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TALK OUTLINE

The MPC Model
• Joins: the skew-free case
• Joins: worst-case optimality
• Joins: output-sensitive algorithms
• Joins + Aggregations



SHARED-NOTHING ARCHITECTURE

Shared-nothing architectures are prevalent in large-scale 
systems
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disks

nodes

Interconnection network

DeWitt and Gray - 1992



MODELING MASSIVE PARALLELISM

• PRAM: Parallel Random-Access Machine 
• BSP: Bulk Synchronous Parallel  Valiant - 1991

• LogP Culler et al. - 1993

• MUD: Massive, Unordered, Distributed  Feldman et al. - 2010 

• MRC Model Karloff et al. – 2010 

• Map-Reduce model  Afrati et al. - 2012
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MPC MODEL: COMPUTATION
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MPC MODEL: PARAMETERS
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MPC PARAMETERS
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The data is evenly
distributed

All data to one location
no use of parallelism

#servers = p
#rounds = r
maximum load = L

What is the best load L for a given number of 
rounds r for processing a relational query?

N

p
 L  N

<latexit sha1_base64="yTdEYp9MfNBrqOYxsyk6CnjQoaw=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyWRii6LblxIqWAf0IQymd60QycPZyZCCcGNv+LGhSJu/Qp3/o3TNgttPXC5h3PuZeYeL+ZMKsv6NgpLyyura8X10sbm1vaOubvXklEiKDRpxCPR8YgEzkJoKqY4dGIBJPA4tL3R1cRvP4CQLArv1DgGNyCDkPmMEqWlnnng+ILQtJ6lcYYdDvf4ZtbqPbNsVawp8CKxc1JGORo988vpRzQJIFSUEym7thUrNyVCMcohKzmJhJjQERlAV9OQBCDddHpCho+10sd+JHSFCk/V3xspCaQcB56eDIgaynlvIv7ndRPlX7gpC+NEQUhnD/kJxyrCkzxwnwmgio81IVQw/VdMh0RnonRqJR2CPX/yImmdVuxq5ey2Wq5d5nEU0SE6QifIRueohq5RAzURRY/oGb2iN+PJeDHejY/ZaMHId/bRHxifPzWplqk=</latexit>



EXAMPLE: SET INTERSECTION

Compute the intersection of two relations with size N
q(x) = R(x), S(x) 

Algorithm: 
use a hash function
• Communication: 

– R(a) -> h(a)
– S(a) -> h(a)

• Computation: compute the local intersection

8

h : Dom ! {1, 2, . . . , p}

#servers = p
#rounds = r
maximum load = L

<latexit sha1_base64="rFgSdukedVQ8czGr3nEJeo8WsRs=">AAACAHicbVC7TsMwFHXKq4RXgIGBxaIClaUkiNeCVMHCgKBI9CE1UeW4TmvVcSLbQaqiLvwKCwMIsfIZbPwNTpsBCke60vE598r3Hj9mVCrb/jIKM7Nz8wvFRXNpeWV1zVrfaMgoEZjUccQi0fKRJIxyUldUMdKKBUGhz0jTH1xmfvOBCEkjfq+GMfFC1OM0oBgpLXWsrWu4dw5vyzfwIN6HrmuK7O2YHatkV+wx4F/i5KQEctQ61qfbjXASEq4wQ1K2HTtWXoqEopiRkekmksQID1CPtDXlKCTSS8cHjOCuVrowiIQuruBY/TmRolDKYejrzhCpvpz2MvE/r52o4MxLKY8TRTiefBQkDKoIZmnALhUEKzbUBGFB9a4Q95FAWOnMshCc6ZP/ksZhxTmpHN8dlaoXeRxFsA12QBk44BRUwRWogTrAYASewAt4NR6NZ+PNeJ+0Fox8ZhP8gvHxDVmVkmk=</latexit>

L = O(N/p)

r = 1



EXAMPLE: CARTESIAN PRODUCT

Compute the Cartesian product of two relations of size N
q(x, y) = R(x), S(y) 

Algorithm: 
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R(a) 

S(b)

px

py

px = py =
p
p

<latexit sha1_base64="Ob/aDNpPBypy67VQ/dDJqMB3PDE=">AAACInicbVDLSsNAFJ3UV42vqEs3g0UQhJIUnwuh6MaFSAXbCk0pk+mkHTp5ODMRQ8i3uPFX3LhQ1JXgxzhpg9TWAxfOnHMvc+9xQkaFNM0vrTAzOze/UFzUl5ZXVteM9Y2GCCKOSR0HLOC3DhKEUZ/UJZWM3IacIM9hpOkMzjO/eU+4oIF/I+OQtD3U86lLMZJK6hgnOryEp9B2OcLJVZqEnYcU7o094/TXrijBFndcJmGa6h2jZJbNIeA0sXJSAjlqHePD7gY48ogvMUNCtCwzlO0EcUkxI6luR4KECA9Qj7QU9ZFHRDsZnpjCHaV0oRtwVb6EQ3V8IkGeELHnqE4Pyb6Y9DLxP68VSfe4nVA/jCTx8egjN2JQBjDLC3YpJ1iyWBGEOVW7QtxHKg6pUs1CsCZPniaNStk6LB9c75eqZ3kcRbAFtsEusMARqIILUAN1gMEjeAav4E170l60d+1z1FrQ8plN8Afa9w9WcKOl</latexit>

L =
N

px
+

N

py
=

2N
p
p
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TALK OUTLINE

• The MPC Model
Joins: the skew-free case
• Joins: worst-case optimality
• Joins: output-sensitive algorithms
• Joins + Aggregations
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MATCHING DATABASES

• Every relation R(A1, …, Ak) contains exactly n tuples
• Every attribute Ai contains each value in {1,2, …, n} once
• A matching database has no skew
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COMPUTINGTRIANGLES
Afrati and Ullman - 2010
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Δ(a,b,c)@
(hx(a),hy(b),hz(c))

px = py = pz = p1/3 R(a,b)->(hx(a),hy(b),*)

