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Definition (influence and max influence)
Infi[f] = Pr[f(x) #f(x D ¢))],
MaxInt[f] = max Inf.(f).
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Proof sketch:

Suffices to check the case when
TRIBES(x) = 0.

With ®(1) probability, exactly
one OR gate evaluates to 0.
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Functions with small influences

Assume: MaxInt[ f] = o(1), Var[f] = Q(1).

Some motivations:
|, Social choice theory

2. PCP/Hardness of approximation

3. Invariance principle Z Xi ~ Gaussian
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Random restrictions

£:1{0,11" = {0.1} .

p-random restriction f| , : fix pn random bits
P
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Our results

Theorem (Eldan, Wigderson, W.)
Forany f: {0,1}" — {0,1}, with MaxInf(f) = 7 = o(1),
(2(1) variance. Then for alive probability

- 1
p = L2 (  we have
log 1/t
Pr[f\Rl_ is nonconstant] = 1 — o(1).

Remarks (more):
® “It ain't overtill it's over” conjecture! — Friedgut-Kalai ‘06

Proved by Mosse

Koehler-Lifshitz-I

-O'Donnell-Oleszkiewicz " O
inzer-Mossel have a different approach 22
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Corollary.

For any balanced function f, with 7 = o(1) max
influence, then

Pr{bs(x) > Q(log(1/2))] =1 — o(1).

Sensitivity s¢(x): number of sensitive bits

500 = [ {i  f00) #fx @ )} |

Block sensitivity bs,(x): max number of disjoint sensitive blocks

bsf(x) := max | {disjoint §{, 55, ..., S, C [n]
Jx) £ f(x D ISi)} .
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Corollary.

For any balanced function f, with 7 = o(1) max
influence, then

Pr{bs(x) > Q(log(1/2))] =1 — o(1).

No such result holds for sensitivity.

Remark: By KKL inequalrty,
E[bs,(x)] > Els/(x)] > Q(log(1/7))
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Corollary.
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One application

Corollary.

For any balanced function f, with 7 = o(1) max
influence, then

Pr{bs(x) > Q(log(1/2))] =1 — o(1).

Proof sketch.

¢ X G ¥

Random input x

N

Partition [n] into M = O(log(1/7)) random blocks,

Any M — 1 blocks, induces a random restriction.
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B>R
k = 3 candidates ‘f(x ,)‘
f(xG>B>\‘/f<xR>G>
voter i
B>R? x{B>R}
R>G? x (R>G]
G>B? x1G>B]

Condorcet profile: the social preference between all pairs



Condorcet Method

B>R
k = 3 candidates ‘f(x ,)‘
f(xG>B>\‘/f<xR>G>
voter i
R>R? x{B>R}
R>G? x>0
G>B? x16>B]

B is the Condorcet winner if: f(x®>%) = 1 and f(x“>?) = 0
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Condorcet Method

k = 3 candidates

Theorem.
Assume: fis fain E[ f] = 1/2, MaxInf(f) = 7 = o(1)

voters preferences are uniformly random (total order)

Then, any Condorcet profile happen with probability €2(1).
exp(—O(k>)) .



Condorcet Method

k = 3 candidates

Proof.

B>R! SEEEEEEEE R EEEEE

||||||||||||||||||||
.......................................................................................................................................................

R>G! BEEEEEEEEEEEEEEEEEE

......................................................................................................................................................
||||||||||||||||||||
||||||||||||||||||||
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Proof.

B>R?
R>GY
G>B!




Condorcet Method

k = 3 candidates

Proof. with prob. 2/3, the entry cannot be deduced

B>R?
R>GY
G>B!




Condorcet Method

k = 3 candidates

Proof. with prob. 2/3, the entry cannot be deduced

B>R?
R>GY
G>B!

Unfixed entries induced a random restriction #5>K,
Thus, w.h.p., Var[ f 9;;3>R] = Q(1).




