

Is my function monotone? [Goldreich, Goldwasser, Lehman, Ron, Samorodnitsky ’00]



Is my function monotone? [Goldreich, Goldwasser, Lehman, Ron, Samorodnitsky ’00]

Definition: a function                               is 

monotone iff


for any            . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="qNQutprK/qgh9YGBFjpT2lwU3fc=">AAACDXicbVDLTsJAFL31ifhCXbqZSExgQ1pD1CXRjUtM5JFAJdNhChOm0zozVZuGb3DrVv/BnXHrN/gLfoUDdKHgSW5ycs69ybnHizhT2ra/rKXlldW19dxGfnNre2e3sLffVGEsCW2QkIey7WFFORO0oZnmtB1JigOP05Y3upz4rXsqFQvFjU4i6gZ4IJjPCNZGuvVLj2XU5fQO+aWk3CsU7Yo9BVokTkaKkKHeK3x3+yGJAyo04VipjmNH2k2x1IxwOs53Y0UjTEZ4QDuGChxQ5abT1GN0bJQ+8kNpRmg0VX9fpDhQKgk8sxlgPVTz3kT813vATAxMBirmEmj/3E2ZiGJjkVkAP+ZIh2hSDeozSYnmiSGYSGZ+QGSIJSbaFJg35TjzVSyS5knFOa1Ur6vF2kVWUw4O4QhK4MAZ1OAK6tAAAhKe4QVerSfrzXq3PmarS1Z2cwB/YH3+ACW7m4M=</latexit>

f(x)  f(y)
<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y

Examples: 
<latexit sha1_base64="r7yf2f83ftkjb/NzB8ymYqSNod0=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHhIZMhylMmE6bmalCGr7ArVv9B3fGrV/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG+neL45O0SUadVk3X7BL9gxomTgpKUCKWjf/3emFJA6o0IRjpdqOHWk3wVIzwukk14kVjTAZ4j5tGypwQJWbzBJP0IlResgPpRmh0Uz9fZHgQKlx4JnNAOuBWvSm4r/eI2aibzJQsZBA+xduwkQUG4vMA/gxRzpE01pQj0lKNB8bgolk5gdEBlhiok15OVOOs1jFMmmclZxKqXxbLlSv0pqycATHUAQHzqEKN1CDOhAQ8Awv8Go9WW/Wu/UxX81Y6c0h/IH1+QNjc5oK</latexit>

f(x) = xi
<latexit sha1_base64="8WhPgJgbpeYNCtUz0dla5W538vY=">AAACDXicbZDNSgMxFIXv+FvrX9Wlm2AR6qbMSFE3QtWNCEIF+wPtWDJppg3NZIYko5ahz+DWrb6DO3HrM/gKPoVpOwttvRD4OOdeODlexJnStv1lzc0vLC4tZ1ayq2vrG5u5re2aCmNJaJWEPJQNDyvKmaBVzTSnjUhSHHic1r3+xciv31OpWChu9SCiboC7gvmMYG2kO7/weIBOUev67MpQO5e3i/Z40Cw4KeQhnUo7993qhCQOqNCEY6Wajh1pN8FSM8LpMNuKFY0w6eMubRoUOKDKTcaph2jfKB3kh9I8odFY/X2R4ECpQeCZzQDrnpr2RuK/3gNmomsyUDGVQPsnbsJEFBuLTAL4MUc6RKNqUIdJSjQfGMBEMvMHRHpYYqJNgVlTjjNdxSzUDovOUbF0U8qXz9OaMrALe1AAB46hDJdQgSoQkPAML/BqPVlv1rv1MVmds9KbHfgz1ucPM7Wa7w==</latexit>

f(x) = MAJ(x)

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

Generic: 
<latexit sha1_base64="ot86wKB6hpjVvF0R6UE67Sr2m/s="></latexit>

O(log |P|/") = O

✓✓
n

n/2

◆
/"

◆

Learning:                  [Bshouty, Tamon ‘96]

<latexit sha1_base64="vMc03e7B1B39X5q42Xk4l7+o/+8=">AAACH3icbVDLSgNBEJyNrxhfUY+CDAYhXuJuCOox6MWbEcwDsjHMTjrJkNnZdWZWCcve/BGvXvUfvInX/IJf4eRx0MSChqKqG6rLCzlT2rZHVmppeWV1Lb2e2djc2t7J7u7VVBBJClUa8EA2PKKAMwFVzTSHRiiB+B6Huje4Gvv1R5CKBeJOD0No+aQnWJdRoo3Uzh4W72NXM96B+CbJu+pB6lgk+BS7EKqTpJ3N2QV7ArxInBnJoRkq7ey32wlo5IPQlBOlmo4d6lZMpGaUQ5JxIwUhoQPSg6ahgvigWvHkjwQfG6WDu4E0IzSeqL8vYuIrNfQ9s+kT3Vfz3lj813siTPRMBhBzCXT3ohUzEUbGotMA3YhjHeBxWbjDJFDNh4YQKpn5AdM+kYRqU2nGlOPMV7FIasWCc1Yo3ZZy5ctZTWl0gI5QHjnoHJXRNaqgKqLoGb2iN/RuvVgf1qf1NV1NWbObffQH1ugHqU+jRA==</latexit>

2Õ(
p
n/")



A different definition leads to the Edge Tester.

Definition: a function                               is 

monotone iff


for any      and    . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1 <latexit sha1_base64="DE714TDQ1OqfKvczSdkWWKb53r8=">AAACJ3icbVC7TgJBFL2LL8QXamkzkWigIbuGqCXRxhITeSSAZHaYhQmzs+vMrEo2/IE/Ymur/2BntLT1KxxgCwRvcpOTc+5NzjluyJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NBZEktEoCHsiGixXlTNCqZprTRigp9l1O6+7gcqzX76lULBA3ehjSto97gnmMYG2oTvbYyz/exnmGWjpAdmFUQC1O79As6xi2k83ZRXsyaBE4CchBMpVO9qfVDUjkU6EJx0o1HTvU7RhLzQino0wrUjTEZIB7tGmgwD5V7XiSZ4SODNNFXiDNCo0m7OxHjH2lhr5rLn2s+2peG5P/ag+YiZ7xQMWcA+2dt2MmwshIZGrAizgy6celoS6TlGg+NAATyUwGRPpYYqJNtRlTjjNfxSKonRSd02LpupQrXyQ1peEADiEPDpxBGa6gAlUg8AQv8Apv1rP1bn1Yn9PTlJX87MOfsb5/AfEZpCI=</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="Ud1AlyrTrtMtFja0zNuOnRDjrDQ=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6U67xVLbtmdg6wSLyMlyFDrFb+7/YglIUrDBNW647mx8VOqDGcCp4VuojGmbEyH2LFU0hC1n86DTsmZVfpkECk70pC5+vsipaHWkzCwmyE1I73szcR/vUfK5dBmQLmUwAyu/ZTLOLEWWwQYJIKYiMzaIH2ukBkxsYQyxe0PhI2ooszYzgq2HG+5ilXSvCh7l+VKvVKq3mQ15eEETuEcPLiCKtxBDRrAAOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH/sqXLQ==</latexit>

i

Edge Tester 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="SbWmx/HTsDF6jNAHzA/SUGZBE/A=">AAACLnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkaIui25cVrAXaGKZTCft0MkkzkzUEvoUvohbt/oOggtxKz6FkzaL2npghp//OwfO+b2IUaks68PILS2vrK7l1wsbm1vbO+buXlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAy5a17IiQN+Y0aRcQNUJ9Tn2KktNU1j/2S4z3eJvqn0FEhtMrjMnQYuYMzJAW2Bl2zaFWsScFFYWeiCLKqd80fpxfiOCBcYYak7NhWpNwECUUxI+OCE0sSITxEfdLRkqOASDeZnDWGR9rpQT8U+nEFJ+7sRIICKUeBpzsDpAZynqXmv+wBUd7XOxA+t4Hyz92E8ijWCE8X8GMG9fVpdrBHBcGKjbRAWFB9A8QDJBBWOuGCDseej2JRNE8q9mmlel0t1i6ymPLgAByCErDBGaiBK1AHDYDBE3gBr+DNeDbejU/ja9qaM7KZffCnjO9f8fCnQA==</latexit>

f(x(i!0))  f(x(i!1))



Definition: a function                               is 

monotone iff


for any      and    . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y

<latexit sha1_base64="DE714TDQ1OqfKvczSdkWWKb53r8=">AAACJ3icbVC7TgJBFL2LL8QXamkzkWigIbuGqCXRxhITeSSAZHaYhQmzs+vMrEo2/IE/Ymur/2BntLT1KxxgCwRvcpOTc+5NzjluyJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NBZEktEoCHsiGixXlTNCqZprTRigp9l1O6+7gcqzX76lULBA3ehjSto97gnmMYG2oTvbYyz/exnmGWjpAdmFUQC1O79As6xi2k83ZRXsyaBE4CchBMpVO9qfVDUjkU6EJx0o1HTvU7RhLzQino0wrUjTEZIB7tGmgwD5V7XiSZ4SODNNFXiDNCo0m7OxHjH2lhr5rLn2s+2peG5P/ag+YiZ7xQMWcA+2dt2MmwshIZGrAizgy6celoS6TlGg+NAATyUwGRPpYYqJNtRlTjjNfxSKonRSd02LpupQrXyQ1peEADiEPDpxBGa6gAlUg8AQv8Apv1rP1bn1Yn9PTlJX87MOfsb5/AfEZpCI=</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="Ud1AlyrTrtMtFja0zNuOnRDjrDQ=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6U67xVLbtmdg6wSLyMlyFDrFb+7/YglIUrDBNW647mx8VOqDGcCp4VuojGmbEyH2LFU0hC1n86DTsmZVfpkECk70pC5+vsipaHWkzCwmyE1I73szcR/vUfK5dBmQLmUwAyu/ZTLOLEWWwQYJIKYiMzaIH2ukBkxsYQyxe0PhI2ooszYzgq2HG+5ilXSvCh7l+VKvVKq3mQ15eEETuEcPLiCKtxBDRrAAOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH/sqXLQ==</latexit>

i

Edge Tester 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="SbWmx/HTsDF6jNAHzA/SUGZBE/A=">AAACLnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkaIui25cVrAXaGKZTCft0MkkzkzUEvoUvohbt/oOggtxKz6FkzaL2npghp//OwfO+b2IUaks68PILS2vrK7l1wsbm1vbO+buXlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAy5a17IiQN+Y0aRcQNUJ9Tn2KktNU1j/2S4z3eJvqn0FEhtMrjMnQYuYMzJAW2Bl2zaFWsScFFYWeiCLKqd80fpxfiOCBcYYak7NhWpNwECUUxI+OCE0sSITxEfdLRkqOASDeZnDWGR9rpQT8U+nEFJ+7sRIICKUeBpzsDpAZynqXmv+wBUd7XOxA+t4Hyz92E8ijWCE8X8GMG9fVpdrBHBcGKjbRAWFB9A8QDJBBWOuGCDseej2JRNE8q9mmlel0t1i6ymPLgAByCErDBGaiBK1AHDYDBE3gBr+DNeDbejU/ja9qaM7KZffCnjO9f8fCnQA==</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

!

