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Input:  

• Specify two sets of vectors: 
  

• “High-dimensional regime:”         

“Non-Locality” of Geometric Problems makes them difficult. 

<latexit sha1_base64="wq3OrWBiXKOEe1f8VUewvmdqv8M=">AAACDHicbVDLSgMxFM34rPVVdekmWIR2U2akqMuiG3dWsA/ojCWT3rahmWRMMkIZ+gFu/BU3LhRx6we4829MHwttPRByOOdcknvCmDNtXPfbWVpeWV1bz2xkN7e2d3Zze/t1LRNFoUYll6oZEg2cCagZZjg0YwUkCjk0wsHl2G88gNJMilszjCGISE+wLqPEWKmdy/vXEfRIweeyh0UR+xzucWd6ibtUFrziyKbckjsBXiTejOTRDNV27svvSJpEIAzlROuW58YmSIkyjHIYZf1EQ0zogPSgZakgEeggnSwzwsdW6eCuVPYIgyfq74mURFoPo9AmI2L6et4bi/95rcR0z4OUiTgxIOj0oW7CsZF43AzuMAXU8KElhCpm/4ppnyhCje0va0vw5ldeJPWTkndaKt+U85WLWR0ZdIiOUAF56AxV0BWqohqi6BE9o1f05jw5L8678zGNLjmzmQP0B87nD/K4mak=</latexit>

⌦(log n)  d  no(1)

<latexit sha1_base64="HZsTtduggwf1HqrLgACRtMIdNC4=">AAACKHicbZDLSgMxFIYz9VbrrerSTbAILkqZkaLuLLpxWcVeoFNLJk3b0ExmSM6Iw9DHceOruBFRpFufxExbUFsPBH6+c8k5vxcKrsG2x1ZmaXlldS27ntvY3Nreye/u1XUQKcpqNBCBanpEM8ElqwEHwZqhYsT3BGt4w6s033hgSvNA3kEcsrZP+pL3OCVgUCd/4Sb4seMU3W4AumikxO6oiA2Nf2g8odjVkacZYNcnMPC85HZ03+3kC3bJngReFM5MFNAsqp38mxlKI59JoIJo3XLsENoJUcCpYKOcG2kWEjokfdYyUhKf6XYyOXSEjwzp4l6gzJOAJ/R3R0J8rWPfM5Xpjno+l8L/cq0IeufthMswAibp9KNeJDAEOHUNd7liFERsBKGKm10xHRBFKBhvc8YEZ/7kRVE/KTmnpfJNuVC5nNmRRQfoEB0jB52hCrpGVVRDFD2hF/SOPqxn69X6tMbT0ow169lHf8L6+gZ3s6UW</latexit>

{x1, . . . , xn}, {y1, . . . , yn} ⇢ Rd

Closest Pair Chamfer  
(Sum of NNs)

EMD 
(min-cost matching)

<latexit sha1_base64="PeRlZUTM+wXE/3f9XZE5bGuuAoc=">AAACDHicbVC7TsMwFHV4lvIqMLJYVEgMUCVVBYwVLIxFog8piSLHdVq3jhPZDiJK+wEs/AoLAwix8gFs/A1umwFajmTp6JxzdX2PHzMqlWl+G0vLK6tr64WN4ubW9s5uaW+/JaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eD3x2/dESBrxO5XGxA1Rj9OAYqS05JXKTki5l9FTOIAO5dDm7hg6owePwjOYegNn5FV1yqyYU8BFYuWkDHI0vNKX041wEhKuMENS2pYZKzdDQlHMyLjoJJLECA9Rj9iachQS6WbTY8bwWCtdGERCP67gVP09kaFQyjT0dTJEqi/nvYn4n2cnKrh0M8rjRBGOZ4uChEEVwUkzsEsFwYqlmiAsqP4rxH0kEFa6v6IuwZo/eZG0qhXrvFK7rZXrV3kdBXAIjsAJsMAFqIMb0ABNgMEjeAav4M14Ml6Md+NjFl0y8pkD8AfG5w+W8ZoR</latexit>

min
i,j2[n]

kxi � yjk2

<latexit sha1_base64="MzT4oFt/Jif8TegW0gOfcIS7HnY=">AAACG3icbVDLSgMxFM3UV62vUZdugkVwY5kpRd0IRTcuK9gHdMYhk6Zt2iQzJBmxTPsfbvwVNy4UcSW48G9MHwttPXDh5Jx7yb0njBlV2nG+rczS8srqWnY9t7G5tb1j7+7VVJRITKo4YpFshEgRRgWpaqoZacSSIB4yUg/7V2O/fk+kopG41YOY+Bx1BG1TjLSRArvocSqgpxIepPTCHd2Zh1GCtAc9YzSFP4Le8CGg8AQOgp43DIqBnXcKzgRwkbgzkgczVAL702tFOOFEaMyQUk3XibWfIqkpZmSU8xJFYoT7qEOahgrEifLTyW0jeGSUFmxH0pTQcKL+nkgRV2rAQ9PJke6qeW8s/uc1E90+91Mq4kQTgacftRMGdQTHQcEWlQRrNjAEYUnNrhB3kURYmzhzJgR3/uRFUisW3NNC6aaUL1/O4siCA3AIjoELzkAZXIMKqAIMHsEzeAVv1pP1Yr1bH9PWjDWb2Qd/YH39AJBKoH0=</latexit>

min
nX

i=1

min
j2[n]

kxi � yjk2
<latexit sha1_base64="r7f5hB/e0pa4rWIokZAn6yIH1Rg=">AAACF3icbVDLSgMxFM3UV62vUZdugkWoC8tMKepGKLpxWcE+oFOHTJq2oUlmSDJimc5fuPFX3LhQxK3u/BvTx0JbD1w4nHMv994TRIwq7TjfVmZpeWV1Lbue29jc2t6xd/fqKowlJjUcslA2A6QIo4LUNNWMNCNJEA8YaQSDq7HfuCdS0VDc6mFE2hz1BO1SjLSRfLvocSr8xItoCj0Vcz+hF256J6A3evApPIHDiVmgx6k38ku+nXeKzgRwkbgzkgczVH37y+uEOOZEaMyQUi3XiXQ7QVJTzEia82JFIoQHqEdahgrEiWonk79SeGSUDuyG0pTQcKL+nkgQV2rIA9PJke6reW8s/ue1Yt09bydURLEmAk8XdWMGdQjHIcEOlQRrNjQEYUnNrRD3kURYmyhzJgR3/uVFUi8V3dNi+aacr1zO4siCA3AICsAFZ6ACrkEV1AAGj+AZvII368l6sd6tj2lrxprN7IM/sD5/ACR7n0Q=</latexit>

min
⇡

nX

i=1

kxi � y⇡(i)k2



Closest Pair Chamfer  
(Sum of NNs)

EMD 
(min-cost matching)

<latexit sha1_base64="NGbfa36Jr5HltGd64VX6rTCVNI8=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4scyUoiIIRTcuK9gHdOqQSdM2bZIZkoxYpv0XN/6KGxdKcePCfzFtR9DWA4Fzz7mXm3v8kFGlbfvTSi0tr6yupdczG5tb2zvZ3b2qCiKJSQUHLJB1HynCqCAVTTUj9VASxH1Gan7/euLXHohUNBB3ehCSJkcdQdsUI20kL3vhciqgqyLuxfTSGd3/FL2k6CDOkfF6I+gOHz0KT+DA67lDr+Blc3bengIuEichOZCg7GXHbivAESdCY4aUajh2qJsxkppiRkYZN1IkRLiPOqRhqECcqGY8vXEEj4zSgu1Amic0nKq/J2LElRpw33RypLtq3puI/3mNSLfPmzEVYaSJwLNF7YhBHcBJYLBFJcGaDQxBWFLzV4i7SCKsTawZE4Izf/IiqRbyzmm+eFvMla6SONLgAByCY+CAM1ACN6AMKgCDJ/AC3sC79Wy9WmPrY9aaspKZffAH1tc3eFKkKA==</latexit>

min
nX

i=1

nX

j=1

�ijkxi � yjk2
<latexit sha1_base64="gCDFj1Iq8sx0Wmft75IESMSkKC4=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A/oLmU2zbahSXabZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnRA05UzSpmGG006iKIiQ03Y4up/77QlVmsXyyUwTGggYSBYxAsZKgT8AIQD7AzrGbq9ccavuAnideDmpoByNXvnL78ckFVQawkHrrucmJshAGUY4nZX8VNMEyAgGtGupBEF1kC2OnuELq/RxFCtb0uCF+nsiA6H1VIS2U4AZ6lVvLv7ndVMT3QYZk0lqqCTLRVHKsYnxPAHcZ4oSw6eWAFHM3orJEBQQY3Mq2RC81ZfXSeuq6l1Xa4+1Sv0uj6OIztA5ukQeukF19IAaqIkIGqNn9IrenInz4rw7H8vWgpPPnKI/cD5/ALlXkW0=</latexit>

� � 0

<latexit sha1_base64="1LEwYa+sU6qMkTSfxM4h0eQcwN4=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWwYWUGSnqRii6cVnBXqAzDJk008YmM0OSEcpQcOOruHGhiFtfwp1vY3pZaPWHwJf/nENy/jDlTGnH+bIKC4tLyyvF1dLa+sbmlr2901RJJgltkIQnsh1iRTmLaUMzzWk7lRSLkNNWOLga11v3VCqWxLd6mFJf4F7MIkawNlZg73kqE0HOju9GyOthIbC5GL5AbmCXnYozEfoL7gzKMFM9sD+9bkIyQWNNOFaq4zqp9nMsNSOcjkpepmiKyQD3aMdgjAVVfj7ZYYQOjdNFUSLNiTWauD8nciyUGorQdAqs+2q+Njb/q3UyHZ37OYvTTNOYTB+KMo50gsaBoC6TlGg+NICJZOaviPSxxESb2EomBHd+5b/QPKm4p5XqTbVcu5zFUYR9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+2FqzZzC78kvXxDfoQlxY=</latexit>X

i,j

�ij = 1
<latexit sha1_base64="Xwg68BDYpQhmDF62cG1wqKU5his=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEioogFN24rGAv0IRwMp20Y2eSMDMRSugLuPFV3LhQxK17d76N08tCqz8MfPznHOacP0w5U9pxvqzCwuLS8kpxtbS2vrG5ZW/vNFWSSUIbJOGJbIegKGcxbWimOW2nkoIIOW2Fg6txvXVPpWJJfKuHKfUF9GIWMQLaWIF94EWJBM4xw+fYU5kI8rsR9nogBAQ5M3yB3cAuOxVnIvwX3BmU0Uz1wP70ugnJBI014aBUx3VS7ecgNSOcjkpepmgKZAA92jEYg6DKzyfXjPChcbrYrGVerPHE/TmRg1BqKELTKUD31XxtbP5X62Q6OvNzFqeZpjGZfhRlHOsEj6PBXSYp0XxoAIhkZldM+iCBaBNgyYTgzp/8F5rHFfekUr2plmuXsziKaA/toyPkolNUQ9eojhqIoAf0hF7Qq/VoPVtv1vu0tWDNZnbRL1kf39DjmsQ=</latexit>

8i :
X

j

�ij = 1

<latexit sha1_base64="3O6Er6RZD5195r1EHACkrrYoQz4=">AAACNXicbVDLSgMxFM3UV62vUZdugkVwVWakqAhC0Y0LFxXsAzpluJOmbdpkZkgyQhn6U278D1e6cKGIW3/B9KFo64HA4Zxzyb0niDlT2nGerczC4tLySnY1t7a+sbllb+9UVZRIQisk4pGsB6AoZyGtaKY5rceSggg4rQX9y5Ffu6NSsSi81YOYNgV0QtZmBLSRfPvaa0cSOMcMn2FPJcJPe0PsdUAI8FNm+Dl2seflvnO9nxyby/l23ik4Y+B54k5JHk1R9u1HrxWRRNBQEw5KNVwn1s0UpGaE02HOSxSNgfShQxuGhiCoaqbjq4f4wCgtbNYyL9R4rP6eSEEoNRCBSQrQXTXrjcT/vEai26fNlIVxomlIJh+1E451hEcV4haTlGg+MASIZGZXTLoggWhTdM6U4M6ePE+qRwX3uFC8KeZLF9M6smgP7aND5KITVEJXqIwqiKB79IRe0Zv1YL1Y79bHJJqxpjO76A+szy8wRqne</latexit>

8i :
X

j

�ij = 1

8j :
X

i

�ij = 1

“Non-Locality” of Geometric Problems makes them difficult. 



