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This is a quantity which generalizes entanglement 
entropy in setups with post-selections.
So it is different from pseudo entanglement 
in talks tomorrow
[Aaronson-Bouland-Fefferman-Ghosh-Vazirani-
Zhang-Zhou 2022,..]

Some comment in the light of 
[Bouland-Fefferman-Vazirani 2019,..] 
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Analogy between BH and Qubits
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① Introduction：Entanglement and Holography



Divide a quantum system into two subsystems A and B:

Define the reduced density matrix by

The entanglement entropy            is defined by

(von-Neumann entropy)

.   BAtot HHH =

Entanglement entropy (EE)

BA =B AA
Continuum 
Limit ε→0ε

Quantum Many-body Systems Quantum Field Theories (QFTs)

B



A B

Entangled in a very 
complicated way

A B
LOCC 

N Bell pairs
Distillation

( ۧ|Ψ 𝐴𝐵ۦΨ|)⊗𝑀

⊗𝑀

( ۧ|Ψ 𝐴𝐵ۦΨ|)⊗𝑀 ⇒ ۧ(|Bell Bell|)⊗𝑁ۦ

𝑆𝐴 = lim
𝑀→∞

𝑁

𝑀
Well-known fact in QI:

𝜌𝐴 ≡ Tr𝐵[ ۧ|Ψ 𝐴𝐵ۦΨ|]
[Bennett-Bernstein-Popescu-Schumacher 95,  Nielsen 98]

Entanglement Entropy (EE) from operational viewpoint



Gravity

Gravity on M      ＝   Quantum Matter on ∂M

=

M
atte

r

[’t Hooft 1993, Susskind 1994]

Holography
Boundary of M

BH entropy(∝Area)= Thermal Entropy of Matter (∝Volume)

Gravitational Holography

Degrees of freedom   
in Gravity

BH Entropy 
Formula ∝ Area



AdS/CFT

Classical limit Large N + Strong coupling 

(Quantum) Gravity 
on D+1 dim.  AdS 

(anti de-Sitter space)

Conformal Field Theory (CFT)  
on D dim. Minkowski spacetime

General relativity 
with Λ＜0

Strongly interacting 
Quantum Many-body system

AdS/CFT Correspondence [Maldacena 97]

=
Gapless quantum system

The most well-established holography:

Boundary
Bulk AdS



[Ver. 1]  Holographic EE  for Static Spacetimes
[Ryu-TT 06]

is the minimal area surface 
(codim.=2)  on the time slice 
such that            

            homologous

𝜕𝐴 = 𝜕Γ𝐴 and 𝐴~Γ𝐴 .
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For static asymptotically AdS spacetimes:

Holographic Entanglement Entropy



General Behavior of HEE(=d+1 dim. CFT EE)
[Ryu-TT 06,…]

divergence

 law Area

Agrees with conformal anomaly 

(central charge) in even dim. CFT
A universal quantity (F) which 
characterizes odd dim. CFT.

A



Holographic Proof of Strong Subadditivity

     BABCBCAB SSSS ++

A
B
C

=
A
B
C


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     CABCAB SSSS ++

A

B

C
=

A

B
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
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[Headrick-TT 07]

Algebraic properties in Quantum Information 
⇔ Geometric properties in Gravity

)   :(Note BAAB 



[Ver. 2]  Covariant Holographic Entanglement Entropy
[Hubeny-Rangamani-TT 07]

A generic  Lorentzian asymptotic AdS spacetime is dual to 
a time dependent state |Ψ(t)〉 in the dual CFT.

The entanglement entropy gets time-dependent: 

This is computed by the holographic formula: 

𝜌𝐴 𝑡 = Tr𝐵[| ۧΨ(𝑡) Ψۦ 𝑡 |] 𝑆𝐴 𝑡 .

𝑆𝐴 𝑡 = MinΓ𝐴
ExtΓ𝐴

𝐴(Γ𝐴)

4𝐺𝑁
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HEE➤ One qubit of entanglement for each Planck length area !  