A different definition leads to the Edge Tester.



Definition: a function                               is 

monotone iff


for any      and    . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y

<latexit sha1_base64="DE714TDQ1OqfKvczSdkWWKb53r8=">AAACJ3icbVC7TgJBFL2LL8QXamkzkWigIbuGqCXRxhITeSSAZHaYhQmzs+vMrEo2/IE/Ymur/2BntLT1KxxgCwRvcpOTc+5NzjluyJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NBZEktEoCHsiGixXlTNCqZprTRigp9l1O6+7gcqzX76lULBA3ehjSto97gnmMYG2oTvbYyz/exnmGWjpAdmFUQC1O79As6xi2k83ZRXsyaBE4CchBMpVO9qfVDUjkU6EJx0o1HTvU7RhLzQino0wrUjTEZIB7tGmgwD5V7XiSZ4SODNNFXiDNCo0m7OxHjH2lhr5rLn2s+2peG5P/ag+YiZ7xQMWcA+2dt2MmwshIZGrAizgy6celoS6TlGg+NAATyUwGRPpYYqJNtRlTjjNfxSKonRSd02LpupQrXyQ1peEADiEPDpxBGa6gAlUg8AQv8Apv1rP1bn1Yn9PTlJX87MOfsb5/AfEZpCI=</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="Ud1AlyrTrtMtFja0zNuOnRDjrDQ=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6U67xVLbtmdg6wSLyMlyFDrFb+7/YglIUrDBNW647mx8VOqDGcCp4VuojGmbEyH2LFU0hC1n86DTsmZVfpkECk70pC5+vsipaHWkzCwmyE1I73szcR/vUfK5dBmQLmUwAyu/ZTLOLEWWwQYJIKYiMzaIH2ukBkxsYQyxe0PhI2ooszYzgq2HG+5ilXSvCh7l+VKvVKq3mQ15eEETuEcPLiCKtxBDRrAAOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH/sqXLQ==</latexit>

i

Edge Tester 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="SbWmx/HTsDF6jNAHzA/SUGZBE/A=">AAACLnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkaIui25cVrAXaGKZTCft0MkkzkzUEvoUvohbt/oOggtxKz6FkzaL2npghp//OwfO+b2IUaks68PILS2vrK7l1wsbm1vbO+buXlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAy5a17IiQN+Y0aRcQNUJ9Tn2KktNU1j/2S4z3eJvqn0FEhtMrjMnQYuYMzJAW2Bl2zaFWsScFFYWeiCLKqd80fpxfiOCBcYYak7NhWpNwECUUxI+OCE0sSITxEfdLRkqOASDeZnDWGR9rpQT8U+nEFJ+7sRIICKUeBpzsDpAZynqXmv+wBUd7XOxA+t4Hyz92E8ijWCE8X8GMG9fVpdrBHBcGKjbRAWFB9A8QDJBBWOuGCDseej2JRNE8q9mmlel0t1i6ymPLgAByCErDBGaiBK1AHDYDBE3gBr+DNeDbejU/ja9qaM7KZffCnjO9f8fCnQA==</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

!

A different definition leads to the Edge Tester.

Theorem [GGLRS’00]:                 suffice.
<latexit sha1_base64="FJPmRdpOUoXa8J0RvOgy9tylcLM=">AAACCHicbVDLTgIxFO3gC/GFunTTSExwgzOGqEuiG3diIg8DE9IpF2hoO5O2oyETfsCtW/0Hd8atf+Ev+BUWmIWCJ7nJyTn3JueeIOJMG9f9cjJLyyura9n13Mbm1vZOfnevrsNYUajRkIeqGRANnEmoGWY4NCMFRAQcGsHwauI3HkBpFso7M4rAF6QvWY9RYqx0f1OUJ22I9HEnX3BL7hR4kXgpKaAU1U7+u90NaSxAGsqJ1i3PjYyfEGUY5TDOtWMNEaFD0oeWpZII0H4yDTzGR1bp4l6o7EiDp+rvi4QIrUcisJuCmIGe9ybiv94jYbJvM4CcS2B6F37CZBRbi84C9GKOTYgnreAuU0ANH1lCqGL2B0wHRBFqbHc5W443X8UiqZ+WvLNS+bZcqFymNWXRATpEReShc1RB16iKaogigZ7RC3p1npw35935mK1mnPRmH/2B8/kDK12Z9Q==</latexit>

O(n/")



[GGLRS’00] Far from monotone functions have a lot of “edge” evidence.

Edge Tester 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="SbWmx/HTsDF6jNAHzA/SUGZBE/A=">AAACLnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkaIui25cVrAXaGKZTCft0MkkzkzUEvoUvohbt/oOggtxKz6FkzaL2npghp//OwfO+b2IUaks68PILS2vrK7l1wsbm1vbO+buXlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAy5a17IiQN+Y0aRcQNUJ9Tn2KktNU1j/2S4z3eJvqn0FEhtMrjMnQYuYMzJAW2Bl2zaFWsScFFYWeiCLKqd80fpxfiOCBcYYak7NhWpNwECUUxI+OCE0sSITxEfdLRkqOASDeZnDWGR9rpQT8U+nEFJ+7sRIICKUeBpzsDpAZynqXmv+wBUd7XOxA+t4Hyz92E8ijWCE8X8GMG9fVpdrBHBcGKjbRAWFB9A8QDJBBWOuGCDseej2JRNE8q9mmlel0t1i6ymPLgAByCErDBGaiBK1AHDYDBE3gBr+DNeDbejU/ja9qaM7KZffCnjO9f8fCnQA==</latexit>

f(x(i!0))  f(x(i!1))

Structural Theorem: 
If     is far from monotone, there is

a lot of structured evidence of 

non-monotonicity.

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f
<latexit sha1_base64="uqkoodTfgJXAktLXDdDXv9SBfeA=">AAACLHicbVDLSsNAFJ3UV62vqEs3g0VIEUpSi7oRim5cVmof0IYwmU7aoZNJmJmopfQj/BG3bvUf3Ii4deFXOG2z0NYLF8495x649/gxo1LZ9ruRWVpeWV3Lruc2Nre2d8zdvYaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/cHVRG/eESFpxG/VMCZuiHqcBhQjpSnPPO5ZDwV4AWueY9W8ku4Tq9ONlIQacisoFGZTQa95Zt4u2tOCi8BJQR6kVfXMb23GSUi4wgxJ2XbsWLkjJBTFjIxznUSSGOEB6pG2hhyFRLqj6VNjeKSZLgwioZsrOGV/O0YolHIY+nozRKov57UJ+a92jyjv6RsIn7tABefuiPI40RKeHRAkDKoITpKDXSoIVmyoAcKC6h8g7iOBsNL55nQ4znwUi6BRKjqnxfJNOV+5TGPKggNwCCzggDNQAdegCuoAg0fwDF7Aq/FkvBkfxudsNWOknn3wp4yvH8UEpPA=</latexit>

g(x) = S1(S2(S3(. . . (Sn(f)) . . . )(x)

Transformed function: 

is a monotone function, where changes from       came from

non-monotone edges.

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1
<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1



A different path for monotonicity testing  
[Chakrabarty, Seshadhri ’13, Chen, Tan, Servedio ’14, Khot, Minzer, Safra ’15]

Path Tester 

1. Sample                     .

2. Query and check

3. Output YES iff always pass check.

Structural Theorem: 
If     is far from monotone, there is


a lot of nicely structured evidence of 

non-monotonicity.

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f
<latexit sha1_base64="wkk37Vc3KaWkKqqJbw50VaFFgV0=">AAACFnicbVDLSsNAFJ3UV62vqLhyM1iEClISKeqyqAuXFewDmlAm00k7dGYSZiZqCP0Pt271H9yJW7f+gl/htM1CqwcuHM65F849Qcyo0o7zaRUWFpeWV4qrpbX1jc0te3unpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwupz47TsiFY3ErU5j4nM0EDSkGGkj9ey9ihc8HEMvSI+gpyiHHkbsqmeXnaozBfxL3JyUQY5Gz/7y+hFOOBEaM6RU13Vi7WdIaooZGZe8RJEY4REakK6hAnGi/GwafwwPjdKHYSTNCA2n6s+LDHGlUh6YTY70UM17E/Ff7x5RMTAZiJhLoMNzP6MiToyFZwHChEEdwUlHsE8lwZqlhiAsqfkB4iGSCGvTZMmU485X8Ze0TqruabV2UyvXL/KaimAfHIAKcMEZqINr0ABNgEEGnsAzeLEerVfrzXqfrRas/GYX/IL18Q3TUJ58</latexit>

(x,y) ⇠ D
<latexit sha1_base64="10fZ4mkURqKx7pk0XYgv+8Fnb+8=">AAACE3icbZC7TsMwGIWdcivlFsrIYlEhtUuVoAoYK1gYi0QvUhNVjuu0Vh0n2A40ivoYrKzwDmyIlQfgFXgKnDYDtPySpU/n/L90fLyIUaks68sorK1vbG4Vt0s7u3v7B+ZhuSPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3Kd+d0HIiQN+Z1KIuIGaMSpTzFSWhqYZb/qeNMadBi5hxkntYFZserWfOAq2DlUQD6tgfntDEMcB4QrzJCUfduKlJsioShmZFZyYkkihCdoRPoaOQqIdNN59hk81coQ+qHQjys4V39fpCiQMgk8vRkgNZbLXib+6z0iykc6A+FLCZR/6aaUR7G28CKAHzOoQpgVBIdUEKxYogFhQfUfIB4jgbDSNZZ0OfZyFavQOavb5/XGbaPSvMprKoJjcAKqwAYXoAluQAu0AQZT8AxewKvxZLwZ78bHYrVg5DdH4M8Ynz+twJ1Y</latexit>

f(x)  f(y)

Theorem [KMS’15]:                   suffice.
<latexit sha1_base64="WMP/gJD92/ZllgcEZqjHLMqI+oc=">AAACHXicbVC7SgNBFJ2NrxhfUUstBoMQm7gbgloGbeyMYB6QjWF2cpMMmZ1dZ2aVsGzjj9ja6j/Yia34C36Fk0ehiQcuHM65F849XsiZ0rb9ZaUWFpeWV9KrmbX1jc2t7PZOTQWRpFClAQ9kwyMKOBNQ1UxzaIQSiO9xqHuDi5FfvwepWCBu9DCElk96gnUZJdpI7ey+qxnvQHyV5F11J3UsEnyMXQjVbfGonc3ZBXsMPE+cKcmhKSrt7LfbCWjkg9CUE6Wajh3qVkykZpRDknEjBSGhA9KDpqGC+KBa8fiLBB8apYO7gTQjNB6rvy9i4is19D2z6RPdV7PeSPzXeyBM9EwGEDMJdPesFTMRRsaikwDdiGMd4FFVuMMkUM2HhhAqmfkB0z6RhGpTaMaU48xWMU9qxYJzUihdl3Ll82lNabSHDlAeOegUldElqqAqougRPaMX9Go9WW/Wu/UxWU1Z05td9AfW5w+8w6I4</latexit>