Closest Pair Chamfer  
(Sum of NNs)

EMD 
(min-cost matching)

<latexit sha1_base64="NGbfa36Jr5HltGd64VX6rTCVNI8=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4scyUoiIIRTcuK9gHdOqQSdM2bZIZkoxYpv0XN/6KGxdKcePCfzFtR9DWA4Fzz7mXm3v8kFGlbfvTSi0tr6yupdczG5tb2zvZ3b2qCiKJSQUHLJB1HynCqCAVTTUj9VASxH1Gan7/euLXHohUNBB3ehCSJkcdQdsUI20kL3vhciqgqyLuxfTSGd3/FL2k6CDOkfF6I+gOHz0KT+DA67lDr+Blc3bengIuEichOZCg7GXHbivAESdCY4aUajh2qJsxkppiRkYZN1IkRLiPOqRhqECcqGY8vXEEj4zSgu1Amic0nKq/J2LElRpw33RypLtq3puI/3mNSLfPmzEVYaSJwLNF7YhBHcBJYLBFJcGaDQxBWFLzV4i7SCKsTawZE4Izf/IiqRbyzmm+eFvMla6SONLgAByCY+CAM1ACN6AMKgCDJ/AC3sC79Wy9WmPrY9aaspKZffAH1tc3eFKkKA==</latexit>

min
nX

i=1

nX

j=1

�ijkxi � yjk2
<latexit sha1_base64="gCDFj1Iq8sx0Wmft75IESMSkKC4=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A/oLmU2zbahSXabZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnRA05UzSpmGG006iKIiQ03Y4up/77QlVmsXyyUwTGggYSBYxAsZKgT8AIQD7AzrGbq9ccavuAnideDmpoByNXvnL78ckFVQawkHrrucmJshAGUY4nZX8VNMEyAgGtGupBEF1kC2OnuELq/RxFCtb0uCF+nsiA6H1VIS2U4AZ6lVvLv7ndVMT3QYZk0lqqCTLRVHKsYnxPAHcZ4oSw6eWAFHM3orJEBQQY3Mq2RC81ZfXSeuq6l1Xa4+1Sv0uj6OIztA5ukQeukF19IAaqIkIGqNn9IrenInz4rw7H8vWgpPPnKI/cD5/ALlXkW0=</latexit>

� � 0

<latexit sha1_base64="1LEwYa+sU6qMkTSfxM4h0eQcwN4=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWwYWUGSnqRii6cVnBXqAzDJk008YmM0OSEcpQcOOruHGhiFtfwp1vY3pZaPWHwJf/nENy/jDlTGnH+bIKC4tLyyvF1dLa+sbmlr2901RJJgltkIQnsh1iRTmLaUMzzWk7lRSLkNNWOLga11v3VCqWxLd6mFJf4F7MIkawNlZg73kqE0HOju9GyOthIbC5GL5AbmCXnYozEfoL7gzKMFM9sD+9bkIyQWNNOFaq4zqp9nMsNSOcjkpepmiKyQD3aMdgjAVVfj7ZYYQOjdNFUSLNiTWauD8nciyUGorQdAqs+2q+Njb/q3UyHZ37OYvTTNOYTB+KMo50gsaBoC6TlGg+NICJZOaviPSxxESb2EomBHd+5b/QPKm4p5XqTbVcu5zFUYR9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+2FqzZzC78kvXxDfoQlxY=</latexit>X

i,j

�ij = 1
<latexit sha1_base64="Xwg68BDYpQhmDF62cG1wqKU5his=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEioogFN24rGAv0IRwMp20Y2eSMDMRSugLuPFV3LhQxK17d76N08tCqz8MfPznHOacP0w5U9pxvqzCwuLS8kpxtbS2vrG5ZW/vNFWSSUIbJOGJbIegKGcxbWimOW2nkoIIOW2Fg6txvXVPpWJJfKuHKfUF9GIWMQLaWIF94EWJBM4xw+fYU5kI8rsR9nogBAQ5M3yB3cAuOxVnIvwX3BmU0Uz1wP70ugnJBI014aBUx3VS7ecgNSOcjkpepmgKZAA92jEYg6DKzyfXjPChcbrYrGVerPHE/TmRg1BqKELTKUD31XxtbP5X62Q6OvNzFqeZpjGZfhRlHOsEj6PBXSYp0XxoAIhkZldM+iCBaBNgyYTgzp/8F5rHFfekUr2plmuXsziKaA/toyPkolNUQ9eojhqIoAf0hF7Qq/VoPVtv1vu0tWDNZnbRL1kf39DjmsQ=</latexit>

8i :
X

j

�ij = 1

<latexit sha1_base64="3O6Er6RZD5195r1EHACkrrYoQz4=">AAACNXicbVDLSgMxFM3UV62vUZdugkVwVWakqAhC0Y0LFxXsAzpluJOmbdpkZkgyQhn6U278D1e6cKGIW3/B9KFo64HA4Zxzyb0niDlT2nGerczC4tLySnY1t7a+sbllb+9UVZRIQisk4pGsB6AoZyGtaKY5rceSggg4rQX9y5Ffu6NSsSi81YOYNgV0QtZmBLSRfPvaa0cSOMcMn2FPJcJPe0PsdUAI8FNm+Dl2seflvnO9nxyby/l23ik4Y+B54k5JHk1R9u1HrxWRRNBQEw5KNVwn1s0UpGaE02HOSxSNgfShQxuGhiCoaqbjq4f4wCgtbNYyL9R4rP6eSEEoNRCBSQrQXTXrjcT/vEai26fNlIVxomlIJh+1E451hEcV4haTlGg+MASIZGZXTLoggWhTdM6U4M6ePE+qRwX3uFC8KeZLF9M6smgP7aND5KITVEJXqIwqiKB79IRe0Zv1YL1Y79bHJJqxpjO76A+szy8wRqne</latexit>

8i :
X

j

�ij = 1

8j :
X

i

�ij = 1

Approximate accurately in  
near-linear time?

“Non-Locality” of Geometric Problems makes them difficult. 



Closest Pair Chamfer  
(Sum of NNs)

EMD 
(min-cost matching)

<latexit sha1_base64="NGbfa36Jr5HltGd64VX6rTCVNI8=">AAACI3icbVDLSgMxFM3UV62vqks3wSK4scyUoiIIRTcuK9gHdOqQSdM2bZIZkoxYpv0XN/6KGxdKcePCfzFtR9DWA4Fzz7mXm3v8kFGlbfvTSi0tr6yupdczG5tb2zvZ3b2qCiKJSQUHLJB1HynCqCAVTTUj9VASxH1Gan7/euLXHohUNBB3ehCSJkcdQdsUI20kL3vhciqgqyLuxfTSGd3/FL2k6CDOkfF6I+gOHz0KT+DA67lDr+Blc3bengIuEichOZCg7GXHbivAESdCY4aUajh2qJsxkppiRkYZN1IkRLiPOqRhqECcqGY8vXEEj4zSgu1Amic0nKq/J2LElRpw33RypLtq3puI/3mNSLfPmzEVYaSJwLNF7YhBHcBJYLBFJcGaDQxBWFLzV4i7SCKsTawZE4Izf/IiqRbyzmm+eFvMla6SONLgAByCY+CAM1ACN6AMKgCDJ/AC3sC79Wy9WmPrY9aaspKZffAH1tc3eFKkKA==</latexit>

min
nX

i=1

nX

j=1

�ijkxi � yjk2
<latexit sha1_base64="gCDFj1Iq8sx0Wmft75IESMSkKC4=">AAAB9HicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A/oLmU2zbahSXabZAtl6e/w4kERr/4Yb/4b03YP2vpg4PHeDDPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTlo5TRWiTxDxWnRA05UzSpmGG006iKIiQ03Y4up/77QlVmsXyyUwTGggYSBYxAsZKgT8AIQD7AzrGbq9ccavuAnideDmpoByNXvnL78ckFVQawkHrrucmJshAGUY4nZX8VNMEyAgGtGupBEF1kC2OnuELq/RxFCtb0uCF+nsiA6H1VIS2U4AZ6lVvLv7ndVMT3QYZk0lqqCTLRVHKsYnxPAHcZ4oSw6eWAFHM3orJEBQQY3Mq2RC81ZfXSeuq6l1Xa4+1Sv0uj6OIztA5ukQeukF19IAaqIkIGqNn9IrenInz4rw7H8vWgpPPnKI/cD5/ALlXkW0=</latexit>

� � 0

<latexit sha1_base64="1LEwYa+sU6qMkTSfxM4h0eQcwN4=">AAACA3icbZDLSgMxFIbP1Futt1F3ugkWwYWUGSnqRii6cVnBXqAzDJk008YmM0OSEcpQcOOruHGhiFtfwp1vY3pZaPWHwJf/nENy/jDlTGnH+bIKC4tLyyvF1dLa+sbmlr2901RJJgltkIQnsh1iRTmLaUMzzWk7lRSLkNNWOLga11v3VCqWxLd6mFJf4F7MIkawNlZg73kqE0HOju9GyOthIbC5GL5AbmCXnYozEfoL7gzKMFM9sD+9bkIyQWNNOFaq4zqp9nMsNSOcjkpepmiKyQD3aMdgjAVVfj7ZYYQOjdNFUSLNiTWauD8nciyUGorQdAqs+2q+Njb/q3UyHZ37OYvTTNOYTB+KMo50gsaBoC6TlGg+NICJZOaviPSxxESb2EomBHd+5b/QPKm4p5XqTbVcu5zFUYR9OIAjcOEManANdWgAgQd4ghd4tR6tZ+vNep+2FqzZzC78kvXxDfoQlxY=</latexit>X

i,j

�ij = 1
<latexit sha1_base64="Xwg68BDYpQhmDF62cG1wqKU5his=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXJVEioogFN24rGAv0IRwMp20Y2eSMDMRSugLuPFV3LhQxK17d76N08tCqz8MfPznHOacP0w5U9pxvqzCwuLS8kpxtbS2vrG5ZW/vNFWSSUIbJOGJbIegKGcxbWimOW2nkoIIOW2Fg6txvXVPpWJJfKuHKfUF9GIWMQLaWIF94EWJBM4xw+fYU5kI8rsR9nogBAQ5M3yB3cAuOxVnIvwX3BmU0Uz1wP70ugnJBI014aBUx3VS7ecgNSOcjkpepmgKZAA92jEYg6DKzyfXjPChcbrYrGVerPHE/TmRg1BqKELTKUD31XxtbP5X62Q6OvNzFqeZpjGZfhRlHOsEj6PBXSYp0XxoAIhkZldM+iCBaBNgyYTgzp/8F5rHFfekUr2plmuXsziKaA/toyPkolNUQ9eojhqIoAf0hF7Qq/VoPVtv1vu0tWDNZnbRL1kf39DjmsQ=</latexit>

8i :
X

j

�ij = 1

<latexit sha1_base64="3O6Er6RZD5195r1EHACkrrYoQz4=">AAACNXicbVDLSgMxFM3UV62vUZdugkVwVWakqAhC0Y0LFxXsAzpluJOmbdpkZkgyQhn6U278D1e6cKGIW3/B9KFo64HA4Zxzyb0niDlT2nGerczC4tLySnY1t7a+sbllb+9UVZRIQisk4pGsB6AoZyGtaKY5rceSggg4rQX9y5Ffu6NSsSi81YOYNgV0QtZmBLSRfPvaa0cSOMcMn2FPJcJPe0PsdUAI8FNm+Dl2seflvnO9nxyby/l23ik4Y+B54k5JHk1R9u1HrxWRRNBQEw5KNVwn1s0UpGaE02HOSxSNgfShQxuGhiCoaqbjq4f4wCgtbNYyL9R4rP6eSEEoNRCBSQrQXTXrjcT/vEai26fNlIVxomlIJh+1E451hEcV4haTlGg+MASIZGZXTLoggWhTdM6U4M6ePE+qRwX3uFC8KeZLF9M6smgP7aND5KITVEJXqIwqiKB79IRe0Zv1YL1Y79bHJJqxpjO76A+szy8wRqne</latexit>

8i :
X

j

�ij = 1

8j :
X

i

�ij = 1

Approximate accurately in  
near-linear time?