B

A

A

Planck length

Spacetime may emerge from entangled Qubits !
 ➔ Tensor Network (TN) realizes this idea !

② Emergent Space from Entanglement and Complexity 

𝑺𝑨 =
𝐀𝐫𝐞𝐚(Γ𝑨)

𝟒𝒍𝒑𝒍
𝑫−𝟏

∼1065 qubits per 1cm2 !

Bell pair

= Planck scale 
mini Universe

A B



Tensor Network (TN)

TN = Graphical description of quantum states

Quantum State = Network of quantum entanglement

[DMRG: White 92,.. CTM: Nishino-Okunishi 96, 
PEPS: Verstraete-Cirac 04, ….]

[Ex.1] MERA TN

 ➔ Describe CFT vacuum

[Vidal 2005] [Ex.2] HaPPY model

SA = Minimal Cross Section of TN

[Patawski-Yoshida-Harlow-Preskill 2015]

ΓA

Geometric Structure of Qubits = AdS 

Em
ergen

t Sp
ace

[Swingle 2009,…]

➔ Use quantum error 
correcting code

[Ex.3] Random TN model
[Hayden-Nezami-Qi-Thomas
-Walter-Yang 2016]



[Ex.4 Path-integral Optimization]
E
uc

lid
ea

n 
ti
m

e

Space x

Optimize

A time slice of AdS emerges

[Caputa-Kundu-Miyaji-Watanabe-TT 2017]

We change 
cut off scale 
locally.

• For AdS/CFT we need continuum theory as TN
• Time slice of AdS must be Euclidean (non-unitary) 

Minimize the computational cost of (discretized) path-integral.

0
0

0
0

0
0

0
0

0
0

Non-unitary TN

≈

＝ ＝

Basic Principle

Non-unitary 
gates !

Feynman
Path-integral !

[Boruch-Caputa-Ge-TT 2021]

lim
T→∞

𝑒−𝑇∙𝐻 ۧ|ψ = ۧ|ψ0
ground state



Path-integral           Optimization

  Object

（energy source）

Upshot：Minimizing computational costs leads to gravity

M

Energetic source (=information source)

distorts the spacetime

➔ The essence of general relativity !

We need 
fine-graining

Comment
Emergent space in AdS/CFT seems to be related to non-unitary gates.
➔ Relevant complexity class might be like PostBQP.
                 [Thanks to Tomoyuki Morimae and Ryu Hayakawa for suggestions]

𝑒−𝑖𝑡𝐻 𝑒−𝛽𝐻



Question: Ver 3.  Holographic Entropy Formula ?

Minimal areas in Euclidean time dependent 
asymptotically AdS spaces 

=  What kind of QI quantity (Entropy ?) in CFT ?

The answer is Pseudo Entropy ! 

③ Pseudo Entropy



(3-1) Definition of Pseudo (Renyi) Entropy

Consider two quantum states        and         , and define

the transition matrix:

We decompose the Hilbert space as

and introduce the reduced transition matrix:

ۧ|𝜓 ۧ|𝜑

𝜏
𝜓|𝜑

=
ۧ|𝜓 |𝜑ۦ

|𝜑ۦ ۧ𝜓
.

𝜏𝐴
𝜓|𝜑

= Tr𝐵 𝜏
𝜓|𝜑

.   BAtot HHH =

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

=
1

1 − 𝑛
logTr 𝜏𝐴

𝜓|𝜑 𝑛
.

𝑆 𝜏𝐴
𝜓|𝜑

= −Tr 𝜏𝐴
𝜓|𝜑

log𝜏𝐴
𝜓|𝜑

.Pseudo Entropy

Renyi Pseudo Entropy



(3-2) Basic Properties of Pseudo Entropy (PE)

• In general,            is not Hermitian. Thus PE is complex valued.

• If either        or        has no entanglement (i.e. direct product 
state) , then

• We can show

• We can show

• If                    , then                             = Renyi entropy.

ۧ|𝜓 ۧ|𝜑

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 0.

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 𝑆(𝑛) 𝜏𝐴
𝜑|𝜓 †

.