Õ(
p
n/"

2)

<latexit sha1_base64="UZ7Is0R+oM9mIv8Nx8XVdfiw/W0=">AAACAnicbVC7SgNBFL0TXzG+opY2g0GwCrsiahm0sYxoHpAsYXYyuxkyO7vMzKphSWdrq/9gJ7b+iL/gVzhJttDEAxcO59wL5x4/EVwbx/lChaXlldW14nppY3Nre6e8u9fUcaooa9BYxKrtE80El6xhuBGsnShGIl+wlj+8mvite6Y0j+WdGSXMi0goecApMVa67fqPvXLFqTpT4EXi5qQCOeq98ne3H9M0YtJQQbTuuE5ivIwow6lg41I31SwhdEhC1rFUkohpL5tGHeMjq/RxECs70uCp+vsiI5HWo8i3mxExAz3vTcR/vQfCZWgzMDmXwAQXXsZlklqLzgIEqcAmxpM+cJ8rRo0YWUKo4vYHTAdEEWpsayVbjjtfxSJpnlTds+rpzWmldpnXVIQDOIRjcOEcanANdWgAhRCe4QVe0RN6Q+/oY7ZaQPnNPvwB+vwBk+iYDg==</latexit>x

<latexit sha1_base64="QT2BM1YKWw9WMNTClyI74mm6W64=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjcuK9gFtKJPpJB06mYSZiRJCd27d6j+4E7f+iL/gVzhps9DWAxcO59wL5x4v5kxp2/6ySiura+sb5c3K1vbO7l51/6CjokQS2iYRj2TPw4pyJmhbM81pL5YUhx6nXW9ynfvdByoVi8S9TmPqhjgQzGcEayPdDbx0WK3ZdXsGtEycgtSgQGtY/R6MIpKEVGjCsVJ9x461m2GpGeF0WhkkisaYTHBA+4YKHFLlZrOoU3RilBHyI2lGaDRTf19kOFQqDT2zGWI9VoteLv7rPWImApOBioUE2r90MybixFhkHsBPONIRyvtAIyYp0Tw1BBPJzA+IjLHERJvWKqYcZ7GKZdI5qzvn9cZto9a8KmoqwxEcwyk4cAFNuIEWtIFAAM/wAq/Wk/VmvVsf89WSVdwcwh9Ynz+VhJgP</latexit>y

Additional properties: non-adaptive, one-sided.



Path Tester 

1. Sample                     .

2. Query and check

3. Output YES iff always pass check.

Structural Theorem: 
If     is far from monotone, there is


a lot of nicely structured evidence of 

non-monotonicity.

<latexit sha1_base64="enA2CsScYWithCmdehrGKaOKdic=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76U2GzM4uM7NKCLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BIrg2rvvl5NbWNza38tuFnd29/YPi4VFTx6li2GCxiFU7oBoFl9gw3AhsJwppFAhsBaPbmd96QKV5LO/NOEE/ogPJQ86osVI97BVLbtmdg6wSLyMlyFDrFb+7/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzIPOiVnVumTMFZ2pCFz9ffFhEZaj6PAbkbUDPWyNxP/9R4plwObAeVSAhNe+xMuk9RabBEgTAUxMZm1QfpcITNibAllitsfCBtSRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucP+faXKg==</latexit>

f
<latexit sha1_base64="wkk37Vc3KaWkKqqJbw50VaFFgV0=">AAACFnicbVDLSsNAFJ3UV62vqLhyM1iEClISKeqyqAuXFewDmlAm00k7dGYSZiZqCP0Pt271H9yJW7f+gl/htM1CqwcuHM65F849Qcyo0o7zaRUWFpeWV4qrpbX1jc0te3unpaJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwupz47TsiFY3ErU5j4nM0EDSkGGkj9ey9ihc8HEMvSI+gpyiHHkbsqmeXnaozBfxL3JyUQY5Gz/7y+hFOOBEaM6RU13Vi7WdIaooZGZe8RJEY4REakK6hAnGi/GwafwwPjdKHYSTNCA2n6s+LDHGlUh6YTY70UM17E/Ff7x5RMTAZiJhLoMNzP6MiToyFZwHChEEdwUlHsE8lwZqlhiAsqfkB4iGSCGvTZMmU485X8Ze0TqruabV2UyvXL/KaimAfHIAKcMEZqINr0ABNgEEGnsAzeLEerVfrzXqfrRas/GYX/IL18Q3TUJ58</latexit>

(x,y) ⇠ D
<latexit sha1_base64="10fZ4mkURqKx7pk0XYgv+8Fnb+8=">AAACE3icbZC7TsMwGIWdcivlFsrIYlEhtUuVoAoYK1gYi0QvUhNVjuu0Vh0n2A40ivoYrKzwDmyIlQfgFXgKnDYDtPySpU/n/L90fLyIUaks68sorK1vbG4Vt0s7u3v7B+ZhuSPDWGDSxiELRc9DkjDKSVtRxUgvEgQFHiNdb3Kd+d0HIiQN+Z1KIuIGaMSpTzFSWhqYZb/qeNMadBi5hxkntYFZserWfOAq2DlUQD6tgfntDEMcB4QrzJCUfduKlJsioShmZFZyYkkihCdoRPoaOQqIdNN59hk81coQ+qHQjys4V39fpCiQMgk8vRkgNZbLXib+6z0iykc6A+FLCZR/6aaUR7G28CKAHzOoQpgVBIdUEKxYogFhQfUfIB4jgbDSNZZ0OfZyFavQOavb5/XGbaPSvMprKoJjcAKqwAYXoAluQAu0AQZT8AxewKvxZLwZ78bHYrVg5DdH4M8Ynz+twJ1Y</latexit>

f(x)  f(y)

Theorem [KMS’15]:                   suffice.
<latexit sha1_base64="WMP/gJD92/ZllgcEZqjHLMqI+oc=">AAACHXicbVC7SgNBFJ2NrxhfUUstBoMQm7gbgloGbeyMYB6QjWF2cpMMmZ1dZ2aVsGzjj9ja6j/Yia34C36Fk0ehiQcuHM65F849XsiZ0rb9ZaUWFpeWV9KrmbX1jc2t7PZOTQWRpFClAQ9kwyMKOBNQ1UxzaIQSiO9xqHuDi5FfvwepWCBu9DCElk96gnUZJdpI7ey+qxnvQHyV5F11J3UsEnyMXQjVbfGonc3ZBXsMPE+cKcmhKSrt7LfbCWjkg9CUE6Wajh3qVkykZpRDknEjBSGhA9KDpqGC+KBa8fiLBB8apYO7gTQjNB6rvy9i4is19D2z6RPdV7PeSPzXeyBM9EwGEDMJdPesFTMRRsaikwDdiGMd4FFVuMMkUM2HhhAqmfkB0z6RhGpTaMaU48xWMU9qxYJzUihdl3Ll82lNabSHDlAeOegUldElqqAqougRPaMX9Go9WW/Wu/UxWU1Z05td9AfW5w+8w6I4</latexit>

Õ(
p
n/"

2)

<latexit sha1_base64="UZ7Is0R+oM9mIv8Nx8XVdfiw/W0=">AAACAnicbVC7SgNBFL0TXzG+opY2g0GwCrsiahm0sYxoHpAsYXYyuxkyO7vMzKphSWdrq/9gJ7b+iL/gVzhJttDEAxcO59wL5x4/EVwbx/lChaXlldW14nppY3Nre6e8u9fUcaooa9BYxKrtE80El6xhuBGsnShGIl+wlj+8mvite6Y0j+WdGSXMi0goecApMVa67fqPvXLFqTpT4EXi5qQCOeq98ne3H9M0YtJQQbTuuE5ivIwow6lg41I31SwhdEhC1rFUkohpL5tGHeMjq/RxECs70uCp+vsiI5HWo8i3mxExAz3vTcR/vQfCZWgzMDmXwAQXXsZlklqLzgIEqcAmxpM+cJ8rRo0YWUKo4vYHTAdEEWpsayVbjjtfxSJpnlTds+rpzWmldpnXVIQDOIRjcOEcanANdWgAhRCe4QVe0RN6Q+/oY7ZaQPnNPvwB+vwBk+iYDg==</latexit>x

<latexit sha1_base64="QT2BM1YKWw9WMNTClyI74mm6W64=">AAACAnicbVDLSsNAFL2pr1pfVZduBovgqiRS1GXRjcuK9gFtKJPpJB06mYSZiRJCd27d6j+4E7f+iL/gVzhps9DWAxcO59wL5x4v5kxp2/6ySiura+sb5c3K1vbO7l51/6CjokQS2iYRj2TPw4pyJmhbM81pL5YUhx6nXW9ynfvdByoVi8S9TmPqhjgQzGcEayPdDbx0WK3ZdXsGtEycgtSgQGtY/R6MIpKEVGjCsVJ9x461m2GpGeF0WhkkisaYTHBA+4YKHFLlZrOoU3RilBHyI2lGaDRTf19kOFQqDT2zGWI9VoteLv7rPWImApOBioUE2r90MybixFhkHsBPONIRyvtAIyYp0Tw1BBPJzA+IjLHERJvWKqYcZ7GKZdI5qzvn9cZto9a8KmoqwxEcwyk4cAFNuIEWtIFAAM/wAq/Wk/VmvVsf89WSVdwcwh9Ynz+VhJgP</latexit>y
Additional properties: non-adaptive, one-sided.

[Black, Chakrabarty, Seshadhri ’23] for hypergrids

[Chen-W-Xie ’18] query lower bounds

[Black, Kalemaj, Raskhodnikova ’23, Pinto ‘24] 

real-valued functions

A different path for monotonicity testing  
[Chakrabarty, Seshadhri ’13, Chen, Tan, Servedio ’14, Khot, Minzer, Safra ’15]



Definition: a function                               is 

a k-junta if there is a set               of size 

such that 


for some                          .