“Non-Locality” of Geometric Problems makes them difficult. 

Hard Hard and Easy BIJSW’23 R’19Hard and ?



Talk Outline: 

• “Spanner approach” 
• Sinkhorn distances 
• Main Result



Theorem [Har-Peled, Indyk, Sidiropolous’13]:  

c-approximate spanners in time 

The “Spanner Approach” 

Geometric 
Spanners

Approximate  
Nearest Neighbors

Time complexity <latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡
<latexit sha1_base64="sVjOQdnHANI62WnohtEK8TUgjNs=">AAACF3icbVBNSwMxEM36WetX1aOXYBFahLIrRT0WvXhT0dpCt5RsdrYNZrNLMiuUpf/Ci3/FiwdFvOrNf2Nae/DrwTCP92ZI5gWpFAZd98OZmZ2bX1gsLBWXV1bX1ksbm9cmyTSHJk9kotsBMyCFgiYKlNBONbA4kNAKbk7GfusWtBGJusJhCt2Y9ZWIBGdopV6p5qOQIeRno4pXpb6ECCtUUZ+HCdKriqrSPXppm69Ff4DVXqns1twJ6F/iTUmZTHHeK737YcKzGBRyyYzpeG6K3ZxpFFzCqOhnBlLGb1gfOpYqFoPp5pO7RnTXKiGNEm1LIZ2o3zdyFhszjAM7GTMcmN/eWPzP62QYHXVzodIMQfGvh6JMUkzoOCQaCg0c5dASxrWwf6V8wDTjaKMs2hC83yf/Jdf7Ne+gVr+olxvH0zgKZJvskArxyCFpkFNyTpqEkzvyQJ7Is3PvPDovzuvX6Iwz3dkiP+C8fQKVj50N</latexit>

Õ(1) (n · T (n) + S(n))

<latexit sha1_base64="3/VtcVWbOhxFoxiOeOF3ky/KFWY=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahItSkFPVY9OLNCvYD2rRstpt26WYTdjdKCf0fXjwo4tX/4s1/47bNQVsfDDzem2FmnhdxprRtf1uZldW19Y3sZm5re2d3L79/0FBhLAmtk5CHsuVhRTkTtK6Z5rQVSYoDj9OmN7qZ+s1HKhULxYMeR9QN8EAwnxGsjdQV3cQ5uys656RbPp308gW7ZM+AlomTkgKkqPXyX51+SOKACk04Vqrt2JF2Eyw1I5xOcp1Y0QiTER7QtqECB1S5yezqCToxSh/5oTQlNJqpvycSHCg1DjzTGWA9VIveVPzPa8fav3ITJqJYU0Hmi/yYIx2iaQSozyQlmo8NwUQycysiQywx0SaonAnBWXx5mTTKJeeiVLmvFKrXaRxZOIJjKIIDl1CFW6hBHQhIeIZXeLOerBfr3fqYt2asdOYQ/sD6/AFcQ5Ei</latexit>

n1+O(1/c2)

<latexit sha1_base64="0QxSoD3NYoo79C4KolqWC2OavPE="></latexit>

dG(x, z)
c⇡kx� zk2 8x, z 2 X



Geometric 
Spanners

Approximate  
Nearest Neighbors

Time complexity <latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡
<latexit sha1_base64="sVjOQdnHANI62WnohtEK8TUgjNs=">AAACF3icbVBNSwMxEM36WetX1aOXYBFahLIrRT0WvXhT0dpCt5RsdrYNZrNLMiuUpf/Ci3/FiwdFvOrNf2Nae/DrwTCP92ZI5gWpFAZd98OZmZ2bX1gsLBWXV1bX1ksbm9cmyTSHJk9kotsBMyCFgiYKlNBONbA4kNAKbk7GfusWtBGJusJhCt2Y9ZWIBGdopV6p5qOQIeRno4pXpb6ECCtUUZ+HCdKriqrSPXppm69Ff4DVXqns1twJ6F/iTUmZTHHeK737YcKzGBRyyYzpeG6K3ZxpFFzCqOhnBlLGb1gfOpYqFoPp5pO7RnTXKiGNEm1LIZ2o3zdyFhszjAM7GTMcmN/eWPzP62QYHXVzodIMQfGvh6JMUkzoOCQaCg0c5dASxrWwf6V8wDTjaKMs2hC83yf/Jdf7Ne+gVr+olxvH0zgKZJvskArxyCFpkFNyTpqEkzvyQJ7Is3PvPDovzuvX6Iwz3dkiP+C8fQKVj50N</latexit>

Õ(1) (n · T (n) + S(n))

Conceptual Challenge: 
“Accurate” approximations essentially take 

quadratic time.

Optimal transport,  
Euclidean MST,  
Closest Pair, … 

except for kernel density estimation.



EMD Sinkhorn

Fast algorithm 
crude approx

Slow algorithm 
accurate additive 

 approx

Motivating Questions:  
1. Can we break away from spanner approach? 
2. Which transports approximate accurately?



<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�
<latexit sha1_base64="aDghUAGYEGnPIYacU+I4ufYnMsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BLx4jmAcka5idzCZDZmaXeQhhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFKWfa+P63t7K6tr6xWdgqbu/s7u2XDg6bOrGK0AZJeKLaEdaUM0kbhhlO26miWESctqLR7dRvPVGlWSIfzDilocADyWJGsHFSqyvsY3Y+6ZXKfsWfAS2TICdlyFHvlb66/YRYQaUhHGvdCfzUhBlWhhFOJ8Wu1TTFZIQHtOOoxILqMJudO0GnTumjOFGupEEz9fdEhoXWYxG5ToHNUC96U/E/r2NNfB1mTKbWUEnmi2LLkUnQ9HfUZ4oSw8eOYKKYuxWRIVaYGJdQ0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhAYwTO8wpuXei/eu/cxb13x8pkj+APv8wdC3I+I</latexit>

µ+

<latexit sha1_base64="azkSRS/FC48N3yw3dr8n5ePP1OM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegF48RzAOSNcxOZpMhM7PLPISw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruilDNtfP/bW1ldW9/YLGwVt3d29/ZLB4dNnVhFaIMkPFHtCGvKmaQNwwyn7VRRLCJOW9Hoduq3nqjSLJEPZpzSUOCBZDEj2Dip1RX2MTuf9Eplv+LPgJZJkJMy5Kj3Sl/dfkKsoNIQjrXuBH5qwgwrwwink2LXappiMsID2nFUYkF1mM3OnaBTp/RRnChX0qCZ+nsiw0LrsYhcp8BmqBe9qfif17Emvg4zJlNrqCTzRbHlyCRo+jvqM0WJ4WNHMFHM3YrIECtMjEuo6EIIFl9eJs2LSnBZqd5Xy7WbPI4CHMMJnEEAV1CDO6hDAwiM4Ble4c1LvRfv3fuYt654+cwR/IH3+QNF5o+K</latexit>

µ�
Main Idea: Focus on a slight perturbation to EMD.

<latexit sha1_base64="6oBKjMwG9L93eR7pLCVcbZA6uwE=">AAACIXicbVDLTgIxFO34RHyhLt00EhNcSGYIUTYmRDcuMZFHwkwmnVKg0M5M2o6BDPyKG3/FjQuNYWf8GTswCwVP0uTcc+7N7T1eyKhUpvllrK1vbG5tZ3ayu3v7B4e5o+OGDCKBSR0HLBAtD0nCqE/qiipGWqEgiHuMNL3hXeI3n4iQNPAf1TgkDkc9n3YpRkpLbq5ic6T6gsc4kGpasHuIc3ThxnQwhTdwUS4qezJyKbyEI3dgT9ySm8ubRXMOuEqslORBipqbm9mdAEec+AozJGXbMkPlxEgoihmZZu1IkhDhIeqRtqY+4kQ68fzCKTzXSgd2A6Gfr+Bc/T0RIy7lmHu6M7lHLnuJ+J/XjlS34sTUDyNFfLxY1I0YVAFM4oIdKghWbKwJwoLqv0LcRwJhpUPN6hCs5ZNXSaNUtK6K5YdyvnqbxpEBp+AMFIAFrkEV3IMaqAMMnsEreAcfxovxZnwas0XrmpHOnIA/ML5/AHXRo6k=</latexit>

cost(�)ij = �ijkxi � xjk2
<latexit sha1_base64="XBRada7aNdweSk+XSBvQM1BoHSg="></latexit>

EMD(µ) = min
�

kcost(�)k1



<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�
<latexit sha1_base64="aDghUAGYEGnPIYacU+I4ufYnMsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BLx4jmAcka5idzCZDZmaXeQhhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFKWfa+P63t7K6tr6xWdgqbu/s7u2XDg6bOrGK0AZJeKLaEdaUM0kbhhlO26miWESctqLR7dRvPVGlWSIfzDilocADyWJGsHFSqyvsY3Y+6ZXKfsWfAS2TICdlyFHvlb66/YRYQaUhHGvdCfzUhBlWhhFOJ8Wu1TTFZIQHtOOoxILqMJudO0GnTumjOFGupEEz9fdEhoXWYxG5ToHNUC96U/E/r2NNfB1mTKbWUEnmi2LLkUnQ9HfUZ4oSw8eOYKKYuxWRIVaYGJdQ0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhAYwTO8wpuXei/eu/cxb13x8pkj+APv8wdC3I+I</latexit>

µ+

<latexit sha1_base64="azkSRS/FC48N3yw3dr8n5ePP1OM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegF48RzAOSNcxOZpMhM7PLPISw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruilDNtfP/bW1ldW9/YLGwVt3d29/ZLB4dNnVhFaIMkPFHtCGvKmaQNwwyn7VRRLCJOW9Hoduq3nqjSLJEPZpzSUOCBZDEj2Dip1RX2MTuf9Eplv+LPgJZJkJMy5Kj3Sl/dfkKsoNIQjrXuBH5qwgwrwwink2LXappiMsID2nFUYkF1mM3OnaBTp/RRnChX0qCZ+nsiw0LrsYhcp8BmqBe9qfif17Emvg4zJlNrqCTzRbHlyCRo+jvqM0WJ4WNHMFHM3YrIECtMjEuo6EIIFl9eJs2LSnBZqd5Xy7WbPI4CHMMJnEEAV1CDO6hDAwiM4Ble4c1LvRfv3fuYt654+cwR/IH3+QNF5o+K</latexit>

µ�
Main Idea: Focus on a slight perturbation to EMD.