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑

= 𝑆(𝑛) 𝜏𝐵
𝜓|𝜑

.

𝑆(𝑛) 𝜏𝐴
𝜓|𝜑ۧ|𝜓 = ۧ|𝜑

→“SA=SB”

𝜏𝐴
𝜓|𝜑



Comment: In quantum theory, transition matrices arise when we 
consider post-selection.

This quantity is called weak value and is complex valued in general.                     

Thus, pseudo entropy =weak value of “modular operator”:                                         

|𝜑ۦ ۧ𝑂𝐴|𝜓
|𝜑ۦ ۧ𝜓

= T𝑟[𝑂𝐴𝜏𝐴
𝜓|𝜑

]

Initial StateFinal state 
after post-selection

[Aharanov-Albert-Vaidman 1988,…]

𝑆 𝜏𝐴
𝜓|𝜑

=
|𝜑ۦ ۧ𝐻𝐴|𝜓

|𝜑ۦ ۧ𝜓
. 𝐻𝐴=-logτ𝐴

= Area Operator



(3-3) Holographic Pseudo Entropy (Ver.3 formula)

𝑆 𝜏𝐴
𝜓|𝜑

= MinΓ𝐴

𝐴(Γ𝐴)
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Holographic Pseudo Entropy (HPE) Formula

Basic Propertie

𝑖 If 𝜌𝐴 𝑖𝑠 𝑝𝑢𝑟𝑒, 𝑆 𝜏𝐴
𝜓|𝜑

=0.

𝑖𝑖 If 𝜓 𝑜𝑟 𝜑 𝑖𝑠 𝑛𝑜𝑡 𝑒𝑛𝑡𝑎𝑛𝑔𝑙𝑒𝑑,

𝑆 𝜏𝐴
𝜓|𝜑

=0.

→This follows from AdS/BCFT [TT 2011]

𝑖𝑖𝑖 𝑆 𝜏𝐴
𝜓|𝜑

= 𝑆 𝜏𝐵
𝜓|𝜑

. “SA=SB”



ۧ|𝜓 = cos𝜃1 ۧ|00 + sin𝜃1 ۧ|11 , ۧ|𝜑 = cos𝜃2 ۧ|00 + sin𝜃2 ۧ|11

𝑆 𝜏𝐴
𝜓|𝜑

= −
cos𝜃1cos𝜃2

cos(𝜃1−𝜃2)
∙ log

cos𝜃1cos𝜃2

cos(𝜃1−𝜃2)
−

sin𝜃1sin𝜃2

sin(𝜃1−𝜃2)
∙ log

sin𝜃1sin𝜃2

sin(𝜃1−𝜃2)

(3-4)  Pseudo Entropy as Entanglement Distillation

In the special case where we can diagonalize        and            
at the same time, PE has a nice interpretation:

ۧ|𝜓 ۧ|𝜑

In this case, we can show

𝜑 σ𝑘 Bell𝑘 Bell𝑘 𝜓

𝜑 𝜓
= 𝑝𝑘

𝑆 𝜏𝐴
𝜓|𝜑

≈ ෍

𝑘

𝑝𝑘 ⋅  #of Bell Pairs in Bellk

 ≈ #of Bell Pairs in intermediate states



(3-5) SVD entropy

𝑆𝑆𝑉𝐷 𝜏𝐴
𝜓|𝜑

= −Tr |𝜏𝐴
𝜓|𝜑

∙ log 𝜏𝐴
𝜓|𝜑

| .

here,  |𝜏𝐴
𝜓|𝜑

| ≡ 𝜏𝐴
†𝜓|𝜑

𝜏𝐴
𝜓|𝜑

[Parzygnat-Taki-Wei-TT 2023]

• This is always non-negative and is bounded by  log dim HA.  

• From quantum information theoretic viewpoint, this is the 
number of Bell pairs distilled from the intermediate state:

Motivation:  Improve PE so that (i) it become real and non-negative 
and (ii) it has a better LOCC interpretation. 