S(b,c)->(*,hy(b),hz(c))

T(c,a)->(hx(a),*,hz(c))

x

y

z

shares

#servers = p
maximum load = L

L =
3N

p2/3

<latexit sha1_base64="T8w13SMbCmSR0u7l6VNBvkdqhzE=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWARXNWkrehGKLpxIVLBPqCtZTKdtEMnkzAzEUqIG3/FjQtF3PoX7vwbJ20W2nrgwuGce7n3HjdkVCrb/jZyC4tLyyv5VXNtfWNzy9reacggEpjUccAC0XKRJIxyUldUMdIKBUG+y0jTHV2mfvOBCEkDfqfGIen6aMCpRzFSWupZe9fwHHY8gXBcvkni8D4uHZeTxDR7VsEu2hPAeeJkpAAy1HrWV6cf4MgnXGGGpGw7dqi6MRKKYkYSsxNJEiI8QgPS1pQjn8huPPkggYda6UMvELq4ghP190SMfCnHvqs7faSGctZLxf+8dqS8s25MeRgpwvF0kRcxqAKYxgH7VBCs2FgThAXVt0I8RDoOpUNLQ3BmX54njVLRqRRPbiuF6kUWRx7sgwNwBBxwCqrgCtRAHWDwCJ7BK3gznowX4934mLbmjGxmF/yB8fkD5tmVQw==</latexit>

Δ(x, y, z) = R(x, y), S(y, z), T(z, x) 



THE HYPERCUBE ALGORITHM

q(x1, x2, …, xk) = S1(…),  S2(…),  …,  St(…) Sj has Nj tuples

Algorithm: 
• organize the p servers in a hypercube: 

[p] = [p1] ×⋯ × [pk ]
• send tuple Sj(xi1,xi2,…) to all servers whose coordinates i1, 

i2,…  are hi1(xi1), hi2(xi2),… and broadcast along the missing 
dimensions 

• compute q locally at each server

13

shares



CHOOSING OPTIMAL SHARES (1)

q(x1, x2, …, xk) = S1(…),  S2(…),  …, St(…)

• the shares must satisfy

• #tuples a server receives from Sj is

• To optimize load, minimize 

14

Y

i

pi  p

<latexit sha1_base64="xI9uQrPpperxLW12zPLodydS2mQ=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKkG8xFTBwoSKoA+piSLHcVpTx4lsB1FF+QMWfoWFAYRYWdn4G9w2A7Qc6UpH59yre+/xE0alsqxvY2Z2bn5hsbRUXl5ZXVs3NzabMk4FJg0cs1i0fSQJo5w0FFWMtBNBUOQz0vL7F0O/dU+EpDG/VYOEuBHqchpSjJSWPHPPCQXC2ZV3l2dOIuLAy+gZfPAodCiHN1qGiUdzz6xYVWsEOE3sglRAgbpnfjlBjNOIcIUZkrJjW4lyMyQUxYzkZSeVJEG4j7qkoylHEZFuNvonh7taCWAYC11cwZH6eyJDkZSDyNedEVI9OekNxf+8TqrCUzejPEkV4Xi8KEwZVDEchgMDKghWbKAJwoLqWyHuIR2Q0hGWdQj25MvTpHlQtY+rR9eHldp5EUcJbIMdsA9scAJq4BLUQQNg8AiewSt4M56MF+Pd+Bi3zhjFzBb4A+PzB8zTnII=</latexit>

NjQ
i:xi2Sj

pi

<latexit sha1_base64="S8bzizLl5dLk5WFJocEGt+ZIqHA="></latexit>

L = max
j

NjQ
i:xi2Sj

pi



CHOOSING OPTIMAL SHARES (2)

q(x1, x2, …, xk) = S1(…),  S2(…),  …, St(…)

The share is chosen according to the LP:

15

pi = pei

<latexit sha1_base64="xXvkcVcazMRPdbjrJpRgF1P2+Xo="></latexit>

minimize �

subject to
X

i2[k]

ei  1

8j = 1, . . . , ` :
X

i:xi2Sj

ei + � � logp(Nj)

8i = 1, . . . , k :ei � 0, � � 0



MINIMIZINGTHE LOAD

the weights (u1,u2,…,ut) form a fractional edge packing

16

1/2

for each variable, the sum of 
edges is at most 1

x

y z

R

S

T
1/2 1/2

N1 = … = Nt = N

τ*(q) = minimum size of a fractional edge packing

<latexit sha1_base64="da24jWUWRRSijMGGquigB6fvIUc="></latexit>

maximize

 Qt
j=1 N

uj

j

p

!1/
P

j uj <latexit sha1_base64="2aDTLgiA/TuenYQIuVxW+sa22/I=">AAACBHicbVC5TsNAEF1zhnAZKNOsiJCogo24yggaKhQkckixsdabdbLJrm3tgRRZLmj4FRoKEKLlI+j4GzZHAQlPGunpvRnNzAtTRqVynG9rYXFpeWW1sFZc39jc2rZ3dhsy0QKTOk5YIlohkoTRmNQVVYy0UkEQDxlphoOrkd98IELSJL5Tw5T4HHVjGlGMlJECu+RFAuHsJs/S+8w9gp7UPOhDHfTzPLDLTsUZA84Td0rKYIpaYH95nQRrTmKFGZKy7Tqp8jMkFMWM5EVPS5IiPEBd0jY0RpxIPxs/kcMDo3RglAhTsYJj9fdEhriUQx6aTo5UT856I/E/r61VdOFnNE61IjGeLIo0gyqBo0RghwqCFRsagrCg5laIe8ikokxuRROCO/vyPGkcV9yzyuntSbl6OY2jAEpgHxwCF5yDKrgGNVAHGDyCZ/AK3qwn68V6tz4mrQvWdGYP/IH1+QOdR5gX</latexit>