<latexit sha1_base64="6oBKjMwG9L93eR7pLCVcbZA6uwE=">AAACIXicbVDLTgIxFO34RHyhLt00EhNcSGYIUTYmRDcuMZFHwkwmnVKg0M5M2o6BDPyKG3/FjQuNYWf8GTswCwVP0uTcc+7N7T1eyKhUpvllrK1vbG5tZ3ayu3v7B4e5o+OGDCKBSR0HLBAtD0nCqE/qiipGWqEgiHuMNL3hXeI3n4iQNPAf1TgkDkc9n3YpRkpLbq5ic6T6gsc4kGpasHuIc3ThxnQwhTdwUS4qezJyKbyEI3dgT9ySm8ubRXMOuEqslORBipqbm9mdAEec+AozJGXbMkPlxEgoihmZZu1IkhDhIeqRtqY+4kQ68fzCKTzXSgd2A6Gfr+Bc/T0RIy7lmHu6M7lHLnuJ+J/XjlS34sTUDyNFfLxY1I0YVAFM4oIdKghWbKwJwoLqv0LcRwJhpUPN6hCs5ZNXSaNUtK6K5YdyvnqbxpEBp+AMFIAFrkEV3IMaqAMMnsEreAcfxovxZnwas0XrmpHOnIA/ML5/AHXRo6k=</latexit>

cost(�)ij = �ijkxi � xjk2
<latexit sha1_base64="XBRada7aNdweSk+XSBvQM1BoHSg="></latexit>

EMD(µ) = min
�

kcost(�)k1
<latexit sha1_base64="w9frAsfUegr7hvSO+4a0U1gswrQ="></latexit>

R⇢(µ) = min
�

kcost(�)k⇢

Our perturbation:



<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�
<latexit sha1_base64="aDghUAGYEGnPIYacU+I4ufYnMsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BLx4jmAcka5idzCZDZmaXeQhhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFKWfa+P63t7K6tr6xWdgqbu/s7u2XDg6bOrGK0AZJeKLaEdaUM0kbhhlO26miWESctqLR7dRvPVGlWSIfzDilocADyWJGsHFSqyvsY3Y+6ZXKfsWfAS2TICdlyFHvlb66/YRYQaUhHGvdCfzUhBlWhhFOJ8Wu1TTFZIQHtOOoxILqMJudO0GnTumjOFGupEEz9fdEhoXWYxG5ToHNUC96U/E/r2NNfB1mTKbWUEnmi2LLkUnQ9HfUZ4oSw8eOYKKYuxWRIVaYGJdQ0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhAYwTO8wpuXei/eu/cxb13x8pkj+APv8wdC3I+I</latexit>

µ+

<latexit sha1_base64="azkSRS/FC48N3yw3dr8n5ePP1OM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegF48RzAOSNcxOZpMhM7PLPISw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruilDNtfP/bW1ldW9/YLGwVt3d29/ZLB4dNnVhFaIMkPFHtCGvKmaQNwwyn7VRRLCJOW9Hoduq3nqjSLJEPZpzSUOCBZDEj2Dip1RX2MTuf9Eplv+LPgJZJkJMy5Kj3Sl/dfkKsoNIQjrXuBH5qwgwrwwink2LXappiMsID2nFUYkF1mM3OnaBTp/RRnChX0qCZ+nsiw0LrsYhcp8BmqBe9qfif17Emvg4zJlNrqCTzRbHlyCRo+jvqM0WJ4WNHMFHM3YrIECtMjEuo6EIIFl9eJs2LSnBZqd5Xy7WbPI4CHMMJnEEAV1CDO6hDAwiM4Ble4c1LvRfv3fuYt654+cwR/IH3+QNF5o+K</latexit>

µ�
Main Idea: Focus on a slight perturbation to EMD.

<latexit sha1_base64="jhFlRvD0OGo4ogvPi1iJdlqB0h0="></latexit>

min
�

X

i2A

X

j2B

�ijkxi � xjk2

<latexit sha1_base64="gMlXX1U9noRN6xhuBJh/dEqUqkw="></latexit>

min
�

0

@
X

i2A

X

j2B

�⇢
ijkxi � xjk⇢2

1

A
1/⇢

<latexit sha1_base64="We0A56JuGcb7khW4ob3UHMlcCRg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5JIUZfFB7gRKtgHNKFMppN26EwSZm7UEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gxZwps+9vILS2vrK7l1wsbm1vbO2Zxt6miRBLaIBGPZNvHinIW0gYw4LQdS4qFz2nLH15M/NY9lYpF4R2MYuoJ3A9ZwAgGLXXNogv0EQDSq5vLcdkVyVHXLNkVewprkTgZKaEM9a755fYikggaAuFYqY5jx+ClWAIjnI4LbqJojMkQ92lH0xALqrx0evrYOtRKzwoiqSsEa6r+nkixUGokfN0pMAzUvDcR//M6CQRnXsrCOAEaktmiIOEWRNYkB6vHJCXAR5pgIpm+1SIDLDEBnVZBh+DMv7xImscV56RSva2WaudZHHm0jw5QGTnoFNXQNaqjBiLoAT2jV/RmPBkvxrvxMWvNGdnMHvoD4/MH5HaTxA==</latexit>

EMD(µ)
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)



<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�
<latexit sha1_base64="aDghUAGYEGnPIYacU+I4ufYnMsM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBAEIexKUI9BLx4jmAcka5idzCZDZmaXeQhhyUd48aCIV7/Hm3/jJNmDJhY0FFXddHdFKWfa+P63t7K6tr6xWdgqbu/s7u2XDg6bOrGK0AZJeKLaEdaUM0kbhhlO26miWESctqLR7dRvPVGlWSIfzDilocADyWJGsHFSqyvsY3Y+6ZXKfsWfAS2TICdlyFHvlb66/YRYQaUhHGvdCfzUhBlWhhFOJ8Wu1TTFZIQHtOOoxILqMJudO0GnTumjOFGupEEz9fdEhoXWYxG5ToHNUC96U/E/r2NNfB1mTKbWUEnmi2LLkUnQ9HfUZ4oSw8eOYKKYuxWRIVaYGJdQ0YUQLL68TJoXleCyUr2vlms3eRwFOIYTOIMArqAGd1CHBhAYwTO8wpuXei/eu/cxb13x8pkj+APv8wdC3I+I</latexit>

µ+

<latexit sha1_base64="azkSRS/FC48N3yw3dr8n5ePP1OM=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegF48RzAOSNcxOZpMhM7PLPISw5CO8eFDEq9/jzb9xkuxBEwsaiqpuuruilDNtfP/bW1ldW9/YLGwVt3d29/ZLB4dNnVhFaIMkPFHtCGvKmaQNwwyn7VRRLCJOW9Hoduq3nqjSLJEPZpzSUOCBZDEj2Dip1RX2MTuf9Eplv+LPgJZJkJMy5Kj3Sl/dfkKsoNIQjrXuBH5qwgwrwwink2LXappiMsID2nFUYkF1mM3OnaBTp/RRnChX0qCZ+nsiw0LrsYhcp8BmqBe9qfif17Emvg4zJlNrqCTzRbHlyCRo+jvqM0WJ4WNHMFHM3YrIECtMjEuo6EIIFl9eJs2LSnBZqd5Xy7WbPI4CHMMJnEEAV1CDO6hDAwiM4Ble4c1LvRfv3fuYt654+cwR/IH3+QNF5o+K</latexit>

µ�
Main Idea: Focus on a slight perturbation to EMD.

<latexit sha1_base64="jhFlRvD0OGo4ogvPi1iJdlqB0h0="></latexit>

min
�

X

i2A

X

j2B

�ijkxi � xjk2

<latexit sha1_base64="gMlXX1U9noRN6xhuBJh/dEqUqkw="></latexit>

min
�

0

@
X

i2A

X

j2B

�⇢
ijkxi � xjk⇢2

1

A
1/⇢

<latexit sha1_base64="We0A56JuGcb7khW4ob3UHMlcCRg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5JIUZfFB7gRKtgHNKFMppN26EwSZm7UEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gxZwps+9vILS2vrK7l1wsbm1vbO2Zxt6miRBLaIBGPZNvHinIW0gYw4LQdS4qFz2nLH15M/NY9lYpF4R2MYuoJ3A9ZwAgGLXXNogv0EQDSq5vLcdkVyVHXLNkVewprkTgZKaEM9a755fYikggaAuFYqY5jx+ClWAIjnI4LbqJojMkQ92lH0xALqrx0evrYOtRKzwoiqSsEa6r+nkixUGokfN0pMAzUvDcR//M6CQRnXsrCOAEaktmiIOEWRNYkB6vHJCXAR5pgIpm+1SIDLDEBnVZBh+DMv7xImscV56RSva2WaudZHHm0jw5QGTnoFNXQNaqjBiLoAT2jV/RmPBkvxrvxMWvNGdnMHvoD4/MH5HaTxA==</latexit>

EMD(µ)
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)
<latexit sha1_base64="ShAo9odeRR1qM0IsUVUxVpukFtI=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2ARPJVdKeqx6MVjBfsB3VKy6Wwbmk2WJKuUpeBf8eJBEa/+Dm/+G9N2D9r6YODx3gwz88KEM20879sprKyurW8UN0tb2zu7e+7+QVPLVFFoUMmlaodEA2cCGoYZDu1EAYlDDq1wdDP1Ww+gNJPi3owT6MZkIFjEKDFW6rlHPg64FAMOkSFKyUccqKHsuWWv4s2Al4mfkzLKUe+5X0Ff0jQGYSgnWnd8LzHdjCjDKIdJKUg1JISOyAA6lgoSg+5ms/Mn+NQqfRxJZUsYPFN/T2Qk1noch7YzJmaoF72p+J/XSU101c2YSFIDgs4XRSnHRuJpFrjPFFDDx5YQqpi9FdMhUYQam1jJhuAvvrxMmucV/6JSvauWa9d5HEV0jE7QGfLRJaqhW1RHDURRhp7RK3pznpwX5935mLcWnHzmEP2B8/kD76WVfg==</latexit>

1 � ⇢



Main Theorem: An algorithm for 
<latexit sha1_base64="PKs6q5fnQh11gZi3HRNTzLFZucU="></latexit>

EMD(µ)
n2(⇢�1)/⇢

⇡ R⇢(µ)

New Theorem: 

For any          and any         , there is an algorithm which  
receives as input                     and                    and in time 
at most                                                , outputs an 
approx to           .