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="hmQOrxGvVXR/DxrwBkr9TrFNtkM=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOOsmQ2dl1ZlYJS37Bq1f9B2/i1X/wF/wKJ8keNLGgoajqhuoKYsG1cd0vJ7e0vLK6ll8vbGxube8Ud/fqOkoUwxqLRKSaAdUouMSa4UZgM1ZIw0BgIxheTfzGAyrNI3lnRjH6Ie1L3uOMGiv5t6Stk0CjIS3pd4olt+xOQRaJl5ESZKh2it/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6ehx+TIKl3Si5QdachU/X2R0lDrURjYzZCagZ73JuK/3iPlsm8zoJxLYHoXfsplnFiLzQL0EkFMRCbNkC5XyIwYWUKZ4vYHwgZUUWZsfwVbjjdfxSKpn5S9s/LpzWmpcpnVlIcDOIRj8OAcKnANVagBg3t4hhd4dZ6cN+fd+Zit5pzsZh/+wPn8AbEZm+c=</latexit>

S ⇢ [n]
<latexit sha1_base64="6kB7SvmUDqtSlXXT34k2tp/gYcY=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6X6uFcsuWV3DrJKvIyUIEOtV/zu9iOWhCgNE1TrjufGxk+pMpwJnBa6icaYsjEdYsdSSUPUfjoPOiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9R4pl0ObAeVSAjO49lMu48RabBFgkAhiIjJrg/S5QmbExBLKFLc/EDaiijJjOyvYcrzlKlZJ86LsXZYr9UqpepPVlIcTOIVz8OAKqnAHNWgAA4RneIFX58l5c96dj8VqzslujuEPnM8fAhGXLw==</latexit>

k

<latexit sha1_base64="9xBfMcoIrRe3NWRsFkuL172zldA=">AAACEHicbVDLSsNAFL3xWeujVZduBovQbkoiRd0IRTcuK9oHtCFMppN26GQSZibaEvoTbt3qP7gTt/6Bv+BXOH0stPXAhcM598K5x485U9q2v6yV1bX1jc3MVnZ7Z3cvl98/aKgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1xP/OYDlYpF4l6PYuqGuCdYwAjWRvLyuaA4LKFL1CsOvfRuXPLyBbtsT4GWiTMnBZij5uW/O92IJCEVmnCsVNuxY+2mWGpGOB1nO4miMSYD3KNtQwUOqXLTafAxOjFKFwWRNCM0mqq/L1IcKjUKfbMZYt1Xi95E/Nd7xEz0TAYqFhLo4MJNmYgTY5FZgCDhSEdo0g7qMkmJ5iNDMJHM/IBIH0tMtOkwa8pxFqtYJo3TsnNWrtxWCtWreU0ZOIJjKIID51CFG6hBHQgk8Awv8Go9WW/Wu/UxW12x5jeH8AfW5w88tJwH</latexit>

f(x) = g(xS)
<latexit sha1_base64="zdQok285xADBx7YixDiEbRG2miE=">AAACIHicbVC7TsMwFL3hWcqrwMiARYXEgKoEVcBYwcJYJPqQmlA5rpNadZzIdkBV1JEfYWWFf2BDjPAJfAVO2wFajmTp3HPute49fsKZ0rb9aS0sLi2vrBbWiusbm1vbpZ3dpopTSWiDxDyWbR8rypmgDc00p+1EUhz5nLb8wVXut+6pVCwWt3qYUC/CoWABI1gbqVs6CJGb/yKQm9knyHFHdwPk6nhcmqpbKtsVeww0T5wpKcMU9W7p2+3FJI2o0IRjpTqOnWgvw1Izwumo6KaKJpgMcEg7hgocUeVl40NG6MgoPRTE0jyh0Vj9PZHhSKlh5JvOCOu+mvVy8V/vATMRmh2omNlABxdexkSSGotMFghSjkwAeVqoxyQlmg8NwUQycwMifSwx0SbTognHmY1injRPK85ZpXpTLdcupzEVYB8O4RgcOIcaXEMdGkDgEZ7hBV6tJ+vNerc+Jq0L1nRmD/7A+voB3IyiIQ==</latexit>

g : {0, 1}k ! {0, 1}

Examples:                   is a 1-junta.
<latexit sha1_base64="r7yf2f83ftkjb/NzB8ymYqSNod0=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHhIZMhylMmE6bmalCGr7ArVv9B3fGrV/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG+neL45O0SUadVk3X7BL9gxomTgpKUCKWjf/3emFJA6o0IRjpdqOHWk3wVIzwukk14kVjTAZ4j5tGypwQJWbzBJP0IlResgPpRmh0Uz9fZHgQKlx4JnNAOuBWvSm4r/eI2aibzJQsZBA+xduwkQUG4vMA/gxRzpE01pQj0lKNB8bgolk5gdEBlhiok15OVOOs1jFMmmclZxKqXxbLlSv0pqycATHUAQHzqEKN1CDOhAQ8Awv8Go9WW/Wu/UxX81Y6c0h/IH1+QNjc5oK</latexit>

f(x) = xi

Is my function a junta? [Fischer, Kindler, Ron, Safra, Samorodnitsky ’03]



Is my function a junta? [Fischer, Kindler, Ron, Safra, Samorodnitsky ’03]

Definition: a function                               is 

a k-junta if there is a set               of size 

such that 


for some                          .

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="hmQOrxGvVXR/DxrwBkr9TrFNtkM=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOOsmQ2dl1ZlYJS37Bq1f9B2/i1X/wF/wKJ8keNLGgoajqhuoKYsG1cd0vJ7e0vLK6ll8vbGxube8Ud/fqOkoUwxqLRKSaAdUouMSa4UZgM1ZIw0BgIxheTfzGAyrNI3lnRjH6Ie1L3uOMGiv5t6Stk0CjIS3pd4olt+xOQRaJl5ESZKh2it/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6ehx+TIKl3Si5QdachU/X2R0lDrURjYzZCagZ73JuK/3iPlsm8zoJxLYHoXfsplnFiLzQL0EkFMRCbNkC5XyIwYWUKZ4vYHwgZUUWZsfwVbjjdfxSKpn5S9s/LpzWmpcpnVlIcDOIRj8OAcKnANVagBg3t4hhd4dZ6cN+fd+Zit5pzsZh/+wPn8AbEZm+c=</latexit>

S ⇢ [n]
<latexit sha1_base64="6kB7SvmUDqtSlXXT34k2tp/gYcY=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6X6uFcsuWV3DrJKvIyUIEOtV/zu9iOWhCgNE1TrjufGxk+pMpwJnBa6icaYsjEdYsdSSUPUfjoPOiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9R4pl0ObAeVSAjO49lMu48RabBFgkAhiIjJrg/S5QmbExBLKFLc/EDaiijJjOyvYcrzlKlZJ86LsXZYr9UqpepPVlIcTOIVz8OAKqnAHNWgAA4RneIFX58l5c96dj8VqzslujuEPnM8fAhGXLw==</latexit>

k

<latexit sha1_base64="9xBfMcoIrRe3NWRsFkuL172zldA=">AAACEHicbVDLSsNAFL3xWeujVZduBovQbkoiRd0IRTcuK9oHtCFMppN26GQSZibaEvoTbt3qP7gTt/6Bv+BXOH0stPXAhcM598K5x485U9q2v6yV1bX1jc3MVnZ7Z3cvl98/aKgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1xP/OYDlYpF4l6PYuqGuCdYwAjWRvLyuaA4LKFL1CsOvfRuXPLyBbtsT4GWiTMnBZij5uW/O92IJCEVmnCsVNuxY+2mWGpGOB1nO4miMSYD3KNtQwUOqXLTafAxOjFKFwWRNCM0mqq/L1IcKjUKfbMZYt1Xi95E/Nd7xEz0TAYqFhLo4MJNmYgTY5FZgCDhSEdo0g7qMkmJ5iNDMJHM/IBIH0tMtOkwa8pxFqtYJo3TsnNWrtxWCtWreU0ZOIJjKIID51CFG6hBHQgk8Awv8Go9WW/Wu/UxW12x5jeH8AfW5w88tJwH</latexit>

f(x) = g(xS)
<latexit sha1_base64="zdQok285xADBx7YixDiEbRG2miE=">AAACIHicbVC7TsMwFL3hWcqrwMiARYXEgKoEVcBYwcJYJPqQmlA5rpNadZzIdkBV1JEfYWWFf2BDjPAJfAVO2wFajmTp3HPute49fsKZ0rb9aS0sLi2vrBbWiusbm1vbpZ3dpopTSWiDxDyWbR8rypmgDc00p+1EUhz5nLb8wVXut+6pVCwWt3qYUC/CoWABI1gbqVs6CJGb/yKQm9knyHFHdwPk6nhcmqpbKtsVeww0T5wpKcMU9W7p2+3FJI2o0IRjpTqOnWgvw1Izwumo6KaKJpgMcEg7hgocUeVl40NG6MgoPRTE0jyh0Vj9PZHhSKlh5JvOCOu+mvVy8V/vATMRmh2omNlABxdexkSSGotMFghSjkwAeVqoxyQlmg8NwUQycwMifSwx0SbTognHmY1injRPK85ZpXpTLdcupzEVYB8O4RgcOIcaXEMdGkDgEZ7hBV6tJ+vNerc+Jq0L1nRmD/7A+voB3IyiIQ==</latexit>

g : {0, 1}k ! {0, 1}

Examples:                   is a 1-junta.

                  Majority is not a junta.

<latexit sha1_base64="r7yf2f83ftkjb/NzB8ymYqSNod0=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHhIZMhylMmE6bmalCGr7ArVv9B3fGrV/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG+neL45O0SUadVk3X7BL9gxomTgpKUCKWjf/3emFJA6o0IRjpdqOHWk3wVIzwukk14kVjTAZ4j5tGypwQJWbzBJP0IlResgPpRmh0Uz9fZHgQKlx4JnNAOuBWvSm4r/eI2aibzJQsZBA+xduwkQUG4vMA/gxRzpE01pQj0lKNB8bgolk5gdEBlhiok15OVOOs1jFMmmclZxKqXxbLlSv0pqycATHUAQHzqEKN1CDOhAQ8Awv8Go9WW/Wu/UxX81Y6c0h/IH1+QNjc5oK</latexit>

f(x) = xi



Is my function a junta? [Fischer, Kindler, Ron, Safra, Samorodnitsky ’03]

Definition: a function                               is 

a k-junta if there is a set               of size 

such that 


for some                          .

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="hmQOrxGvVXR/DxrwBkr9TrFNtkM=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOOsmQ2dl1ZlYJS37Bq1f9B2/i1X/wF/wKJ8keNLGgoajqhuoKYsG1cd0vJ7e0vLK6ll8vbGxube8Ud/fqOkoUwxqLRKSaAdUouMSa4UZgM1ZIw0BgIxheTfzGAyrNI3lnRjH6Ie1L3uOMGiv5t6Stk0CjIS3pd4olt+xOQRaJl5ESZKh2it/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6ehx+TIKl3Si5QdachU/X2R0lDrURjYzZCagZ73JuK/3iPlsm8zoJxLYHoXfsplnFiLzQL0EkFMRCbNkC5XyIwYWUKZ4vYHwgZUUWZsfwVbjjdfxSKpn5S9s/LpzWmpcpnVlIcDOIRj8OAcKnANVagBg3t4hhd4dZ6cN+fd+Zit5pzsZh/+wPn8AbEZm+c=</latexit>