N

p1/
P

j uj



PACKINGS FORTHETRIANGLE
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edge packing load
(1/2, 1/2, 1/2) (NRNSNT)1/3/p2/3

(1, 0, 0) NR/p

(0, 1, 0) NS/p

(0, 0, 1) NT/p

x

y z
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T

<latexit sha1_base64="da24jWUWRRSijMGGquigB6fvIUc="></latexit>

maximize

 Qt
j=1 N

uj

j

p

!1/
P

j uj

<latexit sha1_base64="f6kdaCyjYXZvPQSGkSFM7Bl2hzM="></latexit>

L = max

✓
(NRNSNT )1/3

p2/3
,
NR

p
,
NS

p
,
NT

p

◆



THEOREM #1 (UPPER BOUND)
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The HyperCube/Shares (randomized) algorithm can compute 
any Conjunctive Query Q with one round and load

• input a skew-free* database
• exponentially small probability of failure

L = O

✓
N

p1/⌧
⇤(Q)

◆

<latexit sha1_base64="MFODK2Ui7u6tFx7RzHG2E1khTUM=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhEYy7ElEEIeDFg2gCRoVsDLOT2WTI7IOZXiEs+xVe/BUvHhTxKt78GyePgyYWNBRV3XR3uZHgCizr28jMzM7NL2QXc0vLK6tr5vrGjQpjSVmdhiKUdy5RTPCA1YGDYHeRZMR3Bbt1e2cD//aBScXD4Br6EWv6pBNwj1MCWmqZexf4FF9hRzAPCtjxJKHJZZpE94m97wCJ73cLtWKaOpJ3ulBsmXmrZA2Bp4k9Jnk0RrVlfjntkMY+C4AKolTDtiJoJkQCp4KlOSdWLCK0RzqsoWlAfKaayfCtFO9opY29UOoKAA/V3xMJ8ZXq+67u9Al01aQ3EP/zGjF4x82EB1EMLKCjRV4sMIR4kBFuc8koiL4mhEqub8W0S3Q0oJPM6RDsyZenyc1ByS6XDmvlfOVkHEcWbaFtVEA2OkIVdI6qqI4oekTP6BW9GU/Gi/FufIxaM8Z4ZhP9gfH5A4uIncM=</latexit>

#servers = p
maximum load = L

Beame, Koutris, Suciu - 2013

*skew-free ~ the frequency of each value is at most N/p



THEOREM #2 (LOWER BOUND)
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Any one-round randomized algorithm that computes a 
Conjunctive Query Q needs load

The lower bound uses as input matching databases.

L = ⌦

✓
N

p1/⌧⇤(Q)

◆

<latexit sha1_base64="+6WWULIlTq2fWisESf7o75szCl8="></latexit>

#servers = p
maximum load = L

Beame, Koutris, Suciu - 2013



MULTIPLE ROUNDS

20

Our results apply to a weaker model (tuple-based MPC):
– only join tuples can be sent in rounds > 1
– routing of each tuple t depends only on t

For every tree-like query Q, any tuple-based MPC algorithm 
with r rounds has load

This bound agrees with the upper bound within 1 round

d(Q) : diameter of the query
tree-like queries :  #variables + #atoms  - Σ(arities) = 1

L = ⌦

 
N

p
1

dd(Q)1/r/2e

!

<latexit sha1_base64="SThRwwPuHAvLXTjWAYbcd5KEVek="></latexit>

Beame, Koutris, Suciu - 2013



PATH QUERY

21

can be computed in r rounds with load

The algorithm is (almost) optimal

#rounds load

1 N/p1/4

2 N/p1/2

3 N/p

4 N/p

L =
N

p
1

dk1/r/2e

<latexit sha1_base64="cWfH2+gbCoggG25mmEqtvkfw0+o="></latexit>

k=8

Lk (x0, x1, ..., xk) = S1(x0, x1), …, Sk(xk-1, xk)



CONNECTED COMPONENTS

22

Given a graph with N edges, compute all pairs of connected 
nodes (transitive closure)

a d

c
b

e

f

(a, b), (a, c), (a, d),

(b, c), (b, d), (c, d), (e, f)

Any algorithm that computes the transitive closure with 
load L < N requires non-constant #rounds.
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TALK OUTLINE

• The MPC Model
• Joins: the skew-free case
Joins: worst-case optimality
• Joins: output-sensitive algorithms
• Joins + Aggregations



DATA SKEW

A join between two relations of size N
q(x, y, z) = R(x,y), S(y,z) 

HyperCube chooses shares py = p  (hash on y)

24

p servers

frequency 
of y in R

values of y 

skew
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WORST-CASE OPTIMALITY (WCO)

the optimality of an algorithm is defined w.r.t. the worst-case
input that satisfies the given statistics



1-ROUNDWCOALGORITHM
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Heavy Hitter: a value h is a heavy hitter in S if the frequency of 
the value in S is at least NS /p 

Heavy tuple: a tuple t is heavy at variable x if the value t[x] is a 
heavy hitter in some relation (otherwise light)

Algorithm WCO-1
• For every subset v of variables, in parallel compute the join of 

the tuples that are heavy exactly at v
• To achieve this run HyperCube by assigning shares only to 

the the variables not in v (any variable in v has share 1)



EXAMPLE: TRIANGLE REVISITED
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Δ(x, y, z) = R(x, y), S(y, z), T(z, x) 

v = {}
• all values are light
• residual query: R(x, y),S(y, z),T(z, x)
• optimal fractional edge packing: (½, ½, ½)
• the HyperCube algorithm achieves load O(N/p2/3)  



EXAMPLE: TRIANGLE REVISITED

28

Δ(x, y, z) = R(x, y), S(y, z), T(z, x) 

v = {x}
• the values x can take are heavy
• residual query: R(y), S(y, z), T(z)
• optimal fractional edge packing: (1,1)
• the HyperCube algorithm achieves load O(N/p1/2)  