<latexit sha1_base64="ynzP6Glr7AeIHGO3YgrXtA7xw0E=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqCcpevFYwX5Au5Rsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyT2l09VPga+71yxat6M+Bl4uekAjnqvfJXt69oGjNpqSDGdHwvsUFGtOVUsEmpmxqWEDoiA9ZxVJKYmSCb3TvBJ07p40hpV9Limfp7IiOxMeM4dJ0xsUOz6E3F/7xOaqOrIOMySS2TdL4oSgW2Ck+fx32uGbVi7AihmrtbMR0STah1EZVcCP7iy8ukeVb1L6rn9+eV2k0eRxGO4BhOwYdLqMEd1KEBFAQ8wyu8oUf0gt7Rx7y1gPKZQ/gD9PkDxymPJw==</latexit>

⇢ > 1
<latexit sha1_base64="gzsTReCx+PeLDG/b/bdn+hfks+o=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k6MVjBfsB3aVk02wbmk1CkhVK6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzYsWZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy8hME9okkkvdibGhnAnatMxy2lGa4jTmtB2P7mZ++4lqw6R4tGNFoxQPBEsYwdZJYUiVYVwKdIP8XrniV/050CoJclKBHI1e+SvsS5KlVFjCsTHdwFc2mmBtGeF0WgozQxUmIzygXUcFTqmJJvObp+jMKX2USO1KWDRXf09McGrMOI1dZ4rt0Cx7M/E/r5vZ5DqaMKEySwVZLEoyjqxEswBQn2lKLB87golm7lZEhlhjYl1MJRdCsPzyKmldVIPLau2hVqnf5nEU4QRO4RwCuII63EMDmkBAwTO8wpuXeS/eu/exaC14+cwx/IH3+QP5rpD/</latexit>

✏ > 0
<latexit sha1_base64="vKOwTHhxwjtMabz3lnBLWIKRbsM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUoiRV0W3bisYB/QhDKZTtqhk0mYuRFrKP6KGxeKuPU/3Pk3TtsstPXAwOGce7h3TpAIrsFxvq2l5ZXVtfXCRnFza3tn197bb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtcTv3XPlOaxvINRwvyI9CUPOSVgpK596GX4oeuWvV4MumyoxN64a5ecijMFXiRuTkooR71rf5k8TSMmgQqidcd1EvAzooBTwcZFL9UsIXRI+qxjqCQR0342vX6MT4zSw2GszJOAp+rvREYirUdRYCYjAgM9703E/7xOCuGln3GZpMAknS0KU4EhxpMqcI8rRkGMDCFUcXMrpgOiCAVTWNGU4M5/eZE0zyrueaV6Wy3VrvI6CugIHaNT5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHbHTJyjMH6A+szx/2KZRH</latexit>

{x1, . . . , xn}
<latexit sha1_base64="0FQTTyvAd36CtU8PARfKbfD2How=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISKeqy6MZlBfuAppTJdNIOnUzCzI0QQ/FX3LhQxK3/4c6/cdpmoa0HBg7n3MO9c/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h7SmPVCMpQ84JSAkfr2kZfhtO9WvEEEumKoxN6kb5edqjMDXiZuTsooR6Nvf5k8TUImgQqiddd1YuhlRAGngk1KXqJZTOiYDFnXUElCpnvZ7PoJPjXKAAeRMk8Cnqm/ExkJtU5D30yGBEZ60ZuK/3ndBIKrXsZlnACTdL4oSASGCE+rwAOuGAWRGkKo4uZWTEdEEQqmsJIpwV388jJpnVfdi2rtrlauX+d1FNExOkFnyEWXqI5uUQM1EUWP6Bm9ojfryXqx3q2P+WjByjOH6A+szx/5RpRJ</latexit>

{y1, . . . , yn}
<latexit sha1_base64="Hj9G7MLFRet44zBzeDS8KBa4TTU="></latexit>

n · poly⇤(n(⇢�1)/⇢ · 2⇢/(⇢�1)/✏)
<latexit sha1_base64="JrbmjlXgA0FTHDT9SN+IAQwKHv8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A/oriWbZtvQbBKSrFJK/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRmaa0AaRXOp2jA3lTNCGZZbTttIUpzGnrXh4M/Vbj1QbJsW9HSkapbgvWMIItk56CFWKQqoM41Ig3S1X/Ko/A1omQU4qkKPeLX+FPUmylApLODamE/jKRmOsLSOcTkphZqjCZIj7tOOowCk10Xh29QSdOKWHEqldCYtm6u+JMU6NGaWx60yxHZhFbyr+53Uym1xFYyZUZqkg80VJxpGVaBoB6jFNieUjRzDRzN2KyABrTKwLquRCCBZfXibNs2pwUT2/O6/UrvM4inAEx3AKAVxCDW6hDg0goOEZXuHNe/JevHfvY95a8PKZQ/gD7/MHLJiSUA==</latexit>±✏r

<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)



Main Theorem: An algorithm for 
<latexit sha1_base64="PKs6q5fnQh11gZi3HRNTzLFZucU="></latexit>

EMD(µ)
n2(⇢�1)/⇢

⇡ R⇢(µ)

New Theorem: 

For any          and any         , there is an algorithm which  
receives as input                     and                    and in time 
at most                                                , outputs an 
approx to           .

<latexit sha1_base64="ynzP6Glr7AeIHGO3YgrXtA7xw0E=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqCcpevFYwX5Au5Rsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyT2l09VPga+71yxat6M+Bl4uekAjnqvfJXt69oGjNpqSDGdHwvsUFGtOVUsEmpmxqWEDoiA9ZxVJKYmSCb3TvBJ07p40hpV9Limfp7IiOxMeM4dJ0xsUOz6E3F/7xOaqOrIOMySS2TdL4oSgW2Ck+fx32uGbVi7AihmrtbMR0STah1EZVcCP7iy8ukeVb1L6rn9+eV2k0eRxGO4BhOwYdLqMEd1KEBFAQ8wyu8oUf0gt7Rx7y1gPKZQ/gD9PkDxymPJw==</latexit>

⇢ > 1
<latexit sha1_base64="gzsTReCx+PeLDG/b/bdn+hfks+o=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k6MVjBfsB3aVk02wbmk1CkhVK6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzYsWZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy8hME9okkkvdibGhnAnatMxy2lGa4jTmtB2P7mZ++4lqw6R4tGNFoxQPBEsYwdZJYUiVYVwKdIP8XrniV/050CoJclKBHI1e+SvsS5KlVFjCsTHdwFc2mmBtGeF0WgozQxUmIzygXUcFTqmJJvObp+jMKX2USO1KWDRXf09McGrMOI1dZ4rt0Cx7M/E/r5vZ5DqaMKEySwVZLEoyjqxEswBQn2lKLB87golm7lZEhlhjYl1MJRdCsPzyKmldVIPLau2hVqnf5nEU4QRO4RwCuII63EMDmkBAwTO8wpuXeS/eu/exaC14+cwx/IH3+QP5rpD/</latexit>

✏ > 0
<latexit sha1_base64="vKOwTHhxwjtMabz3lnBLWIKRbsM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUoiRV0W3bisYB/QhDKZTtqhk0mYuRFrKP6KGxeKuPU/3Pk3TtsstPXAwOGce7h3TpAIrsFxvq2l5ZXVtfXCRnFza3tn197bb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtcTv3XPlOaxvINRwvyI9CUPOSVgpK596GX4oeuWvV4MumyoxN64a5ecijMFXiRuTkooR71rf5k8TSMmgQqidcd1EvAzooBTwcZFL9UsIXRI+qxjqCQR0342vX6MT4zSw2GszJOAp+rvREYirUdRYCYjAgM9703E/7xOCuGln3GZpMAknS0KU4EhxpMqcI8rRkGMDCFUcXMrpgOiCAVTWNGU4M5/eZE0zyrueaV6Wy3VrvI6CugIHaNT5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHbHTJyjMH6A+szx/2KZRH</latexit>

{x1, . . . , xn}
<latexit sha1_base64="0FQTTyvAd36CtU8PARfKbfD2How=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISKeqy6MZlBfuAppTJdNIOnUzCzI0QQ/FX3LhQxK3/4c6/cdpmoa0HBg7n3MO9c/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h7SmPVCMpQ84JSAkfr2kZfhtO9WvEEEumKoxN6kb5edqjMDXiZuTsooR6Nvf5k8TUImgQqiddd1YuhlRAGngk1KXqJZTOiYDFnXUElCpnvZ7PoJPjXKAAeRMk8Cnqm/ExkJtU5D30yGBEZ60ZuK/3ndBIKrXsZlnACTdL4oSASGCE+rwAOuGAWRGkKo4uZWTEdEEQqmsJIpwV388jJpnVfdi2rtrlauX+d1FNExOkFnyEWXqI5uUQM1EUWP6Bm9ojfryXqx3q2P+WjByjOH6A+szx/5RpRJ</latexit>

{y1, . . . , yn}
<latexit sha1_base64="Hj9G7MLFRet44zBzeDS8KBa4TTU="></latexit>

n · poly⇤(n(⇢�1)/⇢ · 2⇢/(⇢�1)/✏)
<latexit sha1_base64="JrbmjlXgA0FTHDT9SN+IAQwKHv8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A/oriWbZtvQbBKSrFJK/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRmaa0AaRXOp2jA3lTNCGZZbTttIUpzGnrXh4M/Vbj1QbJsW9HSkapbgvWMIItk56CFWKQqoM41Ig3S1X/Ko/A1omQU4qkKPeLX+FPUmylApLODamE/jKRmOsLSOcTkphZqjCZIj7tOOowCk10Xh29QSdOKWHEqldCYtm6u+JMU6NGaWx60yxHZhFbyr+53Uym1xFYyZUZqkg80VJxpGVaBoB6jFNieUjRzDRzN2KyABrTKwLquRCCBZfXibNs2pwUT2/O6/UrvM4inAEx3AKAVxCDW6hDg0goOEZXuHNe/JevHfvY95a8PKZQ/gD7/MHLJiSUA==</latexit>±✏r

<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)
<latexit sha1_base64="FdS/KHEpsJVHlnSpzYLdyofh4Sc=">AAACC3icbVDLSgNBEOz1GeMr6tHLkCAIQtiVoF6EoBePEcwDsiHMTmaTIbMz68ysEJa9e/FXvHhQxKs/4M2/cfI4aGJBQ1HVTXdXEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMr8d+84EqzaS4M6OYdiLcFyxkBBsrdQtFXw0kukQeOkF+qDBJvSz19b0yqc9lH4ks6xZKbtmdAC0Sb0ZKMEOtW/jye5IkERWGcKx123Nj00mxMoxwmuX9RNMYkyHu07alAkdUd9LJLxk6skoPhVLZEgZN1N8TKY60HkWB7YywGeh5byz+57UTE150UibixFBBpovChCMj0TgY1GOKEsNHlmCimL0VkQG2iRgbX96G4M2/vEgap2XvrFy5rZSqV7M4cnAIRTgGD86hCjdQgzoQeIRneIU358l5cd6dj2nrkjObOYA/cD5/AI0Tmik=</latexit>

⇢ = 1 +
1p
log n

<latexit sha1_base64="3feSXNRGTR2Q/wUZJSllcsVk05s=">AAACDXicbVDLSgMxFM3UV62vUZduglVoEeqMFHVZdOOygn1AW0smzbShmSQkGaEM/QE3/oobF4q4de/OvzFtZ6GtBy4czrmXe+8JJKPaeN63k1laXlldy67nNja3tnfc3b26FrHCpIYFE6oZIE0Y5aRmqGGkKRVBUcBIIxheT/zGA1GaCn5nRpJ0ItTnNKQYGSt13SN+n/gnouAXx/AUtiNkBipKpGCjcaFNpKZM8GLXzXslbwq4SPyU5EGKatf9avcEjiPCDWZI65bvSdNJkDIUMzLOtWNNJMJD1CctSzmKiO4k02/G8NgqPRgKZYsbOFV/TyQo0noUBbZzcq6e9ybif14rNuFlJ6FcxoZwPFsUxgwaASfRwB5VBBs2sgRhRe2tEA+QQtjYAHM2BH/+5UVSPyv556XybTlfuUrjyIIDcAgKwAcXoAJuQBXUAAaP4Bm8gjfnyXlx3p2PWWvGSWf2wR84nz/v75rk</latexit>

n1+o(1)/poly(✏)Time:



Main Theorem: An algorithm for 
<latexit sha1_base64="PKs6q5fnQh11gZi3HRNTzLFZucU="></latexit>

EMD(µ)
n2(⇢�1)/⇢

⇡ R⇢(µ)

New Theorem: 

For any          and any         , there is an algorithm which  
receives as input                     and                    and in time 
at most                                                , outputs an 
approx to           .