S ⇢ [n]
<latexit sha1_base64="6kB7SvmUDqtSlXXT34k2tp/gYcY=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6X6uFcsuWV3DrJKvIyUIEOtV/zu9iOWhCgNE1TrjufGxk+pMpwJnBa6icaYsjEdYsdSSUPUfjoPOiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9R4pl0ObAeVSAjO49lMu48RabBFgkAhiIjJrg/S5QmbExBLKFLc/EDaiijJjOyvYcrzlKlZJ86LsXZYr9UqpepPVlIcTOIVz8OAKqnAHNWgAA4RneIFX58l5c96dj8VqzslujuEPnM8fAhGXLw==</latexit>

k

<latexit sha1_base64="9xBfMcoIrRe3NWRsFkuL172zldA=">AAACEHicbVDLSsNAFL3xWeujVZduBovQbkoiRd0IRTcuK9oHtCFMppN26GQSZibaEvoTbt3qP7gTt/6Bv+BXOH0stPXAhcM598K5x485U9q2v6yV1bX1jc3MVnZ7Z3cvl98/aKgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1xP/OYDlYpF4l6PYuqGuCdYwAjWRvLyuaA4LKFL1CsOvfRuXPLyBbtsT4GWiTMnBZij5uW/O92IJCEVmnCsVNuxY+2mWGpGOB1nO4miMSYD3KNtQwUOqXLTafAxOjFKFwWRNCM0mqq/L1IcKjUKfbMZYt1Xi95E/Nd7xEz0TAYqFhLo4MJNmYgTY5FZgCDhSEdo0g7qMkmJ5iNDMJHM/IBIH0tMtOkwa8pxFqtYJo3TsnNWrtxWCtWreU0ZOIJjKIID51CFG6hBHQgk8Awv8Go9WW/Wu/UxW12x5jeH8AfW5w88tJwH</latexit>

f(x) = g(xS)
<latexit sha1_base64="zdQok285xADBx7YixDiEbRG2miE=">AAACIHicbVC7TsMwFL3hWcqrwMiARYXEgKoEVcBYwcJYJPqQmlA5rpNadZzIdkBV1JEfYWWFf2BDjPAJfAVO2wFajmTp3HPute49fsKZ0rb9aS0sLi2vrBbWiusbm1vbpZ3dpopTSWiDxDyWbR8rypmgDc00p+1EUhz5nLb8wVXut+6pVCwWt3qYUC/CoWABI1gbqVs6CJGb/yKQm9knyHFHdwPk6nhcmqpbKtsVeww0T5wpKcMU9W7p2+3FJI2o0IRjpTqOnWgvw1Izwumo6KaKJpgMcEg7hgocUeVl40NG6MgoPRTE0jyh0Vj9PZHhSKlh5JvOCOu+mvVy8V/vATMRmh2omNlABxdexkSSGotMFghSjkwAeVqoxyQlmg8NwUQycwMifSwx0SbTognHmY1injRPK85ZpXpTLdcupzEVYB8O4RgcOIcaXEMdGkDgEZ7hBV6tJ+vNerc+Jq0L1nRmD/7A+voB3IyiIQ==</latexit>

g : {0, 1}k ! {0, 1}

Examples:                   is a 1-junta.

                  Majority is not a junta.

<latexit sha1_base64="r7yf2f83ftkjb/NzB8ymYqSNod0=">AAACCXicbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHhIZMhylMmE6bmalCGr7ArVv9B3fGrV/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG+neL45O0SUadVk3X7BL9gxomTgpKUCKWjf/3emFJA6o0IRjpdqOHWk3wVIzwukk14kVjTAZ4j5tGypwQJWbzBJP0IlResgPpRmh0Uz9fZHgQKlx4JnNAOuBWvSm4r/eI2aibzJQsZBA+xduwkQUG4vMA/gxRzpE01pQj0lKNB8bgolk5gdEBlhiok15OVOOs1jFMmmclZxKqXxbLlSv0pqycATHUAQHzqEKN1CDOhAQ8Awv8Go9WW/Wu/UxX81Y6c0h/IH1+QNjc5oK</latexit>

f(x) = xi

By learning variables: 


Theorem [Blais ‘10]: 

<latexit sha1_base64="C9STE/Fil4PHaK4IQX0CSc38y7s=">AAACHnicbVDLSsNAFJ3UV62vqEsRBotQEWoiRV0W3bizgn1AE8pkOkmHTCZhZqKU0JU/4tat/oM7cau/4Fc4bbPQ1gMXDufcC+ceL2FUKsv6MgoLi0vLK8XV0tr6xuaWub3TknEqMGnimMWi4yFJGOWkqahipJMIgiKPkbYXXo399j0Rksb8Tg0T4kYo4NSnGCkt9cz9m0oIHRYHkMNjmNMQnkCHJPKoZ5atqjUBnCd2TsogR6Nnfjv9GKcR4QozJGXXthLlZkgoihkZlZxUkgThEAWkqylHEZFuNnljBA+10od+LPRwBSfq74sMRVIOI09vRkgN5Kw3Fv/1HhDlgc5A+EwC5V+4GeVJqi08DeCnDKoYjruCfSoIVmyoCcKC6h8gHiCBsNKNlnQ59mwV86R1WrXPqrXbWrl+mddUBHvgAFSADc5BHVyDBmgCDB7BM3gBr8aT8Wa8Gx/T1YKR3+yCPzA+fwAUuqCW</latexit>

O(k log n+ k log k/")
<latexit sha1_base64="7I+sU39KtPk0FLZY5r6LgneUPgo=">AAACFHicbVDLSsNAFJ3UV62vaJduBotQEWoiRV0W3bizgn1AE8pkOkmHTCZhZqKE0N9w61b/wZ24de8v+BVO2yy0euDC4Zx74dzjJYxKZVmfRmlpeWV1rbxe2djc2t4xd/e6Mk4FJh0cs1j0PSQJo5x0FFWM9BNBUOQx0vPCq6nfuydC0pjfqSwhboQCTn2KkdLS0Kze1EOHxQEM4TEMTxySyKOhWbMa1gzwL7ELUgMF2kPzyxnFOI0IV5ghKQe2lSg3R0JRzMik4qSSJAiHKCADTTmKiHTzWfgJPNTKCPqx0MMVnKk/L3IUSZlFnt6MkBrLRW8q/us9IMoDnYHwhQTKv3BzypNUW3gewE8ZVDGcNgRHVBCsWKYJwoLqHyAeI4Gw0j1WdDn2YhV/Sfe0YZ81mrfNWuuyqKkM9sEBqAMbnIMWuAZt0AEYZOAJPIMX49F4Nd6M9/lqyShuquAXjI9vES6dhg==</latexit>

O(k log k + k/")



Is my function almost a junta? (Tolerant testing)

Definition: a function                               is 

a k-junta if there is a set               of size 

such that 


for some                          .

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="hmQOrxGvVXR/DxrwBkr9TrFNtkM=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOOsmQ2dl1ZlYJS37Bq1f9B2/i1X/wF/wKJ8keNLGgoajqhuoKYsG1cd0vJ7e0vLK6ll8vbGxube8Ud/fqOkoUwxqLRKSaAdUouMSa4UZgM1ZIw0BgIxheTfzGAyrNI3lnRjH6Ie1L3uOMGiv5t6Stk0CjIS3pd4olt+xOQRaJl5ESZKh2it/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6ehx+TIKl3Si5QdachU/X2R0lDrURjYzZCagZ73JuK/3iPlsm8zoJxLYHoXfsplnFiLzQL0EkFMRCbNkC5XyIwYWUKZ4vYHwgZUUWZsfwVbjjdfxSKpn5S9s/LpzWmpcpnVlIcDOIRj8OAcKnANVagBg3t4hhd4dZ6cN+fd+Zit5pzsZh/+wPn8AbEZm+c=</latexit>

S ⇢ [n]
<latexit sha1_base64="6kB7SvmUDqtSlXXT34k2tp/gYcY=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6X6uFcsuWV3DrJKvIyUIEOtV/zu9iOWhCgNE1TrjufGxk+pMpwJnBa6icaYsjEdYsdSSUPUfjoPOiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9R4pl0ObAeVSAjO49lMu48RabBFgkAhiIjJrg/S5QmbExBLKFLc/EDaiijJjOyvYcrzlKlZJ86LsXZYr9UqpepPVlIcTOIVz8OAKqnAHNWgAA4RneIFX58l5c96dj8VqzslujuEPnM8fAhGXLw==</latexit>

k

<latexit sha1_base64="9xBfMcoIrRe3NWRsFkuL172zldA=">AAACEHicbVDLSsNAFL3xWeujVZduBovQbkoiRd0IRTcuK9oHtCFMppN26GQSZibaEvoTbt3qP7gTt/6Bv+BXOH0stPXAhcM598K5x485U9q2v6yV1bX1jc3MVnZ7Z3cvl98/aKgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1xP/OYDlYpF4l6PYuqGuCdYwAjWRvLyuaA4LKFL1CsOvfRuXPLyBbtsT4GWiTMnBZij5uW/O92IJCEVmnCsVNuxY+2mWGpGOB1nO4miMSYD3KNtQwUOqXLTafAxOjFKFwWRNCM0mqq/L1IcKjUKfbMZYt1Xi95E/Nd7xEz0TAYqFhLo4MJNmYgTY5FZgCDhSEdo0g7qMkmJ5iNDMJHM/IBIH0tMtOkwa8pxFqtYJo3TsnNWrtxWCtWreU0ZOIJjKIID51CFG6hBHQgk8Awv8Go9WW/Wu/UxW12x5jeH8AfW5w88tJwH</latexit>

f(x) = g(xS)
<latexit sha1_base64="zdQok285xADBx7YixDiEbRG2miE=">AAACIHicbVC7TsMwFL3hWcqrwMiARYXEgKoEVcBYwcJYJPqQmlA5rpNadZzIdkBV1JEfYWWFf2BDjPAJfAVO2wFajmTp3HPute49fsKZ0rb9aS0sLi2vrBbWiusbm1vbpZ3dpopTSWiDxDyWbR8rypmgDc00p+1EUhz5nLb8wVXut+6pVCwWt3qYUC/CoWABI1gbqVs6CJGb/yKQm9knyHFHdwPk6nhcmqpbKtsVeww0T5wpKcMU9W7p2+3FJI2o0IRjpTqOnWgvw1Izwumo6KaKJpgMcEg7hgocUeVl40NG6MgoPRTE0jyh0Vj9PZHhSKlh5JvOCOu+mvVy8V/vATMRmh2omNlABxdexkSSGotMFghSjkwAeVqoxyQlmg8NwUQycwMifSwx0SbTognHmY1injRPK85ZpXpTLdcupzEVYB8O4RgcOIcaXEMdGkDgEZ7hBV6tJ+vNerc+Jq0L1nRmD/7A+voB3IyiIQ==</latexit>

g : {0, 1}k ! {0, 1}

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P <latexit sha1_base64="2QFDNeYEPGXSp3pWv/NjtT1xpA4=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZjZmeXmVklhJy9etV/8CZe/Q5/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+H11G8+oNI8lndmlKAf0b7kIWfUWKnRwUR3WbdYcsvuDGSZeBkpQYZat/jd6cUsjVAaJqjWbc9NjD+mynAmcFLopBoTyoa0j21LJY1Q++NZ2gk5sUqPhLGyIw2Zqb8vxjTSehQFdjOiZqAXvan4r/dIuezbDCgXEpjw0h9zmaTWYvMAYSqIicm0EtLjCpkRI0soU9z+QNiAKsqMLa5gy/EWq1gmjbOyd16u3FZK1auspjwcwTGcggcXUIUbqEEdGNzDM7zAq/PkvDnvzsd8NedkN4fwB87nD/EnmVw=</latexit>"c

<latexit sha1_base64="rk8pOOu9OZBcVLSoV/+o1A7Rak4=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZjZmeXmVklhJy9etV/8CZe/Q5/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+H11G8+oNI8lndmlKAf0b7kIWfUWKnRwUR3w26x5JbdGcgy8TJSggy1bvG704tZGqE0TFCt256bGH9MleFM4KTQSTUmlA1pH9uWShqh9seztBNyYpUeCWNlRxoyU39fjGmk9SgK7GZEzUAvelPxX++Rctm3GVAuJDDhpT/mMkmtxeYBwlQQE5NpJaTHFTIjRpZQprj9gbABVZQZW1zBluMtVrFMGmdl77xcua2UqldZTXk4gmM4BQ8uoAo3UIM6MLiHZ3iBV+fJeXPenY/5as7Jbg7hD5zPH/X7mV8=</latexit>"f

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f output YES w.p 2/3


output NO w.p 2/3
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃



Is my function almost a junta? (Tolerant testing)

Definition: a function                               is 

a k-junta if there is a set               of size 

such that 


for some                          .