EXAMPLE: TRIANGLE REVISITED

29

Δ(x, y, z) = R(x, y), S(y, z), T(z, x) 

v = {x,y}
• the values x, y can take are heavy
• residual query: S(z), T(z)
• optimal fractional edge packing: (1,0)
• the HyperCube algorithm achieves load O(N/p)  



FRACTIONAL EDGE QUASI-PACKING

30

fractional edge quasi-packing: a fractional edge packing for 
any residual query of Q

variables residual query quasi-packing size

{} R(x, y),S(y, z),T(z, x) (½, ½, ½) 3/2

{x} R(y), S(y, z), T(z) (1,1) 2

{x,y} S(z), T(z) (1,0) 1

ψ* = 2

ψ*(Q) = maximum fractional edge quasi-packing



1-ROUNDWCOTHEOREM
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The WCO-1 algorithm is worst-case optimal for one round 
and achieves load

when all relations have size equal to N

<latexit sha1_base64="LQ7AknXfY8ygh4CaOsgznGl1J5Q=">AAACFnicbVDLSgNBEJyN7/iKevQyGIQoGHfFF4IQ8OJBNIJJhOwmzE5mk8HZBzO9Qlj2K7z4K148KOJVvPk3TuIeNLGgoajqprvLjQRXYJpfRm5icmp6ZnYuP7+wuLRcWFmtqzCWlNVoKEJ56xLFBA9YDTgIdhtJRnxXsIZ7dzbwG/dMKh4GN9CPmOOTbsA9TgloqV3YucCn+ArbgnlQwrYnCU0u0yRqJdauHSne2i5db6WpLXm3B1vtQtEsm0PgcWJlpIgyVNuFT7sT0thnAVBBlGpaZgROQiRwKliat2PFIkLvSJc1NQ2Iz5STDN9K8aZWOtgLpa4A8FD9PZEQX6m+7+pOn0BPjXoD8T+vGYN37CQ8iGJgAf1Z5MUCQ4gHGeEOl4yC6GtCqOT6Vkx7REcDOsm8DsEafXmc1PfK1mH54Hq/WDnJ4phF62gDlZCFjlAFnaMqqiGKHtATekGvxqPxbLwZ7z+tOSObWUN/YHx8A49encc=</latexit>

L = O

✓
N

p1/ 
⇤(Q)

◆



EDGE COVERS & PACKINGS

32

fractional edge packing: assign a weight to each atom such 
that for each variable x, the sum of weights of the atoms that 
contain x is at most 1 

τ*(q) = maximum value of edge packing

fractional edge cover: assign a weight to each atom such that 
for each variable x, the sum of weights of the atoms that 
contain x is at least 1 

ρ*(q) = minimum value of edge cover

<latexit sha1_base64="DiOKH29BZrU3fGhjwBRVFB2YqLc=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0WoIiERX7gquHHZgn1AE8tkOmmHTjJxZiKW0L9w46+4caGIW935N07TLLR6YOBwzrncucePGZXKtr+Mwtz8wuJScbm0srq2vmFubjUlTwQmDcwZF20fScJoRBqKKkbasSAo9Blp+cPLid+6I0JSHl2rUUy8EPUjGlCMlJa6puXGkt4cVOr70O2TW+iG6B66KXTFgGfyIXQVSvLEuGuWbcvOAP8SJydlkKPWNT/dHsdJSCKFGZKy49ix8lIkFMWMjEtuIkmM8BD1SUfTCIVEeml21xjuaaUHAy70ixTM1J8TKQqlHIW+ToZIDeSsNxH/8zqJCs69lEZxokiEp4uChEHF4aQk2KOCYMVGmiAsqP4rxAMkEFa6ypIuwZk9+S9pHlnOqXVSPy5XL/I6imAH7IIKcMAZqIIrUAMNgMEDeAIv4NV4NJ6NN+N9Gi0Y+cw2+AXj4xsiRZzB</latexit>

 ⇤(Q) � max{⇢⇤(Q), ⌧⇤(Q)}
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WCO IN MULTIPLE ROUNDS

Observation for triangle join

• 1-round skew-free: 𝐿 = !
"!/#

• 1-round skew: 𝐿 = !
"$/!

• 2-round skew: 𝐿 = !
"!/#

Magic of semi-joins: R(y), S(y, z), T(z)
• S(y, z) ⋉ R(y) ⋉T(z)

x

zy

1/2 1/2

1/2

τ* = 3/2

𝝆* = 3/2

𝝍* = 2

zy
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WCO IN MULTIPLE ROUNDS

Sequential WCO Join

𝑂 𝑁#∗

[NPRR12][V14]

MPC WCO𝑂 1 -round Join

𝐿 = 𝑂 !
"$/&∗

Path, LW, Clique joins [KS16]
Graph joins [KS17][T20][KST22]

Acyclic joins [H21][T22]

Ω 𝑁#∗

[AGM08]

𝐿 = Ω !
"$/&∗

for all joins

𝐿 = Ω !
"$/'∗ [H21]

for some cyclic joins 
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MULTI-ROUND PRIMITIVES

Assume𝑁 ≥ 𝑝$%& for some constant 𝜖 > 0.All the following

primitives can be computed in𝑂(1) rounds within𝑂 !
" load.

o Sorting [G99]
o Prefix-Sum [GSZ11]
o Multi-Search [GSZ11]
o Multi-numbering, Parallel packing, Reduce-by-key, Semi-joins, 

Server allocation etc. [HY17]

Reduce join: there exists no pair of
relations e and e’ such that e⊆e’

degrees
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ACYCLIC JOINS

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

n Join Tree [F83]
– There is an one-to-one correspondence

between relations and nodes
– For every attribute x, the set of nodes

containing x forms a connected subtree

n Yannakakis algorithm [Y81]
– Semi-joins
– # intermediate join results ≤OUT

n Challenges in MPC
– Shuffling intermediate join results

incurs a load of𝑂 !"#
$

!
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WCO ACYCLIC JOINS

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

C is a disappearing 
attribute of CEJ

n Canonical edge cover
– Aways peel off a leaf node
– If there is a disappearing attribute 

not covered yet, add this node to 
the edge cover

– Repeat until the join tree is ∅
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WCO ACYCLIC JOINS