<latexit sha1_base64="ynzP6Glr7AeIHGO3YgrXtA7xw0E=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqCcpevFYwX5Au5Rsmm1Ds8maZIWy9E948aCIV/+ON/+NabsHbX0w8Hhvhpl5YSK4sZ73jQorq2vrG8XN0tb2zu5eef+gaVSqKWtQJZRuh8QwwSVrWG4FayeakTgUrBWObqd+64lpw5V8sOOEBTEZSB5xSqyT2l09VPga+71yxat6M+Bl4uekAjnqvfJXt69oGjNpqSDGdHwvsUFGtOVUsEmpmxqWEDoiA9ZxVJKYmSCb3TvBJ07p40hpV9Limfp7IiOxMeM4dJ0xsUOz6E3F/7xOaqOrIOMySS2TdL4oSgW2Ck+fx32uGbVi7AihmrtbMR0STah1EZVcCP7iy8ukeVb1L6rn9+eV2k0eRxGO4BhOwYdLqMEd1KEBFAQ8wyu8oUf0gt7Rx7y1gPKZQ/gD9PkDxymPJw==</latexit>

⇢ > 1
<latexit sha1_base64="gzsTReCx+PeLDG/b/bdn+hfks+o=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVop6k6MVjBfsB3aVk02wbmk1CkhVK6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzYsWZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy8hME9okkkvdibGhnAnatMxy2lGa4jTmtB2P7mZ++4lqw6R4tGNFoxQPBEsYwdZJYUiVYVwKdIP8XrniV/050CoJclKBHI1e+SvsS5KlVFjCsTHdwFc2mmBtGeF0WgozQxUmIzygXUcFTqmJJvObp+jMKX2USO1KWDRXf09McGrMOI1dZ4rt0Cx7M/E/r5vZ5DqaMKEySwVZLEoyjqxEswBQn2lKLB87golm7lZEhlhjYl1MJRdCsPzyKmldVIPLau2hVqnf5nEU4QRO4RwCuII63EMDmkBAwTO8wpuXeS/eu/exaC14+cwx/IH3+QP5rpD/</latexit>

✏ > 0
<latexit sha1_base64="vKOwTHhxwjtMabz3lnBLWIKRbsM=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwUUoiRV0W3bisYB/QhDKZTtqhk0mYuRFrKP6KGxeKuPU/3Pk3TtsstPXAwOGce7h3TpAIrsFxvq2l5ZXVtfXCRnFza3tn197bb+o4VZQ1aCxi1Q6IZoJL1gAOgrUTxUgUCNYKhtcTv3XPlOaxvINRwvyI9CUPOSVgpK596GX4oeuWvV4MumyoxN64a5ecijMFXiRuTkooR71rf5k8TSMmgQqidcd1EvAzooBTwcZFL9UsIXRI+qxjqCQR0342vX6MT4zSw2GszJOAp+rvREYirUdRYCYjAgM9703E/7xOCuGln3GZpMAknS0KU4EhxpMqcI8rRkGMDCFUcXMrpgOiCAVTWNGU4M5/eZE0zyrueaV6Wy3VrvI6CugIHaNT5KILVEM3qI4aiKJH9Ixe0Zv1ZL1Y79bHbHTJyjMH6A+szx/2KZRH</latexit>

{x1, . . . , xn}
<latexit sha1_base64="0FQTTyvAd36CtU8PARfKbfD2How=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCi1ISKeqy6MZlBfuAppTJdNIOnUzCzI0QQ/FX3LhQxK3/4c6/cdpmoa0HBg7n3MO9c/xYcA2O820VVlbX1jeKm6Wt7Z3dPXv/oKWjRFHWpJGIVMcnmgkuWRM4CNaJFSOhL1jbH99M/fYDU5pH8h7SmPVCMpQ84JSAkfr2kZfhtO9WvEEEumKoxN6kb5edqjMDXiZuTsooR6Nvf5k8TUImgQqiddd1YuhlRAGngk1KXqJZTOiYDFnXUElCpnvZ7PoJPjXKAAeRMk8Cnqm/ExkJtU5D30yGBEZ60ZuK/3ndBIKrXsZlnACTdL4oSASGCE+rwAOuGAWRGkKo4uZWTEdEEQqmsJIpwV388jJpnVfdi2rtrlauX+d1FNExOkFnyEWXqI5uUQM1EUWP6Bm9ojfryXqx3q2P+WjByjOH6A+szx/5RpRJ</latexit>

{y1, . . . , yn}
<latexit sha1_base64="Hj9G7MLFRet44zBzeDS8KBa4TTU="></latexit>

n · poly⇤(n(⇢�1)/⇢ · 2⇢/(⇢�1)/✏)
<latexit sha1_base64="JrbmjlXgA0FTHDT9SN+IAQwKHv8=">AAAB9XicbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FLx4r2A/oriWbZtvQbBKSrFJK/4cXD4p49b9489+YtnvQ1gcDj/dmmJkXK86M9f1vr7Cyura+UdwsbW3v7O6V9w+aRmaa0AaRXOp2jA3lTNCGZZbTttIUpzGnrXh4M/Vbj1QbJsW9HSkapbgvWMIItk56CFWKQqoM41Ig3S1X/Ko/A1omQU4qkKPeLX+FPUmylApLODamE/jKRmOsLSOcTkphZqjCZIj7tOOowCk10Xh29QSdOKWHEqldCYtm6u+JMU6NGaWx60yxHZhFbyr+53Uym1xFYyZUZqkg80VJxpGVaBoB6jFNieUjRzDRzN2KyABrTKwLquRCCBZfXibNs2pwUT2/O6/UrvM4inAEx3AKAVxCDW6hDg0goOEZXuHNe/JevHfvY95a8PKZQ/gD7/MHLJiSUA==</latexit>±✏r

<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)
<latexit sha1_base64="FdS/KHEpsJVHlnSpzYLdyofh4Sc=">AAACC3icbVDLSgNBEOz1GeMr6tHLkCAIQtiVoF6EoBePEcwDsiHMTmaTIbMz68ysEJa9e/FXvHhQxKs/4M2/cfI4aGJBQ1HVTXdXEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/oWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMr8d+84EqzaS4M6OYdiLcFyxkBBsrdQtFXw0kukQeOkF+qDBJvSz19b0yqc9lH4ks6xZKbtmdAC0Sb0ZKMEOtW/jye5IkERWGcKx123Nj00mxMoxwmuX9RNMYkyHu07alAkdUd9LJLxk6skoPhVLZEgZN1N8TKY60HkWB7YywGeh5byz+57UTE150UibixFBBpovChCMj0TgY1GOKEsNHlmCimL0VkQG2iRgbX96G4M2/vEgap2XvrFy5rZSqV7M4cnAIRTgGD86hCjdQgzoQeIRneIU358l5cd6dj2nrkjObOYA/cD5/AI0Tmik=</latexit>

⇢ = 1 +
1p
log n

<latexit sha1_base64="3feSXNRGTR2Q/wUZJSllcsVk05s=">AAACDXicbVDLSgMxFM3UV62vUZduglVoEeqMFHVZdOOygn1AW0smzbShmSQkGaEM/QE3/oobF4q4de/OvzFtZ6GtBy4czrmXe+8JJKPaeN63k1laXlldy67nNja3tnfc3b26FrHCpIYFE6oZIE0Y5aRmqGGkKRVBUcBIIxheT/zGA1GaCn5nRpJ0ItTnNKQYGSt13SN+n/gnouAXx/AUtiNkBipKpGCjcaFNpKZM8GLXzXslbwq4SPyU5EGKatf9avcEjiPCDWZI65bvSdNJkDIUMzLOtWNNJMJD1CctSzmKiO4k02/G8NgqPRgKZYsbOFV/TyQo0noUBbZzcq6e9ybif14rNuFlJ6FcxoZwPFsUxgwaASfRwB5VBBs2sgRhRe2tEA+QQtjYAHM2BH/+5UVSPyv556XybTlfuUrjyIIDcAgKwAcXoAJuQBXUAAaP4Bm8gjfnyXlx3p2PWWvGSWf2wR84nz/v75rk</latexit>

n1+o(1)/poly(✏)Time:

EMD Sinkhorn
Fast, crude approx Slow, accurate approx



Talk Outline: 

• “Spanner approach” 
• Main Result 
• Kernel Density Estimation
• Techniques



Kernel Density Estimation (KDE)

Preprocessing: 
• A dataset 

• A kernel function 

<latexit sha1_base64="UKKXnlw0E0nRzmueOV2maORk4Bc=">AAACFnicbVDLSgMxFM3UV62vqks3wSK4qGVGiroRim5cVrEP6Iwlk6ZtaCYzJHfEMvQr3Pgrblwo4lbc+Tdm2i609UDgcM69N/cePxJcg21/W5mFxaXllexqbm19Y3Mrv71T12GsKKvRUISq6RPNBJesBhwEa0aKkcAXrOEPLlO/cc+U5qG8hWHEvID0JO9ySsBI7fxRE59jN8EPbafodkLQRUMldkfY1bGvGWA3IND3/eRmdNdp5wt2yR4DzxNnSgpoimo7/2WG0jhgEqggWrccOwIvIQo4FWyUc2PNIkIHpMdahkoSMO0l47NG+MAoHdwNlXkS8Fj93ZGQQOth4JvKdEc966Xif14rhu6Zl3AZxcAknXzUjQWGEKcZ4Q5XjIIYGkKo4mZXTPtEEQomyZwJwZk9eZ7Uj0vOSal8XS5ULqZxZNEe2keHyEGnqIKuUBXVEEWP6Bm9ojfryXqx3q2PSWnGmvbsoj+wPn8ACVmeHg==</latexit>

X = {x1, . . . , xn} ⇢ Rd

<latexit sha1_base64="jBePen9cBjieKrdfJvs9UALPSzo=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEqSEmkqMuiG8FNBfuANpTJdNIOnUzCzKRYQv/EjQtF3Pon7vwbp2kW2npg4HDOvdwzx485U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH93O/NaYSsUi8agnMfVCPBAsYARrI/VsuxtiPVRBej8tP52jyVnPLjkVJwNaJm5OSpCj3rO/uv2IJCEVmnCsVMd1Yu2lWGpGOJ0Wu4miMSYjPKAdQwUOqfLSLPkUnRqlj4JImic0ytTfGykOlZqEvpnMci56M/E/r5Po4NpLmYgTTQWZHwoSjnSEZjWgPpOUaD4xBBPJTFZEhlhiok1ZRVOCu/jlZdK8qLiXlepDtVS7yesowDGcQBlcuIIa3EEdGkBgDM/wCm9War1Y79bHfHTFyneO4A+szx+jqZME</latexit>

K(x, y)

Query: 
• A point 

• Output approximation to 

e.g.  