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="hmQOrxGvVXR/DxrwBkr9TrFNtkM=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOOsmQ2dl1ZlYJS37Bq1f9B2/i1X/wF/wKJ8keNLGgoajqhuoKYsG1cd0vJ7e0vLK6ll8vbGxube8Ud/fqOkoUwxqLRKSaAdUouMSa4UZgM1ZIw0BgIxheTfzGAyrNI3lnRjH6Ie1L3uOMGiv5t6Stk0CjIS3pd4olt+xOQRaJl5ESZKh2it/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6ehx+TIKl3Si5QdachU/X2R0lDrURjYzZCagZ73JuK/3iPlsm8zoJxLYHoXfsplnFiLzQL0EkFMRCbNkC5XyIwYWUKZ4vYHwgZUUWZsfwVbjjdfxSKpn5S9s/LpzWmpcpnVlIcDOIRj8OAcKnANVagBg3t4hhd4dZ6cN+fd+Zit5pzsZh/+wPn8AbEZm+c=</latexit>

S ⇢ [n]
<latexit sha1_base64="6kB7SvmUDqtSlXXT34k2tp/gYcY=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6X6uFcsuWV3DrJKvIyUIEOtV/zu9iOWhCgNE1TrjufGxk+pMpwJnBa6icaYsjEdYsdSSUPUfjoPOiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9R4pl0ObAeVSAjO49lMu48RabBFgkAhiIjJrg/S5QmbExBLKFLc/EDaiijJjOyvYcrzlKlZJ86LsXZYr9UqpepPVlIcTOIVz8OAKqnAHNWgAA4RneIFX58l5c96dj8VqzslujuEPnM8fAhGXLw==</latexit>

k

<latexit sha1_base64="9xBfMcoIrRe3NWRsFkuL172zldA=">AAACEHicbVDLSsNAFL3xWeujVZduBovQbkoiRd0IRTcuK9oHtCFMppN26GQSZibaEvoTbt3qP7gTt/6Bv+BXOH0stPXAhcM598K5x485U9q2v6yV1bX1jc3MVnZ7Z3cvl98/aKgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1xP/OYDlYpF4l6PYuqGuCdYwAjWRvLyuaA4LKFL1CsOvfRuXPLyBbtsT4GWiTMnBZij5uW/O92IJCEVmnCsVNuxY+2mWGpGOB1nO4miMSYD3KNtQwUOqXLTafAxOjFKFwWRNCM0mqq/L1IcKjUKfbMZYt1Xi95E/Nd7xEz0TAYqFhLo4MJNmYgTY5FZgCDhSEdo0g7qMkmJ5iNDMJHM/IBIH0tMtOkwa8pxFqtYJo3TsnNWrtxWCtWreU0ZOIJjKIID51CFG6hBHQgk8Awv8Go9WW/Wu/UxW12x5jeH8AfW5w88tJwH</latexit>

f(x) = g(xS)
<latexit sha1_base64="zdQok285xADBx7YixDiEbRG2miE=">AAACIHicbVC7TsMwFL3hWcqrwMiARYXEgKoEVcBYwcJYJPqQmlA5rpNadZzIdkBV1JEfYWWFf2BDjPAJfAVO2wFajmTp3HPute49fsKZ0rb9aS0sLi2vrBbWiusbm1vbpZ3dpopTSWiDxDyWbR8rypmgDc00p+1EUhz5nLb8wVXut+6pVCwWt3qYUC/CoWABI1gbqVs6CJGb/yKQm9knyHFHdwPk6nhcmqpbKtsVeww0T5wpKcMU9W7p2+3FJI2o0IRjpTqOnWgvw1Izwumo6KaKJpgMcEg7hgocUeVl40NG6MgoPRTE0jyh0Vj9PZHhSKlh5JvOCOu+mvVy8V/vATMRmh2omNlABxdexkSSGotMFghSjkwAeVqoxyQlmg8NwUQycwMifSwx0SbTognHmY1injRPK85ZpXpTLdcupzEVYB8O4RgcOIcaXEMdGkDgEZ7hBV6tJ+vNerc+Jq0L1nRmD/7A+voB3IyiIQ==</latexit>

g : {0, 1}k ! {0, 1}

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P <latexit sha1_base64="2QFDNeYEPGXSp3pWv/NjtT1xpA4=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZjZmeXmVklhJy9etV/8CZe/Q5/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+H11G8+oNI8lndmlKAf0b7kIWfUWKnRwUR3WbdYcsvuDGSZeBkpQYZat/jd6cUsjVAaJqjWbc9NjD+mynAmcFLopBoTyoa0j21LJY1Q++NZ2gk5sUqPhLGyIw2Zqb8vxjTSehQFdjOiZqAXvan4r/dIuezbDCgXEpjw0h9zmaTWYvMAYSqIicm0EtLjCpkRI0soU9z+QNiAKsqMLa5gy/EWq1gmjbOyd16u3FZK1auspjwcwTGcggcXUIUbqEEdGNzDM7zAq/PkvDnvzsd8NedkN4fwB87nD/EnmVw=</latexit>"c

<latexit sha1_base64="rk8pOOu9OZBcVLSoV/+o1A7Rak4=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5id9CZjZmeXmVklhJy9etV/8CZe/Q5/wa9wkuxBEwsaiqpuqK4gEVwb1/1yciura+sb+c3C1vbO7l5x/6Ch41QxrLNYxKoVUI2CS6wbbgS2EoU0CgQ2g+H11G8+oNI8lndmlKAf0b7kIWfUWKnRwUR3w26x5JbdGcgy8TJSggy1bvG704tZGqE0TFCt256bGH9MleFM4KTQSTUmlA1pH9uWShqh9seztBNyYpUeCWNlRxoyU39fjGmk9SgK7GZEzUAvelPxX++Rctm3GVAuJDDhpT/mMkmtxeYBwlQQE5NpJaTHFTIjRpZQprj9gbABVZQZW1zBluMtVrFMGmdl77xcua2UqldZTXk4gmM4BQ8uoAo3UIM6MLiHZ3iBV+fJeXPenY/5as7Jbg7hD5zPH/X7mV8=</latexit>"f

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f output YES w.p 2/3


output NO w.p 2/3
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

[Blais, Canonne, Eden, Levi, Ron ’19]

[De, Mossel, Neeman ’19]

[Iyer, Tal, Whitmeyer ’21] 
[Nadimpalli, Patel ’24] 

<latexit sha1_base64="HX868Ugc28KHiu45VdeWyQTvw3s="></latexit>

2Õ(
p

k log(1/("f�"c)))

near-optimal for non-adaptive algorithms.



Is my function a junta, w.r.t this distribution? (Distribution-free)

Definition: a function                               is 

a k-junta if there is a set               of size 

such that 


for some                          .

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}
<latexit sha1_base64="hmQOrxGvVXR/DxrwBkr9TrFNtkM=">AAACDHicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48RzQOSJcxOOsmQ2dl1ZlYJS37Bq1f9B2/i1X/wF/wKJ8keNLGgoajqhuoKYsG1cd0vJ7e0vLK6ll8vbGxube8Ud/fqOkoUwxqLRKSaAdUouMSa4UZgM1ZIw0BgIxheTfzGAyrNI3lnRjH6Ie1L3uOMGiv5t6Stk0CjIS3pd4olt+xOQRaJl5ESZKh2it/tbsSSEKVhgmrd8tzY+ClVhjOB40I70RhTNqR9bFkqaYjaT6ehx+TIKl3Si5QdachU/X2R0lDrURjYzZCagZ73JuK/3iPlsm8zoJxLYHoXfsplnFiLzQL0EkFMRCbNkC5XyIwYWUKZ4vYHwgZUUWZsfwVbjjdfxSKpn5S9s/LpzWmpcpnVlIcDOIRj8OAcKnANVagBg3t4hhd4dZ6cN+fd+Zit5pzsZh/+wPn8AbEZm+c=</latexit>

S ⇢ [n]
<latexit sha1_base64="6kB7SvmUDqtSlXXT34k2tp/gYcY=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6X6uFcsuWV3DrJKvIyUIEOtV/zu9iOWhCgNE1TrjufGxk+pMpwJnBa6icaYsjEdYsdSSUPUfjoPOiVnVumTQaTsSEPm6u+LlIZaT8LAbobUjPSyNxP/9R4pl0ObAeVSAjO49lMu48RabBFgkAhiIjJrg/S5QmbExBLKFLc/EDaiijJjOyvYcrzlKlZJ86LsXZYr9UqpepPVlIcTOIVz8OAKqnAHNWgAA4RneIFX58l5c96dj8VqzslujuEPnM8fAhGXLw==</latexit>

k

<latexit sha1_base64="9xBfMcoIrRe3NWRsFkuL172zldA=">AAACEHicbVDLSsNAFL3xWeujVZduBovQbkoiRd0IRTcuK9oHtCFMppN26GQSZibaEvoTbt3qP7gTt/6Bv+BXOH0stPXAhcM598K5x485U9q2v6yV1bX1jc3MVnZ7Z3cvl98/aKgokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH1xP/OYDlYpF4l6PYuqGuCdYwAjWRvLyuaA4LKFL1CsOvfRuXPLyBbtsT4GWiTMnBZij5uW/O92IJCEVmnCsVNuxY+2mWGpGOB1nO4miMSYD3KNtQwUOqXLTafAxOjFKFwWRNCM0mqq/L1IcKjUKfbMZYt1Xi95E/Nd7xEz0TAYqFhLo4MJNmYgTY5FZgCDhSEdo0g7qMkmJ5iNDMJHM/IBIH0tMtOkwa8pxFqtYJo3TsnNWrtxWCtWreU0ZOIJjKIID51CFG6hBHQgk8Awv8Go9WW/Wu/UxW12x5jeH8AfW5w88tJwH</latexit>