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

n Canonical edge cover (CEC)
– Aways peel off a leaf node
– If there is a disappearing attribute 

not covered yet, add this node to 
the edge cover

– Repeat until the join tree is ∅

n CEC is optimal
BO ABC EFG

EHJ

HI LM

HK

HN

BD
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WCO ACYCLIC JOINS

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

How does CEC lead to a WCO join algorithm?

n Sequential algorithm:
– Compute the CP of relations in CEC as Q’
– Apply semi-joins between Q’ and remaining

relations

n Shuffling Q’ needs 𝑂 !&∗

"
load!

n 𝑂 !
"$/&∗ ? only the CP of 𝜌∗ relations!

BO ABC BD EFG

EHJ

HI LM

HK

HN
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WCO ACYCLIC JOINS

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

n Find an internal node 𝑒( in CEC whose 
descendants in CEC are all leaves of 
the join tree

n Find an attribute 𝑥 and a descendant 
leaf node 𝑒$ in CEC such that 𝑥
appears in every node on the path 
𝑒$ → 𝑒( (except 𝑒() BO ABC BD EFG

HI LM

HK

HN

𝑒!
EHJ
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WCO ACYCLIC JOINS

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

n Find an internal node 𝑒( in CEC whose 
descendants in CEC are all leaves of 
the join tree

n Find an attribute 𝑥 and a descendant 
leaf node 𝑒$ in CEC such that 𝑥
appears in every node on the path 
𝑒$ → 𝑒( (except 𝑒() BO ABC BD EFG

HI LM

HK

HN

𝑒!

𝑒"

EHJ
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WCO ACYCLIC JOINS

n A values c in C is heavy if its degree in 𝑅)
is larger than 𝐿 for any node 𝑒 on the
path 𝑒$ → 𝑒(, and light otherwise

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

BO ABC BD EFG

HI LM

HK

HN

𝑒!

𝑒"

EHJ
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WCO ACYCLIC JOINS

HN

HK

EHJ KL

HI LM

n Handle each heavy value c separately

BcE

BO ABC BDBO ABc BD

cEF

EFGEFG

cEJ HI LM

HK

HN

EHJ
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WCO ACYCLIC JOINS

HN

HK

EHJ KL

HI LM

n Handle each heavy value c separately

BcE

BO ABC BDBO ABc BD

cEF

EFG

HI LM

HK

HN

EHJ
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WCO ACYCLIC JOINS

HN

HK

KL

HIC!EJ

BC!E C!EF

EFGBO BD

LM

n Put light values into groups 𝐶$, 𝐶*, ⋯ , 𝐶+
such that the total degree of 𝐶, is Θ(𝐿) in all
𝑅) for any node 𝑒 on the path 𝑒$ → 𝑒(

n Handle each light group C- separately

BO ABC! BD EFG

HI LM

EHJ

HN

HK
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WCO ACYCLIC JOINS

n Path Cover based on CEC
ABC−BCE−CEJ, EFG−CEF, BO, BD, HI, EHJ

n # paths in a path cover= 𝜌∗

n Load Analysis:

max
.

∏( ∈* 0(
"

$
|*| ≤ max

.
!

"$/|*| ≤
!

"$/&∗

– 𝑆 is a subset of relations
– 𝑆 does not contain two relations from the

same path in the path cover
– 𝑆 ≤ 𝜌∗

EHJ

HICEJ

BCE CEF

EFGBO ABC BD
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Lower Bound for Cyclic Joins

⊟ −join: 𝑅! 𝐴, 𝐷 ⋈ 𝑅" 𝐵, 𝐸 ⋈
𝑅# 𝐶, 𝐹 ⋈ 𝑅$(𝐴, 𝐵, 𝐶) ⋈ 𝑅% 𝐷, 𝐸, 𝐹

𝐴 𝐵 𝐶

𝐷 𝐸 𝐹

• 𝜌∗= 2: 𝐴, 𝐵, 𝐶 , 𝐷, 𝐸, 𝐹
• 𝜏∗ = 3: 𝐴,𝐷 , 𝐵, 𝐸 , 𝐶, 𝐹

• Ω '
$&/(

v. s. 2𝑂 '
$&/)

[KS16]

• Ω '
$&/)

[H21]

Conjecture: 𝐿 = 𝑂 !
"$/ ,-. &∗,'∗ for WCO join algorithms,

where 𝜌∗, 𝜏∗ are the fractional edge covering and packing
number of the reduced join.
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Proof Idea

n An instance with Θ(𝑁 ) tuples
yields Θ(𝑁#) join results w.h.p.

n Each server produces≤ 2 ⋅ $
"

%
join results in each round
w.h.p

n Set 2 ⋅ $
"

%
⋅ 𝑝 ≥ 𝑁# ⇒ 𝐿 ≥ %

&#/"

𝐴 = 𝑁
"
'

𝑅' = 𝐴×𝐷 𝑅( = 𝐵×𝐸 𝑅) = 𝐶×𝐹

𝐵 = 𝑁
"
' 𝐶 = 𝑁

"
'

|𝐹| = 𝑁
#
'𝐸 = 𝑁

#
'𝐷 = 𝑁

#
'

𝑅" = 𝐴×𝐵×𝐶

𝑅#: sample each 𝑑, 𝑒, 𝑓 ∈ 𝐷×𝐸×𝐹 with prob. "
%
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TALK OUTLINE

• The MPC Model
• Joins: the skew-free case
• Joins: worst-case optimality
Joins: output-sensitive algorithms
• Joins + Aggregations
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R1(A,B) ⋈ R2(B,C)