<latexit sha1_base64="eMYx044kRnpBVnLAXrDA8shJ6fg=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBVUlE1GXRjcsq9gFNLJPJpB06mYSZiVhCf8WNC0Xc+iPu/BsnbRbaemDgcM693DPHTzhT2ra/rdLK6tr6RnmzsrW9s7tX3a91VJxKQtsk5rHs+VhRzgRta6Y57SWS4sjntOuPr3O/+0ilYrG415OEehEeChYygrWRBtXaBLlMIDfCeuT72d30IRhU63bDngEtE6cgdSjQGlS/3CAmaUSFJhwr1XfsRHsZlpoRTqcVN1U0wWSMh7RvqMARVV42yz5Fx0YJUBhL84RGM/X3RoYjpSaRbybzjGrRy8X/vH6qw0svYyJJNRVkfihMOdIxyotAAZOUaD4xBBPJTFZERlhiok1dFVOCs/jlZdI5bTjnjbPbs3rzqqijDIdwBCfgwAU04QZa0AYCT/AMr/BmTa0X6936mI+WrGLnAP7A+vwBlSCUKg==</latexit>

y 2 Rd

<latexit sha1_base64="UarYMdUOqvxLFZVg0EDIAul8Wio="></latexit>

⌧ =
1

n

nX

i=1

K(xi, y)

<latexit sha1_base64="Bi4RiraszZ5bb02cedEJS4eL01I=">AAACFHicbVDLSgMxFM3UV62vqks3wSJU1DJTiroRim4ENxXsAzpjyaSZNjTzIMlIh+l8hBt/xY0LRdy6cOffmLaz0NYDgcM593Jzjh0wKqSuf2uZhcWl5ZXsam5tfWNzK7+90xB+yDGpY5/5vGUjQRj1SF1SyUgr4AS5NiNNe3A19psPhAvqe3cyCojlop5HHYqRVFInf2S6SPaFE98kxeExjA7hBTS7Dkc4NpLYHA3hCYzMUad8X046+YJe0ieA88RISQGkqHXyX2bXx6FLPIkZEqJt6IG0YsQlxYwkOTMUJEB4gHqkraiHXCKseBIqgQdK6ULH5+p5Ek7U3xsxcoWIXFtNTiLMemPxP68dSufciqkXhJJ4eHrICRmUPhw3BLuUEyxZpAjCnKq/QtxHqhGpesypEozZyPOkUS4Zp6XKbaVQvUzryII9sA+KwABnoAquQQ3UAQaP4Bm8gjftSXvR3rWP6WhGS3d2wR9onz+B1507</latexit>

K(x, y) =
1

kx� yk22

[Charikar, Siminelakis ’17]



Smoothness is very helpful in sketching.

[Backurs, Charikar, Indyk, Siminelakis ’18]: 
• Message: complexity governed by decay of  

Smooth Kernel:  

Theorem: there exists a data structure for approximating 
KDE of smooth kernels running in time                              .

<latexit sha1_base64="0fcuPN1/wKIH+OMrd/NuUtJGTs4=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iEClISKeqy6EZwU8E+oA1lMp20QycPZiZiDP0SNy4UceunuPNvnKZZaOuBgcM593LPHDfiTCrL+jYKK6tr6xvFzdLW9s5u2dzbb8swFoS2SMhD0XWxpJwFtKWY4rQbCYp9l9OOO7me+Z0HKiQLg3uVRNTx8ShgHiNYaWlglvs+VmPppbfT6uNpcjIwK1bNyoCWiZ2TCuRoDsyv/jAksU8DRTiWsmdbkXJSLBQjnE5L/VjSCJMJHtGepgH2qXTSLPgUHWtliLxQ6BcolKm/N1LsS5n4rp7MYi56M/E/rxcr79JJWRDFigZkfsiLOVIhmrWAhkxQoniiCSaC6ayIjLHAROmuSroEe/HLy6R9VrPPa/W7eqVxlddRhEM4girYcAENuIEmtIBADM/wCm/Gk/FivBsf89GCke8cwB8Ynz9I3JLa</latexit>

K(x, y)

<latexit sha1_base64="zAqieeCbF6J5FkAOdZih5C3ntZg="></latexit>

K(x, y) decays polynomially with kx� yk2
<latexit sha1_base64="ej8/YS9TEUImsiT3NNepvBQIqLI="></latexit>

e.g.: K(x, y) =
1

kx� yks2

<latexit sha1_base64="EfgrjJA7tL1KJTMthWOCeE7q+P8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC+tMKeqy6MZlBfuATi2ZTNqGZpKQZIQyzFe48VfcuFDErbjzb0wfC60eCBzOuZebc0LJqDae9+XklpZXVtfy64WNza3tHXd3r6lFojBpYMGEaodIE0Y5aRhqGGlLRVAcMtIKR1cTv3VPlKaC35qxJN0YDTjtU4yMlXruSRAjM1RxKgUbZ6UoYGIAOQxwJAys3KU6g6cwIFJTJvhxzy16ZW8K+Jf4c1IEc9R77mcQCZzEhBvMkNYd35OmmyJlKGYkKwSJJhLhERqQjqUcxUR302msDB5ZJYJ9oezjBk7VnxspirUex6GdnITQi95E/M/rJKZ/0U0pl4khHM8O9RMGjYCTjmBEFcGGjS1BWFH7V4iHSCFsbJMFW4K/GPkvaVbK/lm5elMt1i7ndeTBATgEJeCDc1AD16AOGgCDB/AEXsCr8+g8O2/O+2w058x39sEvOB/fl62e/g==</latexit>

poly(d log n · 2s/✏)



Smooth Kernel: 
<latexit sha1_base64="ej8/YS9TEUImsiT3NNepvBQIqLI="></latexit>

e.g.: K(x, y) =
1

kx� yks2

<latexit sha1_base64="EfgrjJA7tL1KJTMthWOCeE7q+P8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC+tMKeqy6MZlBfuATi2ZTNqGZpKQZIQyzFe48VfcuFDErbjzb0wfC60eCBzOuZebc0LJqDae9+XklpZXVtfy64WNza3tHXd3r6lFojBpYMGEaodIE0Y5aRhqGGlLRVAcMtIKR1cTv3VPlKaC35qxJN0YDTjtU4yMlXruSRAjM1RxKgUbZ6UoYGIAOQxwJAys3KU6g6cwIFJTJvhxzy16ZW8K+Jf4c1IEc9R77mcQCZzEhBvMkNYd35OmmyJlKGYkKwSJJhLhERqQjqUcxUR302msDB5ZJYJ9oezjBk7VnxspirUex6GdnITQi95E/M/rJKZ/0U0pl4khHM8O9RMGjYCTjmBEFcGGjS1BWFH7V4iHSCFsbJMFW4K/GPkvaVbK/lm5elMt1i7ndeTBATgEJeCDc1AD16AOGgCDB/AEXsCr8+g8O2/O+2w058x39sEvOB/fl62e/g==</latexit>

poly(d log n · 2s/✏)

time per query.

Smoothness is very helpful in sketching.



Smooth Kernel: 
<latexit sha1_base64="ej8/YS9TEUImsiT3NNepvBQIqLI="></latexit>

e.g.: K(x, y) =
1

kx� yks2

<latexit sha1_base64="EfgrjJA7tL1KJTMthWOCeE7q+P8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC+tMKeqy6MZlBfuATi2ZTNqGZpKQZIQyzFe48VfcuFDErbjzb0wfC60eCBzOuZebc0LJqDae9+XklpZXVtfy64WNza3tHXd3r6lFojBpYMGEaodIE0Y5aRhqGGlLRVAcMtIKR1cTv3VPlKaC35qxJN0YDTjtU4yMlXruSRAjM1RxKgUbZ6UoYGIAOQxwJAys3KU6g6cwIFJTJvhxzy16ZW8K+Jf4c1IEc9R77mcQCZzEhBvMkNYd35OmmyJlKGYkKwSJJhLhERqQjqUcxUR302msDB5ZJYJ9oezjBk7VnxspirUex6GdnITQi95E/M/rJKZ/0U0pl4khHM8O9RMGjYCTjmBEFcGGjS1BWFH7V4iHSCFsbJMFW4K/GPkvaVbK/lm5elMt1i7ndeTBATgEJeCDc1AD16AOGgCDB/AEXsCr8+g8O2/O+2w058x39sEvOB/fl62e/g==</latexit>

poly(d log n · 2s/✏)

time per query.

Looking forward to…
<latexit sha1_base64="oWK970B6c1l/OkkzxxhHm4QpTCs="></latexit>

R⇢(µ) ! s =
⇢

⇢� 1

Smoothness is very helpful in sketching.



Smooth Kernel: 
<latexit sha1_base64="ej8/YS9TEUImsiT3NNepvBQIqLI="></latexit>

e.g.: K(x, y) =
1

kx� yks2

<latexit sha1_base64="EfgrjJA7tL1KJTMthWOCeE7q+P8=">AAACFnicbVDLSgMxFM3UV62vUZdugkWoC+tMKeqy6MZlBfuATi2ZTNqGZpKQZIQyzFe48VfcuFDErbjzb0wfC60eCBzOuZebc0LJqDae9+XklpZXVtfy64WNza3tHXd3r6lFojBpYMGEaodIE0Y5aRhqGGlLRVAcMtIKR1cTv3VPlKaC35qxJN0YDTjtU4yMlXruSRAjM1RxKgUbZ6UoYGIAOQxwJAys3KU6g6cwIFJTJvhxzy16ZW8K+Jf4c1IEc9R77mcQCZzEhBvMkNYd35OmmyJlKGYkKwSJJhLhERqQjqUcxUR302msDB5ZJYJ9oezjBk7VnxspirUex6GdnITQi95E/M/rJKZ/0U0pl4khHM8O9RMGjYCTjmBEFcGGjS1BWFH7V4iHSCFsbJMFW4K/GPkvaVbK/lm5elMt1i7ndeTBATgEJeCDc1AD16AOGgCDB/AEXsCr8+g8O2/O+2w058x39sEvOB/fl62e/g==</latexit>

poly(d log n · 2s/✏)

time per query.

Traditional sketching vectors      :  

Smoothness is very helpful in sketching.

<latexit sha1_base64="dZaOJU5csgyAXobtIp8NnFBYR9Y=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3btZhN2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzU6qEQ/aRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42v3ZKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjJ7nQy4QmbExBLKFLe3EjaiijJjAyrZELzll1dJ66LqXVZr97VK/SaPowgncArn4MEV1OEOGtAEBo/wDK/w5sTOi/PufCxaC04+cwx/4Hz+AJeGjyc=</latexit>

`p
<latexit sha1_base64="8Q7idX/UlDsAeakLpdxaLIjN+do=">AAACD3icbVA9SwNBEN2LXzF+RS1tFoOihcldCGoZtLGMkKiQi2Fvb2KW7O0du3NCOPIPbPwrNhaK2Nra+W/cxBR+PRh4vDfDzLwgkcKg6344uZnZufmF/GJhaXllda24vnFh4lRzaPFYxvoqYAakUNBCgRKuEg0sCiRcBoPTsX95C9qIWDVxmEAnYjdK9ARnaKVucddHIUPI/GYfkI32wuvMowe0WklGFR8SI2Ssrqv73WLJLbsT0L/Em5ISmaLRLb77YczTCBRyyYxpe26CnYxpFFzCqOCnBhLGB+wG2pYqFoHpZJN/RnTHKiHtxdqWQjpRv09kLDJmGAW2M2LYN7+9sfif106xd9zJhEpSBMW/FvVSSTGm43BoKDRwlENLGNfC3kp5n2nG0UZYsCF4v1/+Sy6qZe+wXDuvleon0zjyZItskz3ikSNSJ2ekQVqEkzvyQJ7Is3PvPDovzutXa86ZzmySH3DePgEo5Zt3</latexit>

⇥̃(d1�2/p/✏2)



Techniques: 
Using KDE for         .        