f(x) = g(xS)
<latexit sha1_base64="zdQok285xADBx7YixDiEbRG2miE=">AAACIHicbVC7TsMwFL3hWcqrwMiARYXEgKoEVcBYwcJYJPqQmlA5rpNadZzIdkBV1JEfYWWFf2BDjPAJfAVO2wFajmTp3HPute49fsKZ0rb9aS0sLi2vrBbWiusbm1vbpZ3dpopTSWiDxDyWbR8rypmgDc00p+1EUhz5nLb8wVXut+6pVCwWt3qYUC/CoWABI1gbqVs6CJGb/yKQm9knyHFHdwPk6nhcmqpbKtsVeww0T5wpKcMU9W7p2+3FJI2o0IRjpTqOnWgvw1Izwumo6KaKJpgMcEg7hgocUeVl40NG6MgoPRTE0jyh0Vj9PZHhSKlh5JvOCOu+mvVy8V/vATMRmh2omNlABxdexkSSGotMFghSjkwAeVqoxyQlmg8NwUQycwMifSwx0SbTognHmY1injRPK85ZpXpTLdcupzEVYB8O4RgcOIcaXEMdGkDgEZ7hBV6tJ+vNerc+Jq0L1nRmD/7A+voB3IyiIQ==</latexit>

g : {0, 1}k ! {0, 1}

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f output YES w.p 2/3


output NO w.p 2/3
<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="gODZk7vf3hcTEZl9/wyZ+0xYV5o=">AAAB8nicbVDLSsNAFL2pr1pfVZduBovgqiQi6rLoxmUF+4A2lMl00g6dTMLMjVBCP8ONC0Xc+jXu/BsnbRbaemDgcM69zLknSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu9zvPHFtRKwecZpwP6IjJULBKFqp148ojhmVWXM2qNbcujsHWSVeQWpQoDmofvWHMUsjrpBJakzPcxP0M6pRMMlnlX5qeELZhI54z1JFI278bB55Rs6sMiRhrO1TSObq742MRsZMo8BO5hHNspeL/3m9FMMbPxMqSZErtvgoTCXBmOT3k6HQnKGcWkKZFjYrYWOqKUPbUsWW4C2fvEraF3Xvqn75cFlr3BZ1lOEETuEcPLiGBtxDE1rAIIZneIU3B50X5935WIyWnGLnGP7A+fwBigeRbw==</latexit>P
<latexit sha1_base64="pxCsljL5+1ZnkmpQIdJjuiELoIU=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6WGiuYhlv1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7vlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jwZcIXMiIkllClubyVsRBVlxkZUsiF4yy+vktZF1bus1u5rlfpNHkcRTuAUzsGDK6jDHTSgCQwEPMMrvDmPzovz7nwsWgtOPnMMf+B8/gBPv5Ap</latexit>✏

<latexit sha1_base64="mXTTqJLVGzQHkYptyoikscqKUlE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtgvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPzd+M8w==</latexit>

f

<latexit sha1_base64="R9T0lHOm8hsjWTHhbr6Pt5M3e9w=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkqMeiF48V7Ie0oWy2k3bpbhJ2J0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFBE0UaCETqKBqUBCOxjfzvz2E2gj4ugBJwn4ig0jEQrO0EqPPRRyAFk47ZcrbtWdg64SLycVkqPRL3/1BjFPFUTIJTOm67kJ+hnTKLiEaamXGkgYH7MhdC2NmALjZ/ODp/TMKgMaxtpWhHSu/p7ImDJmogLbqRiOzLI3E//zuimG134moiRFiPhiUZhKijGdfU8HQgNHObGEcS3srZSPmGYcbUYlG4K3/PIqaV1Uvctq7b5Wqd/kcRTJCTkl58QjV6RO7kiDNAknijyTV/LmaOfFeXc+Fq0FJ585Jn/gfP4AKvGQqQ==</latexit>

f̃

<latexit sha1_base64="D1xFUZLe5MKG42nXub8rrNaAYiw="></latexit>

d(f, g) = Pr
x⇠D

[f(x) 6= g(x)]

[Chen, Liu, Servedio, Sheng, Xie ’18]

[Bshouty ’19]

<latexit sha1_base64="PLeBSHG/zjP+tjaSpDH7j+P4qCA=">AAACEnicbVDLSsNAFJ34rPWV6tJNsAh1UxMp6rLoxp0V7AOaUCaTm3boZBJmJpYS+hdu3eo/uBO3/oC/4Fc4bbPQ1gMXDufcC+ceP2FUKtv+MlZW19Y3Ngtbxe2d3b19s3TQknEqCDRJzGLR8bEERjk0FVUMOokAHPkM2v7wZuq3H0FIGvMHNU7Ai3Cf05ASrLTUM0uuoiyA7G5SGZ65kMjTnlm2q/YM1jJxclJGORo989sNYpJGwBVhWMquYyfKy7BQlDCYFN1UQoLJEPehqynHEUgvm0WfWCdaCawwFnq4smbq74sMR1KOI19vRlgN5KI3Ff/1Rpjyvs4AfCGBCq+8jPIk1RaZBwhTZqnYmvZjBVQAUWysCSaC6h8sMsACE6VbLOpynMUqlknrvOpcVGv3tXL9Oq+pgI7QMaogB12iOrpFDdREBI3QM3pBr8aT8Wa8Gx/z1RUjvzlEf2B8/gBsTZ3Z</latexit>

Õ(k/")



Thanks

Reference: “Introduction to Property Testing” by Goldreich ‘17 
                  “Algorithmic and Analysis Techniques in Property Testing” by Ron ‘10



Definition: a function                               is 

monotone iff


for any      and    . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y

<latexit sha1_base64="DE714TDQ1OqfKvczSdkWWKb53r8=">AAACJ3icbVC7TgJBFL2LL8QXamkzkWigIbuGqCXRxhITeSSAZHaYhQmzs+vMrEo2/IE/Ymur/2BntLT1KxxgCwRvcpOTc+5NzjluyJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NBZEktEoCHsiGixXlTNCqZprTRigp9l1O6+7gcqzX76lULBA3ehjSto97gnmMYG2oTvbYyz/exnmGWjpAdmFUQC1O79As6xi2k83ZRXsyaBE4CchBMpVO9qfVDUjkU6EJx0o1HTvU7RhLzQino0wrUjTEZIB7tGmgwD5V7XiSZ4SODNNFXiDNCo0m7OxHjH2lhr5rLn2s+2peG5P/ag+YiZ7xQMWcA+2dt2MmwshIZGrAizgy6celoS6TlGg+NAATyUwGRPpYYqJNtRlTjjNfxSKonRSd02LpupQrXyQ1peEADiEPDpxBGa6gAlUg8AQv8Apv1rP1bn1Yn9PTlJX87MOfsb5/AfEZpCI=</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="Ud1AlyrTrtMtFja0zNuOnRDjrDQ=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6U67xVLbtmdg6wSLyMlyFDrFb+7/YglIUrDBNW647mx8VOqDGcCp4VuojGmbEyH2LFU0hC1n86DTsmZVfpkECk70pC5+vsipaHWkzCwmyE1I73szcR/vUfK5dBmQLmUwAyu/ZTLOLEWWwQYJIKYiMzaIH2ukBkxsYQyxe0PhI2ooszYzgq2HG+5ilXSvCh7l+VKvVKq3mQ15eEETuEcPLiCKtxBDRrAAOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH/sqXLQ==</latexit>

i

Edge Tester 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="SbWmx/HTsDF6jNAHzA/SUGZBE/A=">AAACLnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkaIui25cVrAXaGKZTCft0MkkzkzUEvoUvohbt/oOggtxKz6FkzaL2npghp//OwfO+b2IUaks68PILS2vrK7l1wsbm1vbO+buXlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAy5a17IiQN+Y0aRcQNUJ9Tn2KktNU1j/2S4z3eJvqn0FEhtMrjMnQYuYMzJAW2Bl2zaFWsScFFYWeiCLKqd80fpxfiOCBcYYak7NhWpNwECUUxI+OCE0sSITxEfdLRkqOASDeZnDWGR9rpQT8U+nEFJ+7sRIICKUeBpzsDpAZynqXmv+wBUd7XOxA+t4Hyz92E8ijWCE8X8GMG9fVpdrBHBcGKjbRAWFB9A8QDJBBWOuGCDseej2JRNE8q9mmlel0t1i6ymPLgAByCErDBGaiBK1AHDYDBE3gBr+DNeDbejU/ja9qaM7KZffCnjO9f8fCnQA==</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

“Hard” Instance: 
<latexit sha1_base64="AOZNbjCNnynrc9Dx9X4enmVeL9c=">AAACC3icbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHAg2ZDlMYmU6bmalCGj7BrVv9B3fGrR/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG6njF0en6BKNusn9pJsv2CV7BrRMnJQUIEWtm//u9EISB1RowrFSbceOtJtgqRnhdJLrxIpGmAxxn7YNFTigyk1mmSfoxCg95IfSjNBopv6+SHCg1DjwzGaA9UAtelPxX+8RM9E3GahYSKD9CzdhIoqNReYB/JgjHaJpMajHJCWajw3BRDLzAyIDLDHRpr6cKcdZrGKZNM5KTqVUvi0XqldpTVk4gmMoggPnUIUbqEEdCETwDC/waj1Zb9a79TFfzVjpzSH8gfX5A0TRmxc=</latexit>

f(x) = xj
<latexit sha1_base64="BfZTGDFew9NsPPNSRXXMxfoB3i0=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTNS1GXRjTsr2Ie0Q8mkd6ahSWZIMkop/QG3bvUf3Ilb/8Jf8CtM21lo64ELh3PuhXNPkHCmjet+OUvLK6tr67mN/ObW9s5uYW+/oeNUUajTmMeqFRANnEmoG2Y4tBIFRAQcmsHgauI3H0BpFss7M0zAFySSLGSUGCvdd24ERKQkT7qFolt2p8CLxMtIEWWodQvfnV5MUwHSUE60bntuYvwRUYZRDuN8J9WQEDogEbQtlUSA9kfTwGN8bJUeDmNlRxo8VX9fjIjQeigCuymI6et5byL+6z0SJiObAeRcAhNe+CMmk9RadBYgTDk2MZ60gntMATV8aAmhitkfMO0TRaix3eVtOd58FYukcVr2zsqV20qxepnVlEOH6AiVkIfOURVdoxqqI4oEekYv6NV5ct6cd+djtrrkZDcH6A+czx9lvZoY</latexit>

⌦(n)Need            queries

A different definition leads to the Edge Tester.



Is my function monotone? [Goldreich, Goldwasser, Lehman, Ron, Samorodnitsky ’00]

Definition: a function                               is 

monotone iff


for any      and    . 