Condorcet Method

More on social choice:
“Probabilistic Aspects of Voting,

Intransitivity and Manipulation” — Mossel
https://arxiv.org/abs/2012.10352



https://arxiv.org/abs/2012.10352

Proof of the main result



Our results

Theorem (Eldan, Wigderson, W.)
Forany f: {0,1}" — {0,1}, with MaxInf(f) = 7 = o(1),
(2(1) variance. Then for alive probability
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Uniform process
. Random permutation r,

2. X(0)=0"
3. Xi(t) = X(t — 1), fori # n(¢);
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f{-11}"— {0,1} (by multilinear extension f : R" — R)

Uniform process
. Random permutation r,

2. X(0)=0"
3. Xi(t) = X(t — 1), fori # n(¢);
X]Z(t)(t) ~ {—1,1},fOI”l‘ — 1,2,...,71

Observation.
.. X(%) induces a random restrictionflR(t),

i. X(n) is a uniformly random element from {—1,1}",
ii. E[0,f(X(n))*] = Inf(f),

V. fX(0) = E g (_y 11-Lf | gy (@] 1s @ martingale.
e.g.f =1+x +x+xx,

JO) = By, 13l f(0)]
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Iwo random processes

Conditioned process

. Random permutation r,
2. Y(0) =07,
3. fort=1,2,...,nletY(r) =Y.(t—1),

Y(r—1
Pr{Y(t)(t) —+1) _l Jz(t)f( (¢ ) |

2T 2/(Y(t— 1))

Fact. Y(n) is a uniformly random element from £~'(1)

' FX( = 1)+ e,y)

o~
\ .’ FX(t = 1) — e,)

Ar(t)



Iwo random processes

Conditioned process

. Random permutation r,
2. Y(0) =07,
3. fort=1,2,...,nletY(r) =Y.(t—1),

Y(r—1
Pr{Y(t)(t) —+1) _l ﬂ(t)f( (¢ ) |

2 (Y@ -1D)

Fact. Fix some some path x(0), x(1), ...,x(?) € {—1,0,1}",

Pr[Vi € [z], Y(?) = x(2)] _ J(x()
Pr[Vi € [t], X(®) = x(©)]  f(0)

00100, — 1
On
00000, — 1 x(1)
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ITHE GAME: expose the variables in a random order:
(w.p. 1 — €) expose the variable uniformly randomly;
(W.p. €) player gets to decide.

THE GOAL: sample x € £~1(1) uniformly at random.
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Controlled Process

g controlled T —  random T

Controlled process oo sove o .
1 E n

m = (1I— em

ITHE GAME: expose the variables in a random order:
(w.p. 1 — €) expose the variable uniformly randomly;
(W.p. €) player gets to decide;

(after m)  player gets to decide.

THE GOAL: sample x € f~1(1) uniformly at randov
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the blue variables = random restriction
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T C [n],a random (1 — €)-set
(Random coordinate t & T)
Pr[Y, () == 1] = 0.5

(Controlled coordinate t € T)

Y(r—1
Pr[Y, (1) = £ 1] = l O J(Y (£ = 1))

2 2ef(Y(t—-1))
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7. the time to "break’
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(Random coordinate t & T) m?X | 9:/ (¥ = 1) | > eo,
Pr[Y, () = £1]=0.5 fXr—1)) <o
(Controlled coordinate t € T)
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Controlled Process

g controlled T — random T

1 ' n
7. the time to "'break”

T C [n],a random (1 — €)-set in particular, the first time ¢ when

(Random coordinate ¢t € T) HHas |0, f(Y(r = 1))| > €6
Pr[Y, () =x1] =0.5 f(Yt—=1) <6

(Controlled coordinate t € T)

1 Oy J(Y(— 1))

27 2ef(Y(t—1)

I+

PrY, (1) = £ 1] = Goal accomplished,

as long as T > m!
(After m) 3 >

1 ayz(t)f(Y(t — 1))

Pr{Yo () = £ 11 = 2A(Y(t — 1))

I+
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g controlled T —  random T