SVD entropy

𝜏𝐴
𝜓|𝜑

=U・Λ・V,
𝜙 V† σ𝑘 EPR𝑘 EPR𝑘  U† 𝜓

𝜙 V†U† 𝜓
= 𝑝𝑘 , ෍

𝑘

𝑝𝑘 = 1

kEPRin  Pairs Bell of# k kSVD pS



④ Pseudo Entropy and Quantum Phase Transitions
[Mollabashi-Shiba-Tamaoka-Wei-TT 20, 21]

(4-1) Basic Properties of Pseudo entropy in QFTs

[1]  Area law

[2]  The difference

is negative if       and       are in a same phase.

∆𝑺 = 𝐑𝐞 𝑺 𝝉𝑨
𝟏|𝟐

− 𝑺 𝝆𝑨
𝟏 + 𝑺 𝝆𝑨

𝟐 /2

 terms),subleading(
A)Area(

~
1

+

−dAS



PE in a 2 dim. free scalar
when we change its mass.

ۧ|𝜓1 ۧ|𝜓2

What happen if they belong to different phases ?
Can ΔS be positive ?



(4-2) Quantum Ising Chain with a transverse magnetic field

Ψ1→ vacuum of H(J1)
Ψ2→ vacuum of H(J2)

(We always set h=1)

J1=1/2 J1=1 J1=2

J<1   Paramagnetic Phase
J>1 Ferromagnetic Phase

We find
when Ψ1 and Ψ2 are in different phases !

∆𝑺 = 𝑺 𝝉𝑨
𝟏|𝟐

+ 𝑺 𝝉𝑨
𝟏|𝟐

− 𝑺 𝝆𝑨
𝟏 − 𝑺 𝝆𝑨

𝟐 > 𝟎
J2 J2 J2

N=16, NA=8



Heuristic Interpretation

Two gapped phases are 
separated by a gapless phase.

CFT !

Ψ1

Ψ2

A

PE is enhanced ! ∆𝑺 > 𝟎
AdS Dual of 
Gapless Interface

ΓA

The gapless interface (edge state) also occurs in topological orders.
➔Topological pseudo entropy [Nishioka-Taki-TT 2021].



⑤ Pseudo Entropy and Entanglement Phase Transition
[Kanda-Sato-Suzuki-Wei-TT 2023]

Entanglement Phase Transition 
(Measurement Induced Phase Transition)

[Skinner-Ruhman-Nahum, Li-Chen-Fisher 2018]

Time 
t

End-of-the-world brane

AdS
geometry

Holographic 
Model ?

Unitary

Projection

z

Euclidean 
time

Non-unitary 
dynamics

[Kanda-Kawamoto-Suzuki-Wei-TT 2023]



Double Wick Rotation and Time Evolution

Δφ=Δφ*

Δφ>Δφ*

(a) BTZ phase (b) Poincare 
AdS phase

(c) Thermal AdS
phase

HitHit

e)B(φΔφ)B(φeρ(t)








−−








+−

+= 4

00

4



Q Qt
c

SA 




26 .log
3

t
c

SA  const.AS

|B>=Boundary state ～ Direct product state

𝚪𝐀 𝚪𝐀 𝚪𝐀

τ=it

A= a half space

Imaginary valued scalar field 
on EOW brane ➔ Disscipation



⑥ Conclusions

Pseudo entropy (PE) is a generalization of  entanglement entropy.

       PE depends on both the initial and final state.

       PE is in general complex valued.

   PE for diagonalizable states measures the amount 
of quantum entanglement in the intermediate states.

   In AdS/CFT, PE is equal to the minimal surface area.
 Emergence of space from PE

     PE can detect the difference of quantum phases. 
   New quantum order parameter



Future directions

• Quantum information meaning of the complex values of PE ?

Gravity formula suggests that if EE is useful in QI,  so does PE…

We might think “pseudo pseudo entanglement”.

• Implications to quantum gravity including de Sitter spaces  ?

Imaginary part of PE= Emergent time in holography ?
[Doi-Harper-Mollabashi-Taki-TT.  PRL 130(2023)031601]

:



Thank you very much ！
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