<latexit sha1_base64="35anW/E3ptptiV4V/AmWs7juqP0=">AAACH3icbVDLSgMxFL1TX7W+qi4FCRbBhZQZKeqy6MZlBfuAzlgyaaYNzWSGJKOUoTt/xK1b/Qd34ra/4FeYaSto64HAyTn3Xu49fsyZ0rY9tnJLyyura/n1wsbm1vZOcXevoaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cJ35zQcqFYvEnR7G1AtxT7CAEayN1CkeBsjNpgjkpvap447uDdPRz69TLNllewK0SJwZKcEMtU7xy+1GJAmp0IRjpdqOHWsvxVIzwumo4CaKxpgMcI+2DRU4pMpLJ3eM0LFRuiiIpHlCo4n6uyPFoVLD0DeVIdZ9Ne9l4r/eI2aiZ3agYm4DHVx6KRNxYiwyXSBIODIBZGGhLpOUaD40BBPJzA2I9LHERJtICyYcZz6KRdI4Kzvn5cptpVS9msWUhwM4ghNw4AKqcAM1qAOBJ3iBV3iznq1368P6nJbmrFnPPvyBNf4GgIWh+Q==</latexit>

f : {0, 1}n ! {0, 1}

<latexit sha1_base64="UWQZmez9ESRWmCEfmr0ZkIu+CJU=">AAACCnicbVDNSgMxGPy2/tX6V/XoJVgET2VXRD0WvXisYH+gXUo2zbah2WRNsuqy9A28etV38CZefQlfwacwbfegrQOBYWY+mEwQc6aN6345haXlldW14nppY3Nre6e8u9fUMlGENojkUrUDrClngjYMM5y2Y0VxFHDaCkZXE791T5VmUtyaNKZ+hAeChYxgY6XOI+raOKF3KO2VK27VnQItEi8nFchR75W/u31JkogKQzjWuuO5sfEzrAwjnI5L3UTTGJMRHtCOpQJHVPvZtPIYHVmlj0Kp7BMGTdXfFxmOtE6jwCYjbIZ63puI/3oPmImB7UDFXAMTXvgZE3FiLTIrECYcGYkmu6A+szsYnlqCiWL2D4gMscLE2PVKdhxvfopF0jypemfV05vTSu0yn6kIB3AIx+DBOdTgGurQAAISnuEFXp0n5815dz5m0YKT3+zDHzifP2GGmzU=</latexit>

x � y

<latexit sha1_base64="DE714TDQ1OqfKvczSdkWWKb53r8=">AAACJ3icbVC7TgJBFL2LL8QXamkzkWigIbuGqCXRxhITeSSAZHaYhQmzs+vMrEo2/IE/Ymur/2BntLT1KxxgCwRvcpOTc+5NzjluyJnStv1lpZaWV1bX0uuZjc2t7Z3s7l5NBZEktEoCHsiGixXlTNCqZprTRigp9l1O6+7gcqzX76lULBA3ehjSto97gnmMYG2oTvbYyz/exnmGWjpAdmFUQC1O79As6xi2k83ZRXsyaBE4CchBMpVO9qfVDUjkU6EJx0o1HTvU7RhLzQino0wrUjTEZIB7tGmgwD5V7XiSZ4SODNNFXiDNCo0m7OxHjH2lhr5rLn2s+2peG5P/ag+YiZ7xQMWcA+2dt2MmwshIZGrAizgy6celoS6TlGg+NAATyUwGRPpYYqJNtRlTjjNfxSKonRSd02LpupQrXyQ1peEADiEPDpxBGa6gAlUg8AQv8Apv1rP1bn1Yn9PTlJX87MOfsb5/AfEZpCI=</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="Ud1AlyrTrtMtFja0zNuOnRDjrDQ=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6U67xVLbtmdg6wSLyMlyFDrFb+7/YglIUrDBNW647mx8VOqDGcCp4VuojGmbEyH2LFU0hC1n86DTsmZVfpkECk70pC5+vsipaHWkzCwmyE1I73szcR/vUfK5dBmQLmUwAyu/ZTLOLEWWwQYJIKYiMzaIH2ukBkxsYQyxe0PhI2ooszYzgq2HG+5ilXSvCh7l+VKvVKq3mQ15eEETuEcPLiCKtxBDRrAAOEZXuDVeXLenHfnY7Gac7KbY/gD5/MH/sqXLQ==</latexit>

i

Edge Tester 

1. Sample 

2. Query and check

3. Output YES iff always pass check.

<latexit sha1_base64="FVvV0DE89Eq49Fmri1XyhAmi80E=">AAACIXicbVDLSsNAFL2pr1pfUZduBovgopREirosunFZwT6giWUynbZDJ5MwM1FL6NYfcetW/8GduBP/wK9w2mahrQcuHM65F849QcyZ0o7zaeWWlldW1/LrhY3Nre0de3evoaJEElonEY9kK8CKciZoXTPNaSuWFIcBp81geDnxm3dUKhaJGz2KqR/ivmA9RrA2UsdGXvCAPMVC5KVOyfXGt6JkNDbT2sLv2EWn7EyBFombkSJkqHXsb68bkSSkQhOOlWq7Tqz9FEvNCKfjgpcoGmMyxH3aNlTgkCo/nX4yRkdG6aJeJM0Ijabq74sUh0qNwsBshlgP1Lw3Ef/17jETfZOBirkEunfup0zEibHILEAv4UhHaFIX6jJJieYjQzCRzPyAyABLTLQptWDKceerWCSNk7J7Wq5cV4rVi6ymPBzAIRyDC2dQhSuoQR0IPMIzvMCr9WS9We/Wx2w1Z2U3+/AH1tcPE7uizQ==</latexit>

x ⇠ {0, 1}n, i ⇠ [n]
<latexit sha1_base64="SbWmx/HTsDF6jNAHzA/SUGZBE/A=">AAACLnicbZDLSsNAFIYn9VbrLerSzWAR2oUlkaIui25cVrAXaGKZTCft0MkkzkzUEvoUvohbt/oOggtxKz6FkzaL2npghp//OwfO+b2IUaks68PILS2vrK7l1wsbm1vbO+buXlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAy5a17IiQN+Y0aRcQNUJ9Tn2KktNU1j/2S4z3eJvqn0FEhtMrjMnQYuYMzJAW2Bl2zaFWsScFFYWeiCLKqd80fpxfiOCBcYYak7NhWpNwECUUxI+OCE0sSITxEfdLRkqOASDeZnDWGR9rpQT8U+nEFJ+7sRIICKUeBpzsDpAZynqXmv+wBUd7XOxA+t4Hyz92E8ijWCE8X8GMG9fVpdrBHBcGKjbRAWFB9A8QDJBBWOuGCDseej2JRNE8q9mmlel0t1i6ymPLgAByCErDBGaiBK1AHDYDBE3gBr+DNeDbejU/ja9qaM7KZffCnjO9f8fCnQA==</latexit>

f(x(i!0))  f(x(i!1))

<latexit sha1_base64="sU0+3ndXEtjzS/hq6xW7igSwLL8=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W62yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPow6W9A==</latexit>

0

<latexit sha1_base64="8iNRCL5uVwN3GabZGPvgHQb848c=">AAACAHicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4TMA9IljA76SRDZmeXmVklLLl49ar/4E28+if+gl/hJNmDJhY0FFXdUF1BLLg2rvvl5NbWNza38tuFnd29/YPi4VFTR4li2GCRiFQ7oBoFl9gw3AhsxwppGAhsBePbmd96QKV5JO/NJEY/pEPJB5xRY6W61yuW3LI7B1klXkZKkKHWK353+xFLQpSGCap1x3Nj46dUGc4ETgvdRGNM2ZgOsWOppCFqP50HnZIzq/TJIFJ2pCFz9fdFSkOtJ2FgN0NqRnrZm4n/eo+Uy6HNgHIpgRlc+ymXcWIttggwSAQxEZm1QfpcITNiYgllitsfCBtRRZmxnRVsOd5yFaukeVH2LsuVeqVUvclqysMJnMI5eHAFVbiDGjSAAcIzvMCr8+S8Oe/Ox2I152Q3x/AHzucPpKqW9Q==</latexit>

1

“Hard” Instance: 
<latexit sha1_base64="AOZNbjCNnynrc9Dx9X4enmVeL9c=">AAACC3icbVDLTsJAFL3FF+ILdelmIjHBDWkNQTcmRDcuMZFHAg2ZDlMYmU6bmalCGj7BrVv9B3fGrR/hL/gVDtCFgie5yck59ybnHi/iTGnb/rIyK6tr6xvZzdzW9s7uXn7/oKHCWBJaJyEPZcvDinImaF0zzWkrkhQHHqdNb3g99ZsPVCoWijs9jqgb4L5gPiNYG6njF0en6BKNusn9pJsv2CV7BrRMnJQUIEWtm//u9EISB1RowrFSbceOtJtgqRnhdJLrxIpGmAxxn7YNFTigyk1mmSfoxCg95IfSjNBopv6+SHCg1DjwzGaA9UAtelPxX+8RM9E3GahYSKD9CzdhIoqNReYB/JgjHaJpMajHJCWajw3BRDLzAyIDLDHRpr6cKcdZrGKZNM5KTqVUvi0XqldpTVk4gmMoggPnUIUbqEEdCETwDC/waj1Zb9a79TFfzVjpzSH8gfX5A0TRmxc=</latexit>

f(x) = xj
<latexit sha1_base64="BfZTGDFew9NsPPNSRXXMxfoB3i0=">AAACCHicbVDLSgMxFM34rPVVdekmWIS6KTNS1GXRjTsr2Ie0Q8mkd6ahSWZIMkop/QG3bvUf3Ilb/8Jf8CtM21lo64ELh3PuhXNPkHCmjet+OUvLK6tr67mN/ObW9s5uYW+/oeNUUajTmMeqFRANnEmoG2Y4tBIFRAQcmsHgauI3H0BpFss7M0zAFySSLGSUGCvdd24ERKQkT7qFolt2p8CLxMtIEWWodQvfnV5MUwHSUE60bntuYvwRUYZRDuN8J9WQEDogEbQtlUSA9kfTwGN8bJUeDmNlRxo8VX9fjIjQeigCuymI6et5byL+6z0SJiObAeRcAhNe+CMmk9RadBYgTDk2MZ60gntMATV8aAmhitkfMO0TRaix3eVtOd58FYukcVr2zsqV20qxepnVlEOH6AiVkIfOURVdoxqqI4oEekYv6NV5ct6cd+djtrrkZDcH6A+czx9lvZoY</latexit>

⌦(n)Need            queries

Theorem [GGLRS’00]:                 suffice.
<latexit sha1_base64="FJPmRdpOUoXa8J0RvOgy9tylcLM=">AAACCHicbVDLTgIxFO3gC/GFunTTSExwgzOGqEuiG3diIg8DE9IpF2hoO5O2oyETfsCtW/0Hd8atf+Ev+BUWmIWCJ7nJyTn3JueeIOJMG9f9cjJLyyura9n13Mbm1vZOfnevrsNYUajRkIeqGRANnEmoGWY4NCMFRAQcGsHwauI3HkBpFso7M4rAF6QvWY9RYqx0f1OUJ22I9HEnX3BL7hR4kXgpKaAU1U7+u90NaSxAGsqJ1i3PjYyfEGUY5TDOtWMNEaFD0oeWpZII0H4yDTzGR1bp4l6o7EiDp+rvi4QIrUcisJuCmIGe9ybiv94jYbJvM4CcS2B6F37CZBRbi84C9GKOTYgnreAuU0ANH1lCqGL2B0wHRBFqbHc5W443X8UiqZ+WvLNS+bZcqFymNWXRATpEReShc1RB16iKaogigZ7RC3p1npw35935mK1mnPRmH/2B8/kDK12Z9Q==</latexit>

O(n/")