• Step 1: Sort

• Step 2: Join values falling in one server 
• Step 3: Join values falling in more than one server

– Allocate 𝑝( servers for b: 

𝑝( ∝ ⌈
)& ( * )( (

∑*+ |)&((
+)|*|)(((+)|

⌉ + ⌈ )& ( ⋅ )( (
∑*+ |)&((

+)|⋅|)(((+)|
⌉

– Use HyperCube to compute all Cartesian products in parallel

• Load: 𝐿 = 𝑂 '
$
+ !"#

$

• This is output-optimal:
– A server receiving 𝐿

tuples can produce at 
most 𝐿# join results, thus 
𝑝𝐿# ≥ 𝑂𝑈𝑇

[HY17] [HYT19]
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OUTPUT-SENSITIVE ACYCLIC JOIN

Parallel Pairwise
[AJRSU17]

𝐿 = 𝑂 !
" +

>?@
"

not optimal even for
two-table join

𝐿 = 𝑂 !
"
+ >?@

"

Sequential Pairwise
[Y81]

𝑂 𝑁 + 𝑂𝑈𝑇

r-hierarchical joins
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R-HIERARCHICAL JOINS

Reduced join

Hierarchical join

For every pair of attributes x
and y, either atom(x)⊆ atom(y),

or atom(y)⊆ atom(x), or
atom(x)∩ atom(y) = ∅

• Any r-hierarchical join can be computed with 𝐿 = 𝑂 '
$
+ !"#

$
.

• Any non-r-hierarchical join requires 𝐿 = Ω !"#⋅'
$

when𝑁 ≤
𝑂𝑈𝑇 ≤ 𝑝 ⋅ 𝑁
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OUTPUT-SENSITIVE ACYCLIC JOIN

Parallel Pairwise
[AJRSU17]

𝐿 = 𝑂 !
" +

>?@
"

Sequential Pairwise
[Y81]

𝑂 𝑁 + 𝑂𝑈𝑇
Parallel Hybrid Pairwise [HY19]

𝐿 = 𝑂 !
" +

!⋅>?@
"

Sequential Hybrid GHD 
for Cyclic Joins – Hung’s talk

(optimal if𝑂𝑈𝑇 ≤ 𝑝 ⋅ 𝑁 and better
than naive if𝑂𝑈𝑇 ≤ 𝑝# ⋅ 𝑁)

r-hierarchical joins

not optimal even for
two-table join

𝐿 = 𝑂 !
"
+ >?@

"
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THREE-TABLE JOIN

A B C D

OUT

N
N2

OUT
N 1

A B C D

1 N N2

OUT

OUT

N

Compute 𝑅" 𝐴, 𝐵 ⋈ 𝑅# 𝐵, 𝐶 ⋈ 𝑅' 𝐶, 𝐷

• Example 1: 𝑅" ⋈ 𝑅# ⋈ 𝑅' = 𝑂 %
&
+ *+,

&

but 𝑅" ⋈ 𝑅# ⋈ 𝑅' = 𝑂 %
&
+ *+,

&

• Example 2: 𝑅" ⋈ 𝑅# ⋈ 𝑅' = 𝑂 %
&
+ *+,

&

but 𝑅" ⋈ 𝑅# ⋈ 𝑅' = 𝑂 %
&
+ *+,

&

• Example 3 = Example 1 + Example 2

– Either pairwise ordering = 𝑂 %
&
+ *+,

&

A B C D

Decompose the join into 
multiple pieces and find a 
good join order for each.

𝑅% ⋈ 𝑅& = 𝑂𝑈𝑇 and 𝑅& ⋈ 𝑅' = 𝑁𝑅% ⋈ 𝑅& = 𝑁 and 𝑅& ⋈ 𝑅' = 𝑂𝑈𝑇𝑅% ⋈ 𝑅& = 𝑅& ⋈ 𝑅' = 𝑂𝑈𝑇
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THREE-TABLE JOIN

n Decompose join instance
𝑏 ∈ 𝐵 appears in ≥ 𝜏 tuples in 𝑅" 𝑏 ∈ 𝐵 appears in < 𝜏 tuples in 𝑅"

n Minimize !"#
7
+𝑁 ⋅ 𝜏

– Set 𝜏 = *+,
%

to balance *+,
-
= 𝑁 ⋅ 𝜏

– 𝐿 = 𝑂 %
&
+ %⋅*+,

&

𝑂 𝑁 ⋅ 𝜏𝑂 𝑂𝑈𝑇/𝜏

A B C D

𝑄& = 𝑅% 𝐴𝐵 ⋈ 𝑅&(𝐵𝐶) ⋈𝑅' 𝐶𝐷

𝑸𝟏

𝑸𝟐

𝑄% = 𝑅% 𝐴𝐵 ⋈ 𝑅& 𝐵𝐶 ⋈ 𝑅' 𝐶𝐷
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OUTPUT-SENSITIVE ACYCLIC JOIN

n Decompose join instance but recursion saves us efforts
n Pick an internal node whose children are all leaves

– Handle heavy values in leaf nodes: binary join 

GHIJ

ABCG

ABD BCE ACF

GHIJ

ABCG

ABD BCE ACF

𝑂𝑈𝑇
𝜏 GHIJ

ABCG

ABD BCE ACF

𝑂𝑈𝑇
𝜏 GHIJ

ABCG

ABD BCE ACF

𝑂𝑈𝑇
𝜏

(a,b) in A×B is heavy if it appears in ≥ 𝜏 tuples in R(ABD) 
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OUTPUT-SENSITIVE ACYCLIC JOIN

n Decompose join instance but recursion saves us efforts
n Pick an internal node whose children are all leaves

– Handle heavy values in leaf nodes : binary join
– Handle heavy values in the internal node : r-hierarchical join