<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)



The Linear Program for the 
Earth Mover’s Distance

<latexit sha1_base64="We0A56JuGcb7khW4ob3UHMlcCRg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5JIUZfFB7gRKtgHNKFMppN26EwSZm7UEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gxZwps+9vILS2vrK7l1wsbm1vbO2Zxt6miRBLaIBGPZNvHinIW0gYw4LQdS4qFz2nLH15M/NY9lYpF4R2MYuoJ3A9ZwAgGLXXNogv0EQDSq5vLcdkVyVHXLNkVewprkTgZKaEM9a755fYikggaAuFYqY5jx+ClWAIjnI4LbqJojMkQ92lH0xALqrx0evrYOtRKzwoiqSsEa6r+nkixUGokfN0pMAzUvDcR//M6CQRnXsrCOAEaktmiIOEWRNYkB6vHJCXAR5pgIpm+1SIDLDEBnVZBh+DMv7xImscV56RSva2WaudZHHm0jw5QGTnoFNXQNaqjBiLoAT2jV/RmPBkvxrvxMWvNGdnMHvoD4/MH5HaTxA==</latexit>

EMD(µ)

<latexit sha1_base64="daxKj13BqHDja0eQmXSrfrAiAdo="></latexit>

= min
�

nX

i=1

nX

j=1

�ijkxi � yjk2

s.t
nX

i=1

�ij =
1

n
for all i 2 [n]

nX

j=1

�ij =
1

n
for all j 2 [n]



The Linear Program for the 
Earth Mover’s Distance

<latexit sha1_base64="We0A56JuGcb7khW4ob3UHMlcCRg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5JIUZfFB7gRKtgHNKFMppN26EwSZm7UEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gxZwps+9vILS2vrK7l1wsbm1vbO2Zxt6miRBLaIBGPZNvHinIW0gYw4LQdS4qFz2nLH15M/NY9lYpF4R2MYuoJ3A9ZwAgGLXXNogv0EQDSq5vLcdkVyVHXLNkVewprkTgZKaEM9a755fYikggaAuFYqY5jx+ClWAIjnI4LbqJojMkQ92lH0xALqrx0evrYOtRKzwoiqSsEa6r+nkixUGokfN0pMAzUvDcR//M6CQRnXsrCOAEaktmiIOEWRNYkB6vHJCXAR5pgIpm+1SIDLDEBnVZBh+DMv7xImscV56RSva2WaudZHHm0jw5QGTnoFNXQNaqjBiLoAT2jV/RmPBkvxrvxMWvNGdnMHvoD4/MH5HaTxA==</latexit>

EMD(µ)

<latexit sha1_base64="daxKj13BqHDja0eQmXSrfrAiAdo="></latexit>

= min
�

nX

i=1

nX

j=1

�ijkxi � yjk2

s.t
nX

i=1

�ij =
1

n
for all i 2 [n]

nX

j=1

�ij =
1

n
for all j 2 [n]

Even representing    is complicated!<latexit sha1_base64="wplLSeZG7rOgHUVcPa+dCJtP3Xo=">AAAB7XicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS+idzCZj5rHMzAphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNaJMornQnAkM5k7RpmeW0k2gKIuK0HY1vZ377iWrDlHywk4SGAoaSxYyAdVKrNwQhoF+u+FV/DrxKgpxUUI5Gv/zVGyiSCiot4WBMN/ATG2agLSOcTku91NAEyBiGtOuoBEFNmM2vneIzpwxwrLQrafFc/T2RgTBmIiLXKcCOzLI3E//zuqmNr8OMySS1VJLFojjl2Co8ex0PmKbE8okjQDRzt2IyAg3EuoBKLoRg+eVV0rqoBpfV2n2tUr/J4yiiE3SKzlGArlAd3aEGaiKCHtEzekVvnvJevHfvY9Fa8PKZY/QH3ucPidmPHg==</latexit>�



The Linear Program for the 
Earth Mover’s Distance

<latexit sha1_base64="We0A56JuGcb7khW4ob3UHMlcCRg=">AAAB+nicbVDLSsNAFJ3UV62vVJdugkWom5JIUZfFB7gRKtgHNKFMppN26EwSZm7UEvspblwo4tYvceffOG2z0NYDFw7n3Mu99/gxZwps+9vILS2vrK7l1wsbm1vbO2Zxt6miRBLaIBGPZNvHinIW0gYw4LQdS4qFz2nLH15M/NY9lYpF4R2MYuoJ3A9ZwAgGLXXNogv0EQDSq5vLcdkVyVHXLNkVewprkTgZKaEM9a755fYikggaAuFYqY5jx+ClWAIjnI4LbqJojMkQ92lH0xALqrx0evrYOtRKzwoiqSsEa6r+nkixUGokfN0pMAzUvDcR//M6CQRnXsrCOAEaktmiIOEWRNYkB6vHJCXAR5pgIpm+1SIDLDEBnVZBh+DMv7xImscV56RSva2WaudZHHm0jw5QGTnoFNXQNaqjBiLoAT2jV/RmPBkvxrvxMWvNGdnMHvoD4/MH5HaTxA==</latexit>

EMD(µ)

<latexit sha1_base64="daxKj13BqHDja0eQmXSrfrAiAdo="></latexit>

= min
�

nX

i=1

nX

j=1

�ijkxi � yjk2

s.t
nX

i=1

�ij =
1

n
for all i 2 [n]

nX

j=1

�ij =
1

n
for all j 2 [n]

<latexit sha1_base64="PWAcGmov6cXZZ90GpTG6lIQGVkA="></latexit>

= max
↵,�2Rn

1

n

nX

i=1

↵i �
1

n

nX

j=1

�j

s.t ↵i � �j  kxi � yjk2 for all i, j 2 [n]



The Perturbation 
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)

<latexit sha1_base64="dAUjQCW7GmJTuVsVEuKUM+3DteU="></latexit>

R⇢(µ)
⇢ =min

�

nX

i=1

nX

j=1

�⇢
ijkxi � yjk⇢2

s.t
nX

j=1

�ij =
1

n
for all i 2 [n]

nX

i=1

�ij =
1

n
for all j 2 [n]



The Perturbation 
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)

<latexit sha1_base64="6G8ob/ci/OhsvVlVYhWzn4h5/NM="></latexit>

= max
↵,�2Rn

1

n

nX

i=1

↵i �
1

n

nX

j=1

�j

� C⇢

nX

i=1

nX

j=1

✓
(↵i � �j)+

kxi � yjk2

◆s

<latexit sha1_base64="dAUjQCW7GmJTuVsVEuKUM+3DteU="></latexit>

R⇢(µ)
⇢ =min

�

nX

i=1

nX

j=1

�⇢
ijkxi � yjk⇢2

s.t
nX

j=1

�ij =
1

n
for all i 2 [n]

nX

i=1

�ij =
1

n
for all j 2 [n]



The Perturbation 
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)

<latexit sha1_base64="6G8ob/ci/OhsvVlVYhWzn4h5/NM="></latexit>

= max
↵,�2Rn

1

n

nX

i=1

↵i �
1

n

nX

j=1

�j

� C⇢

nX

i=1

nX

j=1

✓
(↵i � �j)+

kxi � yjk2

◆s

<latexit sha1_base64="dAUjQCW7GmJTuVsVEuKUM+3DteU="></latexit>

R⇢(µ)
⇢ =min

�

nX

i=1

nX

j=1

�⇢
ijkxi � yjk⇢2

s.t
nX

j=1

�ij =
1

n
for all i 2 [n]

nX

i=1

�ij =
1

n
for all j 2 [n]

<latexit sha1_base64="ItQXLPlsUeSTh7R1qFqah8KtMhk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR6sI6I0XdCEU3LivYB7RDyaSZNjQzGZKMUIaCv+LGhSJu/Q53/o3ptAttPXC5h3PuJTfHjzlT2nG+rdzS8srqWn69sLG5tb1j7+41lEgkoXUiuJAtHyvKWUTrmmlOW7GkOPQ5bfrD24nffKRSMRE96FFMvRD3IxYwgrWRuvaBQteoIwcCnaFS1k+Re9K1i07ZyYAWiTsjRZih1rW/Oj 1BkpBGmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtQyMcUuWl2fljdGyUHgqENBVplKm/N1IcKjUKfTMZYj1Q895E/M9rJzq48lIWxYmmEZk+FCQcaYEmWaAek5RoPjIEE8nMrYgMsMREm8QKJgR3/suLpHFedi/KlftKsXoziyMPh3AEJXDhEqpwBzWoA4EUnuEV3qwn68V6tz6mozlrtrMPf2B9/gBF25Me</latexit>

s = ⇢/(⇢� 1)



The Perturbation 
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)

<latexit sha1_base64="6G8ob/ci/OhsvVlVYhWzn4h5/NM="></latexit>

= max
↵,�2Rn

1

n

nX

i=1

↵i �
1

n

nX

j=1

�j

� C⇢

nX

i=1

nX

j=1

✓
(↵i � �j)+

kxi � yjk2

◆s

<latexit sha1_base64="dAUjQCW7GmJTuVsVEuKUM+3DteU="></latexit>

R⇢(µ)
⇢ =min

�

nX

i=1

nX

j=1

�⇢
ijkxi � yjk⇢2

s.t
nX

j=1

�ij =
1

n
for all i 2 [n]

nX

i=1

�ij =
1

n
for all j 2 [n]

<latexit sha1_base64="ItQXLPlsUeSTh7R1qFqah8KtMhk=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2AR6sI6I0XdCEU3LivYB7RDyaSZNjQzGZKMUIaCv+LGhSJu/Q53/o3ptAttPXC5h3PuJTfHjzlT2nG+rdzS8srqWn69sLG5tb1j7+41lEgkoXUiuJAtHyvKWUTrmmlOW7GkOPQ5bfrD24nffKRSMRE96FFMvRD3IxYwgrWRuvaBQteoIwcCnaFS1k+Re9K1i07ZyYAWiTsjRZih1rW/Oj 1BkpBGmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtQyMcUuWl2fljdGyUHgqENBVplKm/N1IcKjUKfTMZYj1Q895E/M9rJzq48lIWxYmmEZk+FCQcaYEmWaAek5RoPjIEE8nMrYgMsMREm8QKJgR3/suLpHFedi/KlftKsXoziyMPh3AEJXDhEqpwBzWoA4EUnuEV3qwn68V6tz6mozlrtrMPf2B9/gBF25Me</latexit>

s = ⇢/(⇢� 1)



Picture: EMD vs
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)

<latexit sha1_base64="PWAcGmov6cXZZ90GpTG6lIQGVkA="></latexit>

= max
↵,�2Rn

1

n

nX

i=1

↵i �
1

n

nX

j=1

�j

s.t ↵i � �j  kxi � yjk2 for all i, j 2 [n]



Picture: EMD vs
<latexit sha1_base64="Vpzdlej0zySes+xMIBMBv560vmw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUDclkaIui25cVrEPaEKYTKft0JlJmJkIJWTjr7hxoYhbP8Odf+OkzUJbD1w4nHMv994Txowq7TjfVmlldW19o7xZ2dre2d2z9w86KkokJm0csUj2QqQIo4K0NdWM9GJJEA8Z6YaTm9zvPhKpaCQe9DQmPkcjQYcUI22kwD7yONJjjFh6nwWpJ8dRVvN4chbYVafuzACXiVuQKijQCuwvbxDhhBOhMUNK9V0n1n6KpKaYkaziJYrECE/QiPQNFYgT5aezBzJ4apQBHEbSlNBwpv6eSBFXaspD05mfqxa9XPzP6yd6eOWnVMSJJgLPFw0TBnUE8zTggEqCNZsagrCk5laIx0girE1mFROCu/jyMumc192LeuOuUW1eF3GUwTE4ATXggkvQBLegBdoAgww8g1fwZj1ZL9a79TFvLVnFzCH4A+vzB/WqlqU=</latexit>

R⇢(µ)

<latexit sha1_base64="PWAcGmov6cXZZ90GpTG6lIQGVkA="></latexit>

= max
↵,�2Rn

1

n

nX

i=1

↵i �
1

n

nX

j=1

�j

s.t ↵i � �j  kxi � yjk2 for all i, j 2 [n]



Picture: EMD vs
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We can efficiently run first-order methods.
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