Controlled process oo sove o .
1 E n

7. the time to "'break”

in particular; the first time ¢ when
max | 0, f(Y(t — 1))| > €9,

AVt = 1)) < 6

T = min{Tl,Tz},
t, = min{f(Y(z — 1)) < &}, Lemma l. whp. 7y > (1 —¢€)n
4

7, = min{max | 0, f(Y(t — 1)) | > €d} Lemma 2. whp.7, > (1 —¢e)n
t i
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7, = min{f(Y(r— 1)) < 6}

Lemma l. whp.7; > (1 —¢€)n

)
Proof. Pr,j7, < (1 —en] <Prfr; <1 —-¢€n] - ——
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Mean remains large

7, = min{f(Y(r— 1)) < 6}

Lemma l. whp.7; > (1 —¢€)n

)
Proof. Pr,j7, < (1 —en] <Prfr; <1 —-¢€n] - ——

f0)
5

< —.
J(0)

()‘7\/\/.
x(t—1)



Partial derivatives remain small

7, = min{max | 9;f(Y(t — 1)) | > €6}

Lemma 2. whp.7, > (1 —¢€)n

1
Proof. Pr.[r, < (1 —en] <Pryfr, < (1 —e)n] - ——

f(0)



Partial derivatives remain small

7, = min{max | 9;f(Y(t — 1)) | > €6}

Lemma 2. whp.o, > (1l —¢e)n  __—

Proof. Pry[Tz <{I-eml <K



Switch to continuous process

Continuous uniform process
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Fach Z(#) is O until £ = 5(i), set Z(1r) ~ {—1,1}.



Switch to continuous process

Continuous uniform process

Sample (1) € [0,1],1 = 1,2,...,n,
Fach Z(#) is O until £ = 5(i), set Z(1r) ~ {—1,1}.

73 = min{max | 9,f(Z(?)) | > ef}

Lemma 3. whp.73 > (1 —¢)



Partial derivatives under uniform process

73 = min{max | 9;f(Z(1))| > €5}

Lemma 3. whp.73 > (1 —¢)
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n

Pr | sup f(s) > 60| <Pr | sup Z | 0. f(Z(s)) |2+77 > G2t
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Partial derivatives under uniform process

Proof.
\ 24+n 2+n
Pr | sup A(s) > 0| <Pr| sup ) |9,/(Z(s)|**" >0
| 0<s<t | | 0<s<t ;¢

<6727 ) El0,/(Z0) 1**"]



Partial derivatives under uniform process

Proof.
Pr | sup f(s) > 0| < Pr| sup Z | 0. f(Z(s)) 2+ > g2+
| 0<s<t i | 0<s<t ;4

< 67271 ) E[10,f(Z(1) "]

0, f(Z(1)) is a martingale.
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Partial derivatives under uniform process

Theorem (Hypercontractive
inequality for random restriction).

For any multilinear function f: [—1,1]" = R,
and 0 <t <T< 1l.Thenforn <T -1,

E[| £Z®) > < E[f(Z(T))2,

c.f. the standard HC inequality
1 1
E[(T,, /()" )77 < E[f(x)]2
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Lemma 3 vvhp > (1 —¢)
Proof.

n

Pr | sup f(s) > 6| <Pr | sup 2 | 0. f(Z(s)) |2+77 > G2t
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MaxInf( f)"?

1 -T
Proposition. 2 E[0,f(Z(T))*] <

=1
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Proof.

n

Pr | sup f(s) > 60| <Pr | sup Z | 0. f(Z(s)) |2+77 > G2t

0<s<t 0<s<t ;,_4

<677 ) El0,/(Z0) I**"]

<6727 ) (B[9,fZT)*)' "

<6727 ) Inf(f)"E[0,f(Z(T))’]

MaxInf( f)=/4
I —1
set T'=1+0)/2n=T-t

MaxInf( f)"? -
1 -T N

< 6—2—71 29—3+t/2
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Strategy: to bound the KL-
divergence between Y(n) and
X(n) given m, T, and the
{—1,1}"  restriction.
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