ABCG

ABD BCE ACF

GHIJ

ABCG

𝑂𝑈𝑇
𝜏

ABCG

BCE

ABCG

ABD

ABCG

ACF

𝑁 ⋅ 𝜏 𝑁 ⋅ 𝜏 𝑁 ⋅ 𝜏

(a,b,c) in A×B×C is heavy if it appears in 
≥ 𝜏 tuples in R(ABD) ⋈ R(BCE) ⋈ R(ACF)  
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OUTPUT-SENSITIVE ACYCLIC JOIN

n Decompose join instance but recursion saves us efforts
n Pick an internal node whose children are all leaves

– Handle heavy values in leaf nodes : binary join
– Handle heavy values in the internal node : r-hierarchical join
– Handle light values in the internal and leaf nodes : recursion

GHIJ

ABCG

ABD BCE ACF

𝑁 ⋅ 𝜏

The size of intermediate join
results is𝑂 𝑁 ⋅ 𝑂𝑈𝑇

Load 𝐿 = 𝑂 %
&
+ %⋅*+,

&
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OUTPUT-OPTIMALITY

The simplest non-r-hierarchical join:
𝑅" 𝐴, 𝐵 ⋈ 𝑅# 𝐵, 𝐶 ⋈ 𝑅' 𝐶, 𝐷

N N · p OUT

L
p
N ·OUT

p

N
p

Np
p

N2

𝐴 𝐵 𝐶 𝐷

Output-sensitive Acyclic Joins

𝐿 = 𝑂 %
&
+ %⋅*+,

&
(optimal if 𝑂𝑈𝑇 ≤ 𝑝 ⋅ 𝑁)

WCO Acyclic Joins
𝐿 = 𝑂 %

&#/*∗

Yannakakis Output-sensitive
algorithm

WCO algorithm
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TALK OUTLINE

• The MPC Model
• Joins: the skew-free case
• Joins: worst-case optimality
• Joins: output-sensitive algorithms
Joins + Aggregations
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AGGREGATEYANNAKAKIS

n 𝐿 = 𝑂 '
$
+ <

$
for acyclic query

– 𝐽 is the maximum intermediate join size

n Free-Connex query: 𝑂 '
$
+ !"#

$

n Matrix Multiplication:𝑂 '
$
+ '⋅ !"#

$
[AP09]

n Star query:𝑂 '
$
+ '⋅!"#&,

&
-

$
[AP09]

– 𝑛 is the number of relations

n General acyclic join-aggregate queries: 𝑂 '
$
+ '⋅!"#

$

Free-Connex Star
MM

Acyclic
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AGGREGATEYANNAKAKIS

n Bottom-up Semi-joins

n Top-down Semi-joins

n Bottom-up Binary Join + Aggregate
– Aggregate as early as possible!

– For a non-output attribute, if it does not appear 
in any node above, then aggregate over it 

output attributes

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM
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AGGREGATEYANNAKAKIS

n The binary join between e and its parent e’ 
is bounded by N ⋅OUT

n Let Ie be the non-aggregated attributes of e
– All attributes in =e − e= are output attributes 

output attributes

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM
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FREE-CONNEX QUERY

HN

HK

EHJ KL

HICEJ

BCE CEF

EFGBO ABC BD

LM

n Free-connex Join Tree
– No non-output attribute appear above the

topmost node of any output attribute

n The binary join between e and its parent e’ 
is bounded by N or OUT. 
– =e be the non-aggregated attributes of e
– If =e − e= ≠ ∅, then e= and =e do not contain 

any non-output attribute

output attributes
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SPARSE MATRIX MULTIPLICATION

0 0
3 0

0 1
1 0

2 0
0 1

0 0
0 0

×
1 3
0 1

0 0
0 1

0 2
0 0

0 0
2 0

=
0 0
3 9

2 0
0 0

2 6
0 1

0 0
0 1

𝑎!
𝑎"
𝑎#
𝑎$

𝑏!
𝑏!
𝑏"
𝑏#
𝑏$

𝑏" 𝑏# 𝑏$ 𝑐! 𝑐" 𝑐#

E
.

𝑅! 𝐴, 𝐵 ⋈ 𝑅" 𝐵, 𝐶

𝑎!
𝑎"
𝑎#
𝑎$

𝐴 𝐵 𝐶
𝑐!
𝑐"
𝑐#
𝑐$

𝑏!
𝑏"
𝑏#
𝑏$

𝑐$ 𝑐! 𝑐" 𝑐# 𝑐$
𝑎!
𝑎"
𝑎#
𝑎$

A B w

𝑎% 𝑏, 1

𝑎& 𝑏% 3

𝑎& 𝑏' 1

𝑎' 𝑏% 2

𝑎, 𝑏& 1

B C w

𝑏% 𝑐% 1

𝑏% 𝑐& 3

𝑏& 𝑐& 1

𝑏& 𝑐, 2

𝑏' 𝑐& 1

𝑏, 𝑐' 2

A C w

𝑎% 𝑐' 2

𝑎& 𝑐% 3

𝑎& 𝑐& 9

𝑎' 𝑐% 2

𝑎' 𝑐& 6

𝑎, 𝑐& 1

𝑎, 𝑐, 1

1
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SPARSE MATRIX MULTIPLICATION

When output size is smaller than ≤ 𝑁/𝑝,  then 𝐿 = 𝑂 𝑁/𝑝

n Sort all tuples by B

n Each server generates ≤ 𝑁/𝑝 triples (a, c, w)
n Reduce at most 𝑁 triples by A and C
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SPARSE MATRIX MULTIPLICATION

A worst-case optimal algorithm with 𝐿 = 𝑂 '
$

n A value a in A (c in C) is heavy if its degree ≥ 𝐿 and light otherwise

G
/

𝑅" 𝐴??, 𝐵 ⋈ 𝑅# 𝐵, 𝐶??

n 𝐴FGHIJ or 𝐶ABCDE: binary join and then aggregate

n 𝐴KLMFN and 𝐶FGHAI :
– Partition 𝐴12345 into groups 𝐴", 𝐴#, ⋯ , 𝐴6, each with total degree Θ 𝜏
– Partition 𝐶12345 into groups 𝐶", 𝐶#, ⋯ , 𝐶6, each with total degree Θ(𝜏)
– Send every pair (𝐴7, 𝐶8) into a distinct server  

𝐴 𝐵 𝐶
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SPARSE MATRIX MULTIPLICATION

An output-sensitive algorithm 𝐿 = 2𝑂 '
$
+ '(/)⋅!"#&/)

$(/)

n Obtain w.h.p. O(1)-approximation for
– OUT and # query results participated by each a in A

n Set 𝜏 = 𝑂𝑈𝑇 ⋅ 𝐿
n A value a in A is heavy if it appears in≥ 𝜏 query results and light

otherwise

K
J

𝑅K 𝐴??, 𝐵 ⋈ 𝑅M 𝐵, 𝐶

𝐴 𝐵 𝐶
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SPARSE MATRIX MULTIPLICATION

n 𝐴FGHIJ: binary join and then aggregate

n Partition 𝐴FGHAI into groups 𝐴K, 𝐴M, ⋯ , 𝐴N, each participating in
Θ 𝜏 query results

Consider ∑J𝑅K 𝐴O , 𝐵 ⋈ 𝑅M 𝐵, 𝐶
n Obtain w.h.p O(1)-approximation for #query results participated by

each c in C

n A value c in C is heavy if it appears in≥ 𝐿 query results and light
otherwise

G
/

𝑅" 𝐴7, 𝐵 ⋈ 𝑅# 𝐵, 𝐶??

𝑁 ⋅ *+,
$

intermediate 
results
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SPARSE MATRIX MULTIPLICATION

n 𝐶ABCDE: binary join and then aggregate

n Partition 𝐶FGHAI into groups 𝐶K, 𝐶M, ⋯ , 𝐶N , each participating in Θ 𝜏′
query results

n Consider each ∑J𝑅K 𝐴O , 𝐵 ⋈ 𝑅M 𝐵, 𝐶P separately
– Small output size ≤ 𝐿

𝑁 ⋅ *+,
$

intermediate 
results
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SPARSE MATRIX MULTIPLICATION

Output-optmal load L = 2𝑂 min '
$
, '
$
+ '(/)⋅!"#&/)

$(/)

N

p
N2

OUT

Load

N

p

Np
p

N ·pp

O(N
2/3·OUT

1/3

p2/3
)

N
2

p

O(N
p
+ N·

p
OUT

p
)

Aggregate
Yannakakis

Output-sensitive
algorithm WCO algorithm

Aggregate
Yannakakis

Hybrid 
Algorithms
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STAR MATRIX MULTIPLICATION

∑J𝑅K 𝐴K, 𝐵 ⋈ 𝑅M 𝐴M, 𝐵 ⋈ ⋯ ⋈ 𝑅N 𝐴N , 𝐵

n Find a partition of {1,2,⋯ , 𝑘} as (𝐼, 𝐽)
n Materialize 𝑅K= (𝐴Q , 𝐵) =⋈O∈S 𝑅O and 𝑅M= (𝐴<, 𝐵) =⋈O∈< 𝑅O
n Compute ∑J𝑅K 𝐴Q , 𝐵 ⋈ 𝑅M 𝐴<, 𝐵

Suppose 𝑑K 𝑏 ≥ 𝑑M 𝑏 ≥ ⋯ ≥ 𝑑N(𝑏) for every b in B 

max R
/0#:233 /

4

𝑑/(𝑏) , R
/0#:233 /

4

𝑑/(𝑏) ≤ R
/0!

4

𝑑/ 𝑏 ≤ 𝑂𝑈𝑇

n 𝑅"9 , 𝑅#9 ≤ 𝑁 ⋅ 𝑂𝑈𝑇 (𝐼, 𝐽 chooses odd and even indexes separately)
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CHAIN MATRIX MULTIPLICATION

∑T(,⋯,T5 𝑅K 𝐴K, 𝐴M ⋈ 𝑅M 𝐴M, 𝐴W ⋈ ⋯ ⋈ 𝑅N 𝐴N , 𝐴N*K

n A value a in 𝐴M is heavy if it can be joined with ≥ 𝜏 distinct values 
in 𝐴K and light otherwise 

n ∑T( 𝑅K 𝐴K, 𝐴M
ABCDE ⋈ 𝑅 𝐴M

ABCDE, 𝐴N*K

– 𝑅 𝐴#
4:;<=, 𝐴>?" = ∑@",⋯,@- 𝑅# 𝐴#, 𝐴' ⋈ ⋯ ⋈ 𝑅6 𝐴6, 𝐴6?"

n ∑T),⋯,T5 𝑅 𝐴K, 𝐴W ⋈ 𝑅W 𝐴W, 𝐴X ⋈ ⋯ ⋈ 𝑅N 𝐴N , 𝐴N*K

– 𝑅 𝐴", 𝐴' = ∑@. 𝑅" 𝐴", 𝐴#
12345 ⋈ 𝑅# 𝐴#

12345, 𝐴'

%⋅*+,
-

intermediate 
results

𝑁 ⋅ 𝜏
intermediate 

results
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OTHER JOIN-AGGREGATE QUERIES

Join-Aggregate
Query

Aggregated
Yannakakis

New Results

Matrix
Multiplication

𝑂 /
0 +

/⋅ 234
0

Z𝑂 min /
0 ,

/
0 +

/!/#⋅234$/#

0!/#

Optimal forN ≥ 2 and N ≤ OUT ≤ N&

Star
𝑂 /

0 +
/⋅234$%

$
&

0 Z𝑂 /⋅234
0

&/'
+ /⋅ 234

0 + /5234
0

Line

𝑂 /
0 +

/⋅234
0Tree Z𝑂 /⋅234!/#

0
+ /5234

0

• Elementary products for General queries?
• Other join-aggregate and join-project queries? 
• Different semiring additions